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is given for the electrophoretic velocity in terms of 
the drops, and the dielectric constants and coefficien 






lyte may be neglected. 






following charge distributions in the fluid sphere. 






(b) Uniform volume distribution of charge. 
(c) Ionic double layer potential in the sphere. 










The Cataphoresis of Spherical Fluid Droplets in Electrolytes 


A theory of the electrophoresis of spherical fluid droplets in an electrolyte is developed. A general formula 
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the applied field, the potential distribution in and near 
ts of viscosity of the liquid and electrolyte. It is assumed 


that the liquid drop retains its spherical form in cataphoresis and also that relaxation effects in the electro- 
Detailed formulas are worked out for the case of a Debye-Hiickel potential in the electrolyte, and the 
(a) No charge within the sphere; the whole charge is concentrated on the interface. 


It is shown that sundry special cases of the theory agree with previous computations and that it is not 
legitimate to apply theories of the cataphoresis of solid particles to fluid drops. 









1. INTRODUCTION 





N recent years a considerable amount of attention 

has been paid to the theory of the electrophoresis of 
solid charged particles in electrolytes. The problem of 
relating the zeta-potential and the rate of electrophoresis 
of spherical particles has been solved completely by 
Henry,! for the limiting case of small applied fields and 
low zeta-potentials. His work is an extension of earlier 
calculations by Smoluchowski.? More recently other 
writers have attempted to extend the range of applica- 
tion of Henry’s work by taking into account relaxation 
effects’ and the nonlinearity of the hydrodynamical 
equations of motion of the electrolyte.‘ 

All the treatments mentioned above apply only to 
the cataphoresis of solid particles. However, in many 
cases of practical interest, for example emulsions, we 
have to deal with suspensions of fine fluid droplets. 
The results of theories of the cataphoresis of solids 
have sometimes been used to calculate the zeta-poten- 
tials of liquid droplets or even of air bubbles,’ from 


es 


D. C. Henry, Proc. Roy. Soc. (London) A133, 106 (1931). 
M. v. Smoluchowski, Z. physik. Chem. 93, 129 (1918). 
(a) J. Th. G. Overbeek, Kolloidbeihefte 54, 287 (1943). 
(b) F. Booth, Proc. Roy. Soc. (London) A203, 514 (1950). 
‘F. Booth, J. Chem. Phys. 18, 1361 (1950). 
win H. A. MacTaggart, Phil. Mag. (6) 27, 297 (1914) ; 28, 367 
ALO, 178 (1926). 
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electrophoretic measurements. This procedure is of 
course quite unjustified, since different boundary condi- 
tions apply in the two cases. For a solid particle the 
fluid velocity with respect to the center of the sphere 
vanishes at the interface ; on the other hand, for a sphere 
of fluid the normal component of the velocity must 
vanish at the interface, but the tangential component is 
merely continuous. In this note we shall develop a 
theory of the electrophoresis of spherical fluid drops 
which is closely analogous to Henry’s theory for solid 
particles. We shall not attempt to take into account 
the complicated refinements examined in the later 
papers. Even so, the analysis is more difficult than for 
solids since the motion of the fluid within the drop 
must be taken into account. The analysis will be based 
on the following assumptions. 

(1) The fluid sphere remains spherical when the ex- 
ternal field is applied. Although the solution we shall 
derive will be exact provided this assumption is satis- 
fied, in practice, other solutions may be possible. The 
spherical form may become unstable when the field is 
applied and consequently the drop may take up less 
simple shapes. Any analysis of the stability or of the 
motion of nonspherical drops would be extremely diffi- 
cult. It would seem to be very desirable therefore, before 
deductions are made from any experimental data, to 
verify by direct observation whether or not the shape is 
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altered appreciably by the external field. Since the 
surface energy arising from the interfacial tension of the 
two liquids is at a minimum for the spherical form, the 
the greater this surface tension, the less will be the 
tendency for the shape to alter. 

(2) The charge and potential distribution both 
within and without the liquid sphere are spherically 
symmetrical in the steady state when there is no ex- 
ternal field. 

(3) The field distribution when an external field is 
applied is simply the vector sum of the field in the un- 
disturbed state, and the field which would obtain if 
there were no charge in the liquid drop. This means 
that we shall neglect relaxation effects in the electrolyte 
and also any asymmetry of the charge distribution on 
the surface or within the drop, due to the fluid motion. 
This assumption corresponds to assumption (3) of 
Henry’s paper.! The work on the relaxation effect for 
the cataphoresis of solid particles indicates that terms 
arising from the relaxation effect are of order ¢ or ¢°, 
where ¢ denotes the zeta-potential of the solid surface 
_ with respect to the electrolyte. It is easy to see by con- 
sidering the way in which relaxation affects cataphoresis 
without examining the matter in detail, that the same 
result must obtain for liquid spheres. For the magnitude 
of the asymmetry of the charge distribution arising from 
relaxation must be of order ¢ at most. The contribution 
of the relaxation effect to the electrophoretic velocity 
arises from the interaction between the asymmetrical 
part of the charge distribution and the symmetrical 
part. Since the latter is itself of order ¢, it follows that 
the effect on the velocity is at most of order ¢°. Conse- 
quently we may take it that our analysis will be correct 
provided that the zeta-potential for the liquid-liquid 
interface is not too large. 

(4) The inertia terms in the equation of motions of 
the fluid in the drop and of the electrolyte can be 
ignored. This assumption is almost certainly justified 
unless very intense fields are employed (see reference 4). 
The assumption is equivalent to postulating that the 
cataphoretic velocity is proportional to the strength of 
the applied field. 

(5) Both fluids can be regarded as incompressible. 

(6) The dielectric constant, viscosity, and electrical 
conductivity of the liquids both inside and outside the 
sphere, retain their macroscopic values right up to the 
interface between the two fluids. 

In the next section a general formula for the cata- 
phoretic velocity in terms of the charge distribution and 
the external field will be derived. The third section 
contains explicit formulas obtained by utilizing various 
suitable distribution functions for the charge in the 
fluid drop. Three cases will be dealt with. 

(a) Charge concentrated in a thin layer at the 
interface. 

(b) Charge distribution of uniform density. 

(c) Charge and potential distribution, that of an 
electrical double layer. 
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For the potential in the electrolyte we shall use the 
Poisson-Boltzmann equation with the Debye-Hiickel 
approximation. It will be shown that a wide variety 
of results are obtained, some of them very different 
from those tor solid particles, depending on the ratios of 
the viscosities of the liquids and the way. in which the 
charge is distributed in the drop. 


2. GENERAL CALCULATION OF THE 
CATAPHORETIC VELOCITY 


To find the rate of electrophoresis it is necessary to 
solve the equations of motion and of continuity for 
both the electrolyte and the liquid in the drop. For the 
electrolyte these equations are, taking into account our 
basic assumptions, 


(2.1) 
(2.2) 


mi curl curly,;+gradpi+ p: grad¥,=0, 
divv; = 0, 


where 7; is the coefficient of viscosity, vi the velocity, 
pi the pressure, p: the charge density, and VW; the elec- 
trostatic potential. Both Eqs. (2.1) and (2.2) refer to 
axes fixed with respect to the center of the sphere. 
From assumption 3, it follows that ¥,; can be written 
in the form 


V,=y—Er cos6[1+ (Aa*/r’) ], (2.3) 


where 


A= (o1—02)/(201+02). (2.4) 


a, is the specific conductivity of the electrolyte and o; 
that of the liquid in the drop; r denotes distance meas- 
ured from the center of the spherical drop, and @ the angle 
the radius vector makes with the direction of the ap- 
plied field E. y, is the potential when the external field 
is not applied. The charge density p;, and the potential 
y are related by Poisson’s equation 


Vyi= as 4mpi/é1, 


where €, is the dielectric constant of the electrolyte. 

General solutions appropriate for our purpose, apart 
from a few minor modifications, have already been 
derived by Henry® and so we shall merely write them 
down 


1 dy(z) 
p= f pi(z) : dz+ A, 


r 2 


(2.5) 





C; 6,F dy, 
+003] Bp *2x) 


r? Agr dr 


(2.6) 


By Ci Fy 
+—+D;+ 
10 


mir r? 
te a] 1 i) 
dz—— | x&(z'dz)], (2.7) 
x(f e(a)dz =| es :) | 


6 See reference 1, p. 113. 


6,F , 








W1r= cod 
67m 





dr 
ap 


wh 
the 
anc 
anc 
hav 


suff 


pe: 









te g=| 


In Ec 
again 
and t] 
bound 
Sinc 
and at 


the 
kel 
iety 
‘ent 
s of 
the 


y to 
- for 
- the 
: our 


(2.1) 
(2.2) 


city, 
elec- 
er to 
yhere. 
ritten 


(2.3) 


(2.4) 


ind a2 
meas- 





angle 
ne ap- 
i] field 
tential 


(2.6) 





(2.7) 


CATAPHORESIS 








By’ Ci Fy EF 
or a 
5, 2mr 2r8 6mm 
a) 1 «© 
x(f Eder — f #e()ds) | (2.8) 
r r r 
V1 «=O, (2.9) 
where 
dy, Amda*r f® p,(z) 
er=— + J ot) (2.10) 
€i r Z 


01,7, V1,0, aNd 2,2 denote the velocity components along 
the r, 8, and a@ directions where (r, 0, a) are the usual 
spherical polar coordinates. The quantities A,, By, Ci, 
D,, and F, are integration constants which must be 
found from the boundary conditions. 

Now consider the motion of the liquid in the spherical 
drop. Equations of the form of (2.1) and (2.2) again 
apply, but the potential is now 


W.=y2— Er cosb(1+A), (2.11) 


where now y¥2 denotes the potential in the liquid when 
there is no external field. The solution for the pressure 
and the velocity components is quite straightforward 
and we shall merely set down the results. All symbols 
have the same physical meaning as assigned in Eqs. 
(2.1) and (2.2), but they are now distinguished by the 
suffix 2. 




















dyp2(z) 
=f e)—ds As 
0 vA 
Ce e.(1+ ) do 
cose] Bp] (2.12) 
r? 4a dr 
Bor? Co F, e.k(i+ ) 
02 = cool —+ D.+—+————_—_ 
10n2 or rs 6mn2 
asad? 1’ dy2(z) 
x(f = war rs iz) , (2.13) 
0 dz 
: Ber Ce Fy e.F(1+ A) 
ne=sind| — —— J—P,.4- — — ————_ 
Sno 2ner 2r8 Orne 
” dy2(z) 1 ’ dyp2(z) 
Xx f dz+— 2 iz) , (2.14) 
0 dz 2r 0 dz 
M2 a=0. (2.15) 


In Eqs. (2.12) to (2.14), Ao, Bo, C2, Dz, and F2 are 
again constants of integration. To fix these constants 
and the corresponding set for Eqs. (2.6) to (2.8), the 
boundary conditions must now be applied. 

Since the velocity and pressure at both the origin 
and at infinity must remain finite we have 


B,=C.=F.,.=0, 


(2.16) 
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At the boundary between the two liquids, the normal 
components of the velocity vanish for both liquids; 


01, r(a, 0)=v2,-(a,0)=0, OC OK 2. (2.17) 
The tangential component of the velocity is continuous; 
21, 0(4, 9) = v2, o(a, 9), O< O< 2r. (2.18) 


Finally we have two further relations from the con- 
tinuity of the tangential and normal stress across the 















































interface. 
OV1,6 V1,6(4, 6) €,E(1+A) c dy, 
n( - )+ sind— 
Or |\a a Ar dr \a 
OV2,6 V2, 9(a, 6) €22(1+ ) Pais 
=n( - 7 sind—| , (2.19) 
Or |a a T la 
2T 12 
hn 
Y la 
1 dy;| (dy 
— -—- | —28[1—2n]} cos) 
8m dria\ dr \a 
OV2, + €9 dr 
= pola, 6)—2n2 gemma 
rig 8x drig 
dpe 
x(= —2E[1+)] cos). (2.20) 
' \a 





The last terms on each side of the above equations arise 
from the electrical stresses across the boundary surface 
due to the difference between the fields on opposite 
sides of the boundary. These stress components are 
easily derived from the potentials of Eqs. (2.3) and 
(2.11) by the use of the well-known maxwell stress 
tensor. Terms of small order involving E*? have been 
dropped in accordance with our basic assumption 4. 
T2 denotes the interfacial tension between the two 
liquids. 

Relations (2.17) to (2.20) furnish just sufficient 
equations to determine uniquely all the constants of 
integration not already determined by condition (2.16) 
apart from A, the value of which does not affect the 
cataphoretic velocity. The solution is straightforward 
but tedious; however, we do not need to know all the 
constants but only Dj, since in the steady state, the 
cataphoretic velocity U, which is the only quantity 
we required, is simply the velocity (—v) at infinity. 
We finally obtain the pe general expression for U. 





U= d 
on nf ” : 





+n(«f2 f : ; | +at(0 
5e€2 1 sa d 2 
Phin. whi f oe x)} (2.21) 
a 0 dz 
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Fic. 1. Functions F:(b) and F2(b), Eqs. (3.5) and (3.6). 


Before considering special cases of Eq. (2.21), it is 
interesting to note that it gives Henry’s formula for 
solid particles. For in this case 2 has the value infinity, 
and so 


—"s f (2)de/6mms. (2.22) 


3. FORMULAS IN SPECIAL CASES 


Equation (2.21) is quite general provided that y; and 
y2 have spherical symmetry. It is now necessary to 
examine the results when the special forms for ¥; and p2 
which are likely to arise in practice, are substituted in 
Eq. (2.21). First let us consider the potential outside 
the sphere. In the general case this potential will 
satisfy the Poisson-Boltzmann equation. 


ay, 2 dy Ane 8 
——4—-——-=—— 5 wpexp(—esh/kT) (3.1) 
dr? + dr €, i= 


where m; is the concentration of the ions of type 7 at 
infinity (where y; is set equal to zero), z; their valency. 
The summation is over the ionic species in the electro- 
lyte. Equation (3.1) may be investigated numerically,’ 
or a power series solution in terms of the total charge 
in the sphere obtained.® If the charge is not too large, 
so that eW/kT is very small everywhere, the Debye- 
Hiickel approximation can be applied and we may write 


i? 
j= — expni(e—1)+00(9, (3.2) 
rT 


where 


kr= 4re* } n22/ekT 
i=1 


and ¢ is the potential at the interface where r equals a. 
The terms of order ¢ in expression (3.2) can be ob- 
tained explicitly. They are very complicated however, 
and the work on the cataphoresis of solid spheres indi- 
cates that if terms of this order were included, it would 
be necessary to take into account the distortion of the 


7H. Miiller, Kolloidchem. Beihefte 26, 257 (1928). 
8 F. Booth, J. Chem. Phys. 19, 821 (1951). 
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double layer field in the electrolyte.® If expression (3.2) 
is substituted in Eq. (2.10), &(r) is easily calculated, 
and expression (2.22) now becomes, when terms of order 


¢? are dropped 


U= 2) ef Gnf1+AFi0)H-2n[1— MFO) 


5 2 i(1 Xr 2 d 2 
_dem(+d) f Ps as] / 6rm(3nzt+2m), (3.4) 


a dz 





where 


‘ee Pee ee 
F,(b)=-b’-—@——b'+—05 
8 24 48 48 


1 1 
+28E(0)(1-—#), (3.5) 
4 12 
tk. 2. << § 
F.(b)=-+-b—-?+ -b'—-b*e°E,(0), (3.6) 
22 4 4 4 
and 
b= K1d. (3.7) 
The limiting forms of F,(b) and F2(d) are 
F,(b)=0, b«K1;=1, 4>1. 
(3.8) 


F,(b) = $6, 


Both functions are plotted in Fig. 1. 

Now consider the potential 2. Three types of charge 
distribution would seem to be of practical interest and 
so we shall now consider each of them separately in 
some detail. 


bK1;=2, 5>1. 


(a) No Charge within the Fluid Sphere 


All the charge giving rise to the double-layer field in 
the outer electrolyte must reside on the interface. In 
addition there may be an adsorbed layer of dipole 
molecules which will give rise to a discontinuity in the 
potential across the interface. We have 


Yo=S+Ys, (3.9) 
where y, is the potential discontinuity, and so 
U=Eef[3n2(1+AF1(0)) 

+2n1(1—F 2(b)) ]/6rn1(3y2+2m1). (3.10) 


We see that U is entirely independent of y,. Various 
special cases of this formula are of interest. For example, 
if \ equals zero, implying that the conductivities of the 


® See reference 3 (b), Fig. 2. In this graph the functions Y3*() 
and Z;*(b) together, represent the corrections to U of order 
due to the distortion of the double layer field for solid spheres in 4 
symmetrical electrolyte. X3*(b) represents the contribution to U 
from terms of order ¢ in the equilibrium potential y: given bY 
(3.2) above. It will be seen that the various corrections are of the 
same order of magnitude. 
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liquids are identical, then we have 
U=Eet/6rm. (3.11) 


This is identical with a formula originally obtained by 
Hiickel’® for solid particles under the same conditions, 
that is for 1 and a2 equal; hence for this case the ve- 
locity is independent of the viscosity of the fluid in the 
drop. 

The limiting forms for very large or very small drops 
are easily derived from the limiting values (3.8) for 5 
very small and very large, since the parameter 6 repre- 
sents the ratio of the particle radius to the double- 
layer thickness. Thus for extremely fine droplets for 
which the double-layer thickness is much greater than 
the radius, 


U=EegL3n2t+1(2—d) J/6rm[3n2+2m1], bK1. (3.12) 


But for drops whose radius is much greater than the 
double layer thickness, 


U=Eeg[3no(1+d)+ 291(1— 2d) ]/6rni [32+ 201], - 
b>1. (3.13) 


For nonconducting solid particles Eq. (3.13) gives, 
U=Ee¢/42n;, which is Smoluchowski’s well-known 
formula. For bubbles of gas in a liquid we have equal 
to 3, since the gas will be effectively nonconducting 
compared with the electrolyte, and nz may be neglected 
in comparison with 7. Also, since the double layer thick- 
ness is 10~* cm or less we will have in general, 6 very 
large. From Eq. (3.13) we now see that U must vanish; 
consequently whatever the charge on the interface there 
is no electrophoresis. The contradiction between this 
result and some of the observations of McTaggart and 
Alty,> who certainly obtained electrophoresis of air 
bubbles, is of interest. The simplest explanation is that 
our basic assumption 6 is not justified in these cases. 
It is reasonable to postulate that there is a variation of 
the viscosity as the double layer is traversed, owing to 
the unbalanced intermolecular forces at the surface. 


(b) Uniform Charge Distribution 
through the Sphere 


In this case 2 will not be constant and consequently 
there will be a contribution from the last integral in 
Eq. (2.21). Let p2 denote the charge density per unit 
Volume; then applying Gauss’s theorem to a sphere of 
tadius r, we find 


dpe 
— —Anpor/3, 0< r<a. 
r 


(3.14) 


Pe is related to ¢ since the normal induction across the 
interface is continuous, if there is no charge residing 
on the boundary 


p2=3e6(b+1)/47a°. 
ees 
"E. Hiickel, Physik. Z. 25, 204 (1924). 


(3.15) 
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Combining Eqs. (3.14) and (3.15) gives 
Easy 
U= 
6rni(3y2+ 2m) 
+m(3+6+drL1+b—2F2(d) }) J. 


One case of this formula is of particular interest. 
Suppose that A equals zero, so that the external field is 
uniform throughout the solution; also let the double- 
layer thickness be large compared with the radius, so 
that the parameter 6 is very small. Then the problem 
is equivalent to that of a sphere of fluid acted upon by a 
uniform body force 





[3n2(1+AF1(b)) 


(3.16) 


fr= poE (3.17) 


immersed in another fluid of different viscosity, with 
no body-force. In terms of fo, Eq. (3.16) gives 


“a 2 foa?(qi+ n2) 
3m(2m+3n2) 


But this case is equivalent to that of a:sphere of fluid 
falling through another liquid of different density and 
viscosity. This particular problem has been examined 
by Hadamard," and his result is equivalent to Eq. 
(3.18). 

A slightly more complicated formula than Eq. (3.16) 
is obtained if we assume that there is also a surface 
charge on the interface. The only change in the analysis 
occurs in the relation between ¢ and po; instead of 
Eq. (3.15) we have 


p2=3Lef(b+1)—42ap, |/4ra’, 


where p, is the surface charge density. 





(3.18) 


(3.19) 


(c) Double-Layer Potential in the Sphere of Fluid 


In many organic liquids ionic dissociation, and con- 
sequently double layer formation can occur exactly 
as in aqueous solutions. Provided that the organic liquid 
is immiscible with water, it can furnish the fluid of the 
interior sphere in our problem; this case will now give 
for the potential yY2 a more complex behavior than 
either of cases (a) or (b). 

Let the ionic concentrations inside the sphere be 
denoted by mz, ;. The concentrations as functions of the 
potential will be given by 


Mo, i= Me, ; exp(—ezip2/kT), t=1,2-++5s2, (3.20) 


where m2,; denotes the concentration when yz is zero 
and s2 the number of ionic species. Suppose we now form 
the sum 


82 82 
dX Me, 2i= >> ne, 2 exp(—eziwo/kT). (3.21) 
i=l i=l 


As y2 varies, this sum, which is proportional to the 


1 J. Hadamard, Compt. rend. 152, 1735 (1911). 
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charge density will alter. In general, at one particular 
value, ¥, say, it will vanish. If we now write 


Yo— Vn = ¢, 
then the equation for ¢ is 


ph 2d 
—+-—~x6=0, 
dr? rdr 


(3.22) 


(3.23) 
where 


82 
ke=4re? > no, 22 exp(—ezitn/kT)/eXkT. (3.24) 
i=l 


In Eq. (3.24) we have assumed the Debye-Hiickel 
approximation. The general solution of Eq. (3.24) is 


p= ae"*/r+ Be-""/r, (3.25) 
where a and @ are constants of integration. At the 
origin we must have 


dy.| dd 


dr\, ad\o 


=0, (3.26) 


and so 


a=—£. (3.27) 
If there is no adsorbed charge on the interface, we have 
dpe dy 
€x—| =er—]| . 
dr \a dr \a 
From Eqs. (3.2), (3.27), and (3.28), we find 
a=— aeC(b;+ 1) F'3(b2)/€2, 
F3(b2) = [ e52(bo— 1)+¢-"2(bo+ HT, 


b.= Kod. 


(3.28) 


(3.29) 


where 
(3.30) 


b,=k1a, (3.31) 
From Eq. (3.25) we now have 
. dy2(z) al’ 4(b2) 
f 2 dz= ; (3.32) 
0 


dz Ke 
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where 
F 4(be) = e°2(b.?— 3bo+ 3) = e~'2(5.?-+- 3bo+ 3) ‘ 


The final formula for U in terms of ¢ is now 


(3.33) 


Eef 
U= 
6mm (3n2+ 2m1) 





[3n2(1+AF 1(d1)) 


+ mi(2 aii: 2AF 2(b1) 
+5(1+2)F3(b2)Fa(b2) (61+ 1)b2)~*]. 


For 52 very small, corresponding to a very thick double 
layer; the limiting values of F'3(b2) and F3(bz) are re- 
spectively, 6.-* and 26.5/15. Substituting these values 
in Eq. (3.34) we regain Eq. (3.16). This is of course as 
it should be, since if the double layer thickness is very 
large compared with the radius, there is little variation 
of charge density through the drop, and the case (c) 
degenerates into case (b). For bz large, so that the double 
layer is near the interface, we find 


(3.34) 


Eat 
U= 
6271(32+ 2m1) 





|snsc1+ AF 1(d1)) 





5(1+A)(61+1) ; 
)| (3.35) 


9 


+ n(2- 2AF 2(b1)+ 


When an absorbed charge resides on the interface, 
formula (3.34) is slightly modified. The only change in 
the analysis occurs in Eq. (3.28), where we now have 


dy dp» 


eS = 


dr \q dr \q 


+4rp,=0, (3.36) 


where p, is the surface density of the charge. The 
equation to determine a is easily found. 

In common with cases (a) and (b), we see that the 
results are independent of the presence or absence of an 
adsorbed dipole layer on the interface. 
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Elastic Relaxation and Structure of Liquids. I. Ultrasonic Absorption in Some 
Halogenated Methylenes, Ethanes, and Ethylenes* 


DANIELE SETTE 
Istituto Nazionale di Ultracustica “O. M. Corbino,” Rome, Italy 


In order to obtain information on the presence of structural effects in the elastic relaxation phenomena 
observed in liquids, the ultrasonic absorption was studied as a function of temperature in some organic 
compounds whose structure is correlated in a simple way. Large differences of absorption coefficient and of 
its temperature dependence have been found. It is difficult, at the present time, to understand clearly the 
results, but they show that the liquid structure has a great importance in the relaxation phenomena present 


in liquids. 


Moreover an increase in dipole moment of the molecules is often present with an increase of absorption, 
showing that the dipole moment is not related in a simple way with the characteristics of relaxation phe- 
nomena and that all the interactions among the molecules are to be taken in account. 





1. INTRODUCTION 


HE difference between experimental and classical 
values of the ultrasonic absorption coefficient in 
gases and liquids, as now seems fairly well established, 
is to be ascribed to the presence of relaxation phe- 
nomena. If such phenomena occur, the absorption 
coefficient for one wavelength attains a maximum when 
the period of ultrasonic waves is very near to the 
relaxation time and a noticeable dispersion can be de- 
tected in the velocity of propagation. 

In the case of gases, it is possible to get the value of 
the maximum of the absorption coefficient for one wave- 
length and the velocity dispersion so that precise in- 
formation is obtained on the nature of the phenomena 
involved. 

In liquids, the relaxation times are usually so short 
that the measurements can be made only with acoustic 
waves whose period is much larger than the relaxation 
time. In the ordinary case no dispersion can be detected 
in the frequency range used, and the parameter a/v? (a, 
absorption coefficient, v, frequency) remains constant. 

For this reason it is very difficult to have indications 
on the nature of the relaxation phenomena present in 
the liquids during the propagation of elastic waves. 

In a complicated system like a liquid, many equilibria 
are present which may be altered by elastic waves and 
give origin to relaxation phenomena. Often when this 
happens, the relaxation times of the various phenomena 
are so different that only some particular one is really 
important in the frequency range in which the measure- 
ments are made. Anyway the assumption usually made 
that only one kind of relaxation phenomena is present 
each time, seems to be very restrictive. 

Some indications of the coexistence of different phe- 
homena were obtained studying binary mixtures.! It was 
in fact observed that the behavior of the absorption 
coefficient in mixtures formed by two liquids having 
Similar absorption coefficients depends upon the nature 


* Work done with the help of a grant of Italian Research Council 
at the Catholic University of America, Washington, D. C., aided 
by Contract N6 ONR-255III. 

‘ND, Sette, J. Acoust. Soc. Am. 23, 359 (1951). 


of the two different molecules. Moreover, if strong 
interactions between the molecules of two unassociated 
liquids are present, the absorption of the mixtures 
cannot be explained by means of a treatment that seems 
to be valid for mixtures of unassociated and not 
interacting liquids. 

Another way that can be useful in collecting informa- 
tion on the characteristics of relaxation phenomena in 
liquids is to consider how the absorption coefficient 
changes in a suitable series of organic compounds. 

For these reasons we have studied the temperature 
dependence of the ultrasonic absorption coefficient in 
some methylenes, ethanes, and ethylenes in the range 
— 20°C to 40°C. The experimental results are given in 
this paper. 


2. METHOD OF MEASUREMENT 


The measurements of the ultrasonic absorption coeffi- 
cient were performed with a pulse method at about 30 
Mc/s. Figure 1 gives the scheme of the experimental 
arrangement that does not essentially differ from those 
used by Pinkerton? and Litovitz.’ 

The measurements are made adjusting the electrical 
attenuation put before the receiver so that a pulse 
signal on the oscilloscope represents an acoustic echo of 
the same intensity at different distances between source 
and reflector. 

As indicated in Fig. 1, a signal from the syncroscope 
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Fic. 1. Block diagram of equipment. 


( ?J. M. M. Pinkerton, Proc. Phys. Soc. (London) B 62, 129 
1949). 
3 T. A. Litovitz, J. Acoust. Soc. Am. 23, 75 (1951). 
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Fic. 2. Signals on the oscilloscope showing the main pulse, the 
echos, and the matching pulse. 


drives through a variable delay system a second pulse 
oscillator whose output is fed directly into the receiver. 
Then a matching pulse is obtained on the scope that can 
easily be moved by means of the delay system, which is 
the reference signal level for the echo pulse used in 
measurements. Any influence of the receiver charac- 
teristics which depend on the value of the electric 
attenuation present between the main pulse oscillator 
and the receiver is therefore eliminated. The non- 
calibrated attenuator of the auxiliary pulse oscillator is 
used only to make the matching signal of suitable in- 
tensity. A picture of the signals, as seen on the oscillo- 
scope is shown in Fig. 2. 

The value of the absorption coefficient in some liquids 
has required an acoustic delay of the echo. A fused 
quartz rod was used for this purpose getting a delay of 
25 psec. 

The absolute error in the measurements of the ab- 
sorption coefficient with this experimental method is 
within the limits of 5 percent, while the accuracy in 
relative measurements is higher (2-3 percent). 

In order to make possible the calculation of the 
classical value of the absorption coefficient also for 
liquids whose velocity of propagation is not available in 
the literature, a measurement of velocity was usually 
performed at 25°C. The method used for these measure- 
ments is the following one. The reflector is moved, 
remaining very near to the acoustic source. As it is well 
known, the electrical impedance of the source depends 
on the mechanically coupled fluid column. This im- 
pedence in fact changes periodically with the length of 
the fluid column, that is to say in the present case, 
with the distance between source and reflector, the 
period being equal to a half wavelength. If the distance 
between quartz and reflector is small these variations of 
impedance are very sensible so that the intensity of the 
emitted pulse and that of the echo are appreciably 
affected, and this makes possible a velocity measure- 
ment. These measurements of course are not very 
precise, but the accuracy (1-2 percent) is sufficient for 
our purpose. 
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3. EXPERIMENTAL RESULTS 


The experimental results are reported in Table | 
for methylene chloride, methylene bromide, methylene 
iodide, 1,1 dichloroethane, 1,2 dichloroethane, 1,2 
dibromoethane and for cis- and trans-dichloroethylene. 

a is the amplitude absorption coefficient. The values 
of (1/a)(da/dt) indicated are calculated at t= 25°C. 
The values of a,/v’ are also calculated‘ because a@,, the 
absorption coefficient due to the viscosity of the liquid, 
is the principal part of the classical absorption coefb- 
cient. All the liquids tested have a low viscosity and 
from the table it appears that the excess of the experi- 
mental over the classical absorption coefficient is high. 
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4. DISCUSSION OF THE EXPERIMENTAL RESULTS 





The temperature dependence of the absorption coefi- 
cient in methylene chloride is shown in Fig. 3. This 
liquid is one of the more absorbing liquids known; the 
value of the parameter a/v? at 25°C is 1120-10” 
sec?/cm, about 200 times the absorption coefficient due 
to viscosity. 

The value of the same parameter is about 900- 10-" in 
benzene and 5500-10-!” in carbon disulfide (at the same 
frequency). As it is known, the origin of relaxation 
phenomena in these two unassociated liquids seems due 
to the time required for the equipartition of energy 
among the internal degrees of freedom of the molecules. 
It has been suggested that the reasons of high absorption 
in these two liquids are to be found in the symmetry of 
the molecules and in the fact that only small couplings 
between translational and vibrational degrees of free- 
dom are present in absence of electrostatic interactions, 
both liquids being nonpolar. 

Different from benzene and carbon disulfide, the 
methylene chloride molecules do not have a large syn- 
metry and they possess a dipole moment (1,55 D). There- 
fore, if the high absorption is mainly caused by the delay 
in the energy distribution among the internal degrees 
freedom of the molecules, it may be the result of phe 
nomena following a different scheme in which the 
interactions among more molecules are involved. 

An indication of this possibility is obtained comparinj 
the temperature dependences of the absorption coefi- 
cient in methylene chloride, benzene, and carbo 
disulfide. The absorption coefficient in benzene varie 
linearly throughout the temperature. range betwet! 
the melting and boiling points,’ while the temperatut 
coefficient of absorption, (1/a)(da/d), in carbon di 
sulfide goes to zero when the temperature approaché 
the boiling point.* The absorption coefficient in methy! 
ene chloride instead follows, at first, a linear law, but # 
higher temperature, when the boiling point is 4 
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4 For the velocity in the dichloroethylenes the values obtaine! 
by M. Baccaredda and A. Giacomini [Ricerca sci. 15, 161 (1949) 
were used. 

5 P. Bazulin, Compt. rend. acad. sci. URSS 14, 273, (1937); 8 
Grobe, Physik Z. 39, 333 (1938) ; B. J. Quinn, J. Acoust. Soc. A® 
18, 185 (1946). 
6 D. Sette, J. Chem. Phys. 19, 1342 (1951). 











ELASTIC 





RELAXATION OF LIQUIDS 






TABLE I. Ultrasonic absorption in halogenated methylenes, ethanes, and ethylenes. 
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Fic. 3. Ultrasonic absorption in some halogenated methylenes. 


proached, it increases more rapidly. This behavior 
indicates the presence of a particular action that affects 
the phenomena lowering the absorption, which is de- 
stroyed by thermal agitation. It seems, therefore, proba- 
ble that the ultrasonic absorption in methylene chloride 
is not exclusively determined by phenomena that 
happen inside the molecules. 

When a structural effect is present it is important to 
consider not only the dipole moments of the molecules 
but also the real distribution of charges in the molecules 
and all the various interactions among the molecules. 
This fact can be one of the reasons why in the methylene 
series (Fig. 3) the absorption decreases strongly going 
from the chloride to the bromide and to the iodide, while 
the dipole moment is decreasing in the same succession 
(1,55 D for chloride, 1,40 D for bromide, 1,15 D for 
iodide). Of course in the molecules of the last two liquids 
the chlorine atoms are replaced by the heavier bromine 
or iodine atoms and a change in the relaxation time of 
the vibrational degrees inside the molecules is to be 
expected independently from the possible influence of 
the forces among the molecules. It is to be observed 
however that in methylene chloride it seems that the 
intermolecular forces produce a decrease of absorption 
and that, if we take the boiling temperature as an index 
of the magnitude of the interactions among the mole- 
cules, the boiling point increases going from the chloride 
(40,1°C) to bromide (98,2°C) and iodide (180°C) in the 
succession in which the absorption decreases. 

The possibility that interactions among the molecules 
play an important part in determining the particularities 
of relaxation phenomena is still more suggested by the 
behavior of the ultrasonic absorption in some halo- 
genated ethanes. 

The temperature dependence of the absorption coeffi- 
cient in 1,1 dichloroethane (CHCle—CHs) and in 1,2 
dichloroethane (CH2CI—CH:Cl) are shown in Fig. 4. 
The nature of the phenomena determining the absorp- 
tion seems completely different in the two liquids. In 
1,1 dichloroethane the absorption coefficient is linearly 
dependent on temperature, and it increases with tem- 
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perature as usually happens in unassociated liquids. In 
the 1,2 dichloroethane, instead, the absorption coeffi- 
cient decreases with temperature and this happens 
faster near the freezing point. The latter behavior is 
characteristic of the absorption coefficient in associated 
liquids, like water, where the relaxation phenomena are 
of structural nature. However, 1,2 dichloroethane has a 
high value of absorption coefficient in contrast to the 
small values found for all highly associated liquids 
having low viscosity on which measurements have been 
made. The analogy is not, therefore, complete and 
probably phenomena of structural origin are present 
together with phenomena of different kind. 

The values of the dipole moment in 1,1 dichloroethane 
(1,95 D) and in 1,2 dichloroethane (1,7 D) do not differ 
so that the higher absorption in 1,2 dichloroethane and 
the complete change in the temperature dependence 
can be ascribed directly to the dipole moment. This 
confirms the importance of all interactions and of the 
short range forces among molecules and probably the 
more important rule of the dipole moments in these 
liquids is to fix the position in which the molecules are 
held one near the others. 

The absorption coefficient in 1,2 dibromoethane also 
indicates the presence of a particular kind of phenomena 
in the 1,2 halogen substituted ethane (Fig. 4). The 
temperature dependence has the same aspect as in 1,2 
dichloroethane near the freezing point while the value of 
the absorption coefficient is noticeably larger. The latter 
result is just opposite to that obtained in the methylene 
serie where the substitution of bromine for chlorine 
atoms produces a decrease of the absorption coefficient. 

Figure 5 shows the absorption coefficient in cis- and 
trans-dichloroethylene as a function of temperature. 
There is no deflection from straight lines even near the 
boiling point. Both liquids present a large excess of the 
experimental over the classical value of the absorption 
coefficient. It is important also to observe that the cis- 
compound with a dipole moment (1,9 D) has a coefii- 
cient about 50 percent larger than the érans-dichloro- 
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Fic. 4. Ultrasonic absorption in some halogenated ethanes. 
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ethylene which has no dipole moment.’ This result 
shows clearly that often the dipole moment does not 
directly influence the absorption coefficient. The large 
difference between the absorption coefficients of the two 
liquids is, at least in part, due to a different efficiency of 
collisions among the molecules in producing inelastic 
transitions as it happens in the gaseous state. It is not 
possible to see if other kinds of relaxation phenomena 
are operative at the same time. However, if a structural 
effect is present it is not due to the dipole moment but to 
other forces among the molecules. 


5. CONCLUSIONS 


The temperature dependence of the ultrasonic ab- 
sorption coefficient was measured in some series of 
halogenated methylenes, ethanes, and ethylenes. 

The experimental results, even though at the present 
time they cannot be clearly understood, seem to indicate 
that often the relaxation phenomena determining the 
difference between experimental and classical values of 
the absorption coefficient are not exclusively inside the 
molecules. They seem to follow some scheme in which 
the interactions among the molecules are involved and 
some times independent relaxation phenomena might 
be present. 

The absorption coefficients in 1,1 dichloroethane and 
in 1,2 dichloroethane present a completely different 
temperature dependence. The replacement of chlorine 
with bromine atoms has opposite consequences on the 
absorption in the methylene and ethane series. 

Many times, but not always, an increase in dipole 
moment of the molecules is accompanied by an observed 
increase in the absorption, showing that the phenomena 


7Some measurements in vapors of cis- and trans-dichloro- 
ethylene show that also in the gaseous state the energy equilibrium 
isattained quicker in the ¢rans than in the cis form. These measure: 
ments made by J. C. Hubbard and the author will be reported in 
another paper. 
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Fic. 5. Ultrasonic absorption in cis- and trans-dichloroethylenes. 


are not related in a simple way to the dipole forces and 
that all the forces among the molecules, such as the 
short-range forces need to be taken into account. 

The experimental results, as seen, do not permit one 
to get more precise conclusions on the nature and the 
characteristics of relaxation phenomena in liquids for 
which further experimental data are necessary. How- 
ever, the measurements of the absorption coefficients 
and their temperature dependence in suitable series of 
organic compounds appears to be a good method for 
these purposes. 


ACKNOWLEDGMENTS 


Grateful acknowledgment is made to the Italian Re- 
search Council and to the Catholic University of 
America who have made this research possible. The 
author also wishes to thank Dr. K. F. Herzfeld and the 
staff of the Department of Physics for much assistance 
and valuable discussions and Dr. Virginia Griffing of the 
Chemistry Department for supplying some of the 
organic liquids used in this work. 

















VOLUME 19, NUMBER 11 NOVEMBER, 1951 





THE JOURNAL OF CHEMICAL PHYSICS 


On the Elastic Relaxation in Carbon Disulfide: The Temperature Dependence 
of the Ultrasonic Absorption Coefficient* 












DANIELE SETTE 
Istituto Nazionale di Ultracustica “O. M. Corbino,” Rome, Italy 







The experimental values of the ultrasonic absorption coefficient given in the literature for carbon disulfide 
show the presence of dispersion in the frequency range 1-100 Mc/sec, but large differences are present in the 
values obtained by various authors at the same frequencies so that it is difficult to analyze the behavior of 
this liquid. In order to discriminate among the various results more information is needed. For this reason a 
measurement of the absorption coefficient was performed at 30 Mc/sec. The value obtained for a is in agree- 
ment with the higher values of the absorption coefficient obtained by other authors at various frequencies 
and, therefore, it gives more credence to them in comparison with others. 

The absorption coefficient as a function of temperature does not follow a linear law as it does in other 
unassociated liquids. The temperature coefficient (1/a)(@a/dt) goes from 7.3-10~* deg at — 23°C to almost 
zero near the boiling point. These results can be used to examine the theoretical explanations of absorption in 
carbon disulfide based on the assumption that all the vibrational modes relax together or on the hypothesis 
that they have different relaxation times. The value of the temperature coefficient at 25°C seems to be better 
explained with the first treatment. 





















2. METHOD OF MEASUREMENT 





1. INTRODUCTION 


ARBON disulfide, as is known, is particularly The measurements of the ultrasonic absorption coefli- 
important for studying the characteristics of re- cient were made using a pulse method at about 30 
laxation phenomena in liquids because the high experi- Mc/sec. 
mental value of the absorption coefficient shows it to be The experimental arrangement does not differ es- 
one of the few liquids in which the period of the acoustic sentially from that used by Pinkerton! and by Litovitz,’ 
waves we are using is sufficiently near to the relaxation 4S described in the preceding paper. 
time. The high values of the absorption coefficient in the 
Nonetheless carbon disulfide has not been sufficiently liquid made it necessary to use a reflector made of a 


studied from the experimental point of view and, more- quartz rod that gives an acoustic delay of 25 usec. 


over, the results obtained often are not in good agree- .. Particular oe used in order to avoid contamins- 
tion of the specimen. A completely metallic tank was 


es d a t oo designed with a pressed cotton cover to close the con- 
a oe: tainer without preventing the free movement of the 






















ultrasonic absorption coefficient in carbon disulfide at 30 calinsies 

Mc/sec and to study experimentally its temperature In order to check the accuracy of the apparatus 
dependence for which there are no indications in liter-  ¢a}ijbration measurements were made in distilled water. 
ature. The value of the parameter a/v? (a amplitude absorp- 





This paper presents the results of the measurements. tion coefficient, » frequency) obtained at 25°C is 
22.5-10-'7 sec?/cem in very good agreement with 
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e RAruANo With this experimental disposition the absolute error 
° © PARTHASARATY is less than 5 percent while the accuracy in relative 
teen Gan ile Gan ae MEE ee — measurements is about 1-2 percent. 
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“2 y 3. EXPERIMENTAL RESULTS 
“9 om 4". U7 > all al The values of the ultrasonic absorption coefficient 
= 7 . obtained in carbon disulfide are given in Table I. a is the 
“ : - + amplitude absorption coefficient. 
i. it. a | | oa The specimen used was produced by The Matheson 
_ , oN Company. 
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” oe In Fig. 1 the results of measurements of absorption 





Fic. 1. Ultrasonic absorption in carbon disulfide as a function coefficient in carbon disulfide made by various authors’ 


of frequency. ——————- 
1 J. M. M. Pinkerton, Proc. Phys. Soc. (London) B62, 129 (1949). 
ee ee ; 2 T. A. Litovitz, J. Acoust. Soc. Am. 23, 75 (1951). 
* Work done with the help of a grant of Italian Research Council 3 Claeys, Errera, and Sack, Trans. Faraday Soc. 33, 136 (1937); 
at the Catholic University of America, Washington, D.C.,aidedby RR. Bar, Helv. Phys. Acta 10, 332 (1937); P. Bazulin, Zhu. 
Contract N6-ONR-225III. Eksptl’i Teoret. Fiz. URSS 9, 1147 (1939); S. Parthasarathy, 
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are shown. While it is clear that in the range 1-100 
Mc/sec a definite decrease of the parameter a/v* is 
present, it is also easy to see that there is a noticeable 
scattering of the experimental points, and more informa- 
tion is necessary in order to discriminate between these 
results. 

Kneser* has calculated two curves that seem to repre- 
sent sufficiently well two different sets of experimental 
points. These curves, also drawn in Fig. 1, are obtained 
supposing that the excess of the experimental absorption 
coefficient over the classical value is produced by 
relaxation of the vibrational heats and that the different 
vibration modes have the same relaxation time. The 
relaxation times corresponding to the higher and lower 
curves are 5 and 1.6-10~° sec, respectively. 

The range of frequency near 30 Mc/sec appears very 
important in order to discriminate between the two 
curves. The result obtained in the present work is 
a/v’=5480-10-"7 sec?/cm at 20°C and it fits very well 
on the higher curve of Kneser. It gives, therefore, more 
credance to the higher values of the absorption coeffi- 
cient quoted by some authors at different frequencies. 
This seems to be in good agreement with the observation 
that can be made studying binary systems having an 
unassociated very absorbing liquid as one component.® 
In these cases the addition of a second liquid produces 
always a strong decrease of the absorption whatever its 
nature. It is possible, therefore, that, notwithstanding 
the accuracy of the experimental arrangement used, 
values of a lower than the true ones have been obtained 
because of the presence of small amounts of impurities. 

The assumption made by Kneser that all the vibration 
modes relax together is the one normally used in order to 
simplify the treatment, but obviously it may not be 
satisfactory in carbon disulfide. 

Bauer‘ has tried to work out the calculation assuming 
the presence of multiple dispersion and he succeeded in 
explaining a set of experimental results that are the 
same used for the higher curve of Kneser. The value 
found for a in the present work can be, therefore, well 
inserted in this treatment. 

It seems however difficult to decide at this point what 
treatment fits better the experimental results and 
probably more information will be needed. 

The temperature dependence of the absorption coeffi- 
cient probably can furnish some suggestions to explain 
the absorption in this liquid. Figure 2 gives the tempera- 
ture dependence at 30 Mc/sec. The absorption coeffi- 
cient does not increase linearly with temperature and 
the temperature coefficient, (1/a)(da/dt), goes from 
7.3-10-° deg for —23°C, to almost zero near the 
boiling point. 


Current Sci. (India) 6, 501 (1938); T. Ouang, Compt. rend. 222, 
1215 (1946); G. W. Willard, J. Acoust. Soc. Am. 12, 438 (1941); 
R. A. Rapuano, Phys. Rev. 72, 78 (1947). 

‘H. O. Kneser, Ergeb. exakt. Naturwiss., Band XXII, p. 169. 

*D. Sette, Nature 166, 116 (1950); Nuovo cimento Suppl. 
Vol. 7, 318 (1950); J. Acoust. Soc. Am. 23, 359 (1951). 

*E. Bauer, Proc. Phys. Soc. (London) A62, 141 (1949). 
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TABLE I. Ultrasonic absorption in carbon disulfide. 








a/v? +1017 
(sec? cm~!) 


— 22.8 44.0 4560 
— 18.0 46.0 4770 
47.5 4930 
47.3 4910 
49.1 5090 
50.0 5190 
51.8 5370 
51.2 5310 
51.9 5380 
53.0 5500 
52.8 5480 
52.6 5460 
52.8 5480 
53.0 5500 
52.8 5480 
53.0 5500 
53.0 5500 
53.2 5520 
¥ 53.7 5570 
43.6 53.2 5520 


v (Mc/sec) 
31.05 


# (°C) 


a (cm~!) 
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Bauer has made some theoretical considerations on 
the variation of the absorption in carbon disulfide with 
temperature, but they are founded on the assumption 
that the value of (1/a)(da/dt) is equal to 10-* at about 
25°C as in some other unassociated liquid. The calcula- 
tion of (1/a)(da/dt) gives to Bauer one argument to 
suggest the presence of multiple relaxation and therefore 
it is interesting to see how this argument is affected by 
our results. 

The expression of the temperature coefficient of a 
calculated by Bauer® for unassociated liquids using the 
hypothesis of a single relaxation time is 


(1/a)(da/dt)= —1/c(dc/dt)+1/T(D—n) (1) 


where 1/c(dc/0dt) is the temperature coefficient of the ve- 
locity of propagation ; D/T is equal to (0 log>- C;)/(8T), 
the C; being the vibrational specific heats. ” is the 
exponent that fixes the temperature dependence of the 
probabilities of inelastic transition in the collisions of the 
molecules. These probabilities in fact increase with 
absolute temperature approximately as 7”, being of 
order 1 to 2. 

As mentioned above, Bauer, in the absence of any 
experimental indication, assumed the value 10~? deg 
for (1/a)(da/dt) and —3.5-10-* deg for 1/c(dc/dt) in 
order to carry on the calculation for carbon disulfide at 
T=300K. - 

The value of (D—n) deduced applying Eq. (1) is 1.95 
and because D for carbon disulfide in the condition of 
the calculation is equal to 0.878, the calculation would 
indicate a negative value of n, which of course is wrong. 
From this conclusion Bauer was led to examine the 
possibility of different relaxation times for the various 
vibrational modes. The modes with higher vibrational 
frequency would present a lower dispersion frequency, 
a lower specific heat and a larger temperature coefficient 
of specific heats. He carried out the calculation of the 
dispersion frequencies of three vibrational modes and of 
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Fic. 2. Temperature dependence of ultrasonic absorption in 
carbon disulfide. 


a new value for D equal to D.;;= 2.76. This value of D 
would give for 1/a(da/d/) the value 9.10-* deg as- 
suming equal 1. This temperature coefficient is suffi- 
ciently near to what Bauer thought was the actual one. 

As it was pointed out before, the experimental results 
in carbon disulfide show that the value of (1/a)(da/d1) 
changes with temperature and its value at 7=300K is 
about 1.5-10-* deg". 

If we apply Eq. (1) keeping, for want of a better 
value, —3.5-10-* deg" for the temperature coefficient 
of velocity, (D—n) is equal to —0.6 and, D being 0.874, 
this means n equal to 1.474. This value seems sufficiently 
satisfactory. 

If instead we assume the validity of the scheme with 
different relaxation time for three vibrational modes D 


is 2.76 and therefore m must have the value 3.36 which 
seems too high. 

From the precedent discussion it appears that the 
experimental results do not support Bauer’s idea, at 
least in the present form of the calculation, and that 
they seem more in agreement with the treatment that 
assumes only one relaxation time for all the vibrational 
modes. 


5. CONCLUSION 


Measurements of the ultrasonic absorption coefficient 
in carbon disulfide were performed at 30 Mc/sec in the 
temperature range —23 to +46°C. 

The value of a/v? at 20°C fits well with the set of 
higher values obtained by different authors at various 
frequencies, and therefore it gives more credence to 
them in comparison with measurements that have 
furnished lower values. 

The temperature dependence of the absorption coeffi- 
cient is not linear. The value of 1/a(da/d/) at room 
temperature seems to agree better with the theoretical 
treatment carried on the hypothesis of one relaxation 
time for the different vibrational modes than with the 
other founded on the assumption of multiple dispersions. 
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Vapor pressures of the three isomeric picolines and p-di-tert-butylbenzene were determined over a pres- 
sure region of approximately 5-250 microns Hg using a Rodebush manometer and an effusion manometer 
for each compound. The experimental results of the two methods show good agreement. A comparison of the 
two manometers is made and the merits of each method are discussed. 





N connection with the spectroscopic studies of poly- 

atomic molecules which are being undertaken in 

this department, it is desirable to have vapor pressure 
data available in the range 0.01-1.0 mm Hg. 

In many cases, measurements have been made pre- 
viously for the pressure region of 10-760 mm Hg. An 
excellent compilation of this work has been published 
by Stull.! The pressure region below 10 mm has been 
the subject of very little investigation. The purpose of 
the present investigation was to obtain experimental 
data over the region of approximately 0.01-1.0 mm Hg 
and to subsequently evaluate the methods used. A 
literature search showed very little data for polyatomic 
molecules over this region. 

A modification of the Rodebush manometer’ has been 
used previously by the authors.’ Similar instruments 
have been used by Dietz‘ and by Balson.* This manom- 
eter is an electromagnetic balance which measures the 
force exerted by a pressure acting upon a movable 
quartz plate. The force or pressure is measured in 
terms of electric current passing through a solenoid. 
The quartz plate serves as a tightly fitting valve sepa- 
rating two chambers. One chamber is evacuated and 
the other one is maintained at the pressure to be 
measured. 

Using the Rodebush manometer, each pressure 
measurement involved opening the valve between the 
two chambers. Thus, when a sample of the compound 
in the liquid or solid phase was placed in the pressure 
chamber, each pressure measurement also served to 
pump out adsorbed gases or other volatile impurities 


*Taken from part of a thesis submitted by E. R. Hopke in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at Duke University. 

} This investigation was assisted by the ONR under Contract 
N6ori-107, Task Order I, with Duke University. 

t Present address: Spectroscopy Department, The Dow Chemi- 
cal Company, Midland, Michigan. 

§ Present address: Research Laboratory, General Electric 
Company, Schenectady, New York. 

'D. R. Stull, Ind. Eng. Chem. 39, 517 (1947). 

? W. H. Rodebush and C. E. Coons, J. Am. Chem. Soc. 49, 1953 
(1927); W. H. Rodebush and W. F. Henry, J. Am. Chem. Soc. 52, 
3159 (1930). 

® G. W. Sears and E. R. Hopke, J. Phys. Colloid Chem. 52, 1137 
(1948) ; E. R. Hopke and G. W. Sears, J. Am. Chem. Soc. 70, 3801 
(1948); G. W. Sears and E. R. Hopke, J. Am. Chem. Soc. 71, 1632 
tis)’ G. W. Sears and E. R. Hopke, J. Am. Chem. Soc. 71, 2575 

*V. Dietz, J. Chem. Phys. 4, 575 (1936). 

°E. W. Balson, Trans. Faraday Soc. 43, 48 (1947). 


that were present in the condensed phase. In the course 
of previous measurements, it had been observed that 
organic substances regardless of the care with which 
they had been purified, still evolved slight traces of 
volatile impurities. A few parts per million of such im- 
purities were observed to cause the initial measurements 
to be appreciably high. This was evidenced by the fact 
that continued measurements at a single temperature 
gave decreasing values of pressure which finally reached 
a minimum value. The time required for attainment of 
equilibrium in the presence of these outgassing effects 
was about five minutes while only a.few seconds were 
required with a sample that had been completely out- 
gassed. Outgassing effects have also been observed by 
Dietz‘ for potassium chloride and by Balson® for several 
organic compounds. 

For comparison purposes it seemed desirable to use an 
effusion manometer. Such an instrument would tend to 
circumvent the outgassing difficulties, and, at the same 
time, permit comparison of a dynamic method with the 
quasi-static Rodebush method. 


EXPERIMENTAL 


Eastman Kodak’s highest grade naphthalene was 
further purified by vacuum sublimation. Samples of 
a-picoline 99.85 percent pure (bp 129.44°C) and -pico- 
line 99 percent (bp 143.0-143.5°C) were contributed by 
Dr. J. J. McGovern of the Mellon Institute of Pitts- 
burgh. The 7-picoline was obtained from a lot purified 
(bp 144.5-145.0°C) by Dr. J. C. Shivers of the Chem- 
istry Department of Duke University. P-di-tert-butyl- 
benzene of unknown purity was obtained from the 
Chemical Products Department of the Standard Oil 
Company (Indiana). A sample of the last compound 
was purified by recrystallization from ethyl alcohol, 
separation from distilled water, and vacuum sublima- 
tion. After these purification processes, the -di-tert- 
butylbenzene had a melting point range of 76.5-76.8°C. 
Temperatures were recorded with mercury-in-glass 
thermometers which were graduated in either 0.1 or 
0.2°C intervals. This set of thermometers was cali- 
brated by the Precision Thermometer and Instrument 
Company. 


Procedure 


The Rodebush manometer used has been described 
in a previous paper.* Before the new series of measure- 
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ments was made, the manometer was calibrated with 
mercury. The vapor pressure of mercury was taken from 
the International Critical Tables. The vapor pressure of 
distilled water (ice) was then measured and the results 
were compared with values given in the International 
Critical Tables. The deviations of the two sets of data 
were both positive and negative, the average deviation 
being 1.7 percent. 

The various samples were maintained in the Rode- 
bush manometer for 24 hours under a high vacuum 


a eae 
"Cc 


Fic. 1. Effusion 
manometer. 

















before any measurements were begun. After this waiting 
period, the samples of 8-picoline and y-picoline were 
frozen, melted and then refrozen, this process being 
followed by a 3-minute pump-out period. This outgass- 
ing process was carried out ten times for each of these 
two samples. a-picoline was liquid over the temperature 
range of investigation and the melting point of p-di- 
tert-butylbenzene is above room temperature, so that 
this procedure of outgassing was not followed for these 
latter compounds. 


Apparatus 


A diagram of the effusion manometer is shown in 
Fig..1. G is used to refer to the vacuum chamber and F 
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refers to the lower chamber. The outside Pyrex tubing 
is 28 mm in diameter. D is a Pyrex tube of small bore 
which was ring-sealed to the outside tubing at a point 
about 12 cm from the bottom of the apparatus. B is a 
fine Pyrex fiber with hooks on both ends. J is the effu- 
sion vessel which is suspended by the fiber B. The fiber 
in turn is suspended from a hook at C on the end of a 
helical nichrome spring, which is not shown in the 
diagram. The spring is suspended by a Pyrex hook at 
the top of the 28 mm outside tubing. This hook was 
made on the end of a 1 cm diameter tube which was 
ring-sealed to the larger tube. The distance from the 
hook to the ringseal was about 4 inches and thus 
permitted the outside tube to be heated in this vicinity 
without affecting the temper of the suspending nichrome 
spring. The outside larger tube was connected to a 
vacuum system consisting of a dry-ice trap, a two stage 
mercury diffusion pump, a vacuum stop-cock, and a 
Hy-vac mechanical pump, in that order. 

The nichrome spring was # inch in diameter. It had 
a free length of about 13 cm and consisted of about 40 
turns of 0.005-inch nichrome wire. Over the load range 
of this investigation the spring obeyed Hooke’s law. 
The sensitivity of the spring was approximately 1.5 
mg/mm. 

The effusion vessel was a cylindrical nickel tube which 
had a length of 5 cm, a diameter of 0.25 cm, and a wall 
thickness of 0.0038 cm. An orifice was made with a 
0.013-inch twist drill. After one end of the tube had 
been sealed by spotwelding, the tube was coated 
with ‘“Aquadag.”” A small area about the orifice was 
left uncoated so as to leave the effective wall thickness 
unchanged. After baking out the tube for about 4 hours 
at 100°C and inserting the compound, the other end was 
sealed by spotwelding. The filled vessel was inserted 
into the system by cracking the outside Pyrex wall 
and then resealing it. 

In order to eliminate formation of burrs, while drill- 
ing the orifice, a snug fitting brass rod was inserted 
into the nickel tube before the drilling operation. After 
drilling, the wall around the orifice was smoothed by 
pushing the tightly fitting brass rod through the tube. 
This operation was done very carefully so as to avoid 
changing the wall thickness near the orifice. The tubes 
were washed with ether and boiled in distilled water to 
clean them. After preparing the orifice the wall thick- 
ness at the orifice was measured with a measuring micro- 
scope. In all cases it was found that the wall thickness 
was not altered by the orifice preparation and the wall 
thickness was always taken as 0.0038 cm. 

In operation, a thermostat was placed about the 
lower part of the apparatus. The thermostat consisted 
of a four inch internal diameter Dewar flask filled with 
acetone or water at the desired temperature, the bath 
temperature being maintained uniform with a high 
speed glass stirrer. Small bits of ice or dry ice added at 
about five-minute intervals sufficed to maintain the 
temperature constant to within 0.1°C below room 
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VAPOR PRESSURES 


temperature. Above room temperature, the bath was 
heated electrically. 

The motion of a fiducial mark on the lower end of the 
spring was followed with a measuring microscope by 
setting the cross-hair above the fiducial point and noting 
the time when the two came again into coincidence. 
Repeated observations at constant temperature gave 
the rate of motion, which, when multiplied by the spring 
constant, gave the mass rate of effusion. Spring vibra- 
tion, when it occurred, was minimized by attracting the 
nickel tube to one side with a small magnet, so that 
friction against the wall of the apparatus damped the 
vertical motion. 


RESULTS 


The vapor pressure was calculated from data taken 
with the effusion manometer with the aid of the equa- 
tion, known in kinetic theory, 


g=aAo(M/2rRT)1AP, (1) 


where q is the rate of effusion (mass/time), a is a factor 
dependent upon the geometry of the tubular orifice, 
Ay is the orifice area, M is the molecular weight of the 
gas, T is the absolute temperature, and AP is the differ- 
ence in pressure in and outside the effusion vessel. 
Values of ao for various tubular geometries have been 
tabulated in an article by Clausing.* In computing 
AP, cgs units have been used in Eq. (1) and the pres- 
sure then converted from dynes/cm? to microns Hg. 

The constriction D, shown in Fig. 1, was inserted to 
insure that all of the Pyrex tubing which can radiate 
heat to the effusion vessel would be at the same tem- 
perature as the thermostat. Due to this constriction, 
the pressure in chamber F was about 2 percent of the 
pressure in the effusion vessel. To calculate this pres- 
sure, let P be the pressure in the effusion vessel, P’ the 
pressure in chamber F, A’ the cross-sectional area of the 
tube D, a’ the corresponding correction due to finite 
length, Ao the orifice area, and ao the corresponding 
correction factor. Then P’ is determined by the flow 
of vapor into the chamber from the effusion vessel and 
out of the chamber into the vacuum and effusion vessel. 
We write 


PAoay P'Aoao ie P'A'd’ 
(2mRMT,)? (2eRMT)? (2eRMT)* 





(2) 


where the term on the left represents flow into chamber 
F and the terms on the right represent flow out of 
chamber F. Because P’ is about 0.02 P and T is not 
very different from To, T can be set equal to JT without 


> eae affecting the calculated pressure. We have 
then 


Apay 
P’=——-AP, (3) 
A’a’ 





——ee 
*P. Clausing, Physica 9, 65 (1929). 
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where we have set AP=P—P’. AP is obtained from 
Eq. (1). With P’ from Eq. (3), P is immediately ob- 
tained. 

When a finely ground solid was used as sample in the 
effusion vessel, the area of the sample was large as 
compared to the orifice area and the steady-state pres- 
sure in the effusion vessel was the vapor pressure. 
However, when a liquid such as water was frozen after 
insertion into the vessel, the surface area of the sample 
could no longer be considered large as compared to the 
orifice area. The cross-sectional area of the nickel tube, 
which represented the minimum surface area available 
to the sample, was 0.051 cm? whereas the orifice area 
available to the sample, was 0.051 cm? whereas the 
orifice area was about 0.001 cm*. With a ratio of only 
50 to 1 the question also arose as to whether the sample 
was at a uniform temperature. Measurements taken to 
examine this question did not indicate this to be an 
effect. For purposes of calculating the vapor pressure, 
it was assumed that the pressure everywhere in the 
vessel was constant and that it was determined by a 
balance of the maximum rate at which molecules could 
evaporate from the sample surface and the combined 
rates at which molecules were lost through the orifice 


TABLE I. Vapor pressure of ice. 











T°C P(meas) 6T °C (Calc) 8T’ °C 
(bath) microns Hg €=0.65 ¢€=0.60 ¢=0.55 oad 
—40.1 56.5+0.5 4.4 4.7 S.2 4.6 
—45.1 36.440.3 3.0 be 3.6 He 
—50.1 22.1+0.5 2.0 2.2 2.4 2.2 
—55.1 13.2+0.1 1.3 1.4 iS 1.3 








and recondensed on the sample surface. On this basis, 
it may be written that 


aA 0 





P)>=P+—AP, (4) 


1 


where Po is the vapor pressure, P is the steady-state 
pressure in the effusion vessel, and A; is the cross- 
sectional area of the nickel tube. 

Since the effusion vessel was suspended in a low pres- 
sure region, heat transfer to and from the effusion vessel 
occurred mainly by radiation and vaporization. Under 
these conditions, the vessel temperature is slightly 
lower than that of the thermostat. The temperature 
difference may be quantitatively determined by the fol- 
lowing argument. 

The vessel was assumed to be suspended in a black- 
body cavity whose temperature equals that of the 
thermostat. Let the vessel temperature be TJ» and the 
thermostat temperature be 7. At equilibrium we have 


AeoT*=AeceoTy'+ gL, (5) 


where A is the surface area of the vessel, « is its emis- 
sivity, o is the Stefan-Boltzmann constant, g is the rate 
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Fic. 2. Vapor pressure of a-picoline. 


of effusion, and L is the heat of vaporization for 1 g of 
substance. The term on the left gives the rate of heating 
and the terms on the right give the rate of cooling. 
Equation (5) may be rewritten 


Aeo(T'—To')=gL. (6) 


Now let 7» be represented by T—6T. Since 6T is a very 
small quantity, we can approximate 74— 7)! by 47°6T 
and Eq. (6) may be rewritten to a good approximation 


56T=qL/(4AceoT*). (7) 


All quantities in this expression except € are known or 
may be estimated from experimental data rather ac- 
curately. Volmer,’ using a comparable apparatus, has 
given an argument similar to the above to show that 
his results were not seriously affected by temperature 
deviations which may be caused by vaporization. In 
the present case, however, the temperature corrections 
are not negligible. 

In order to test the validity of Eq. (7), it was decided 
to measure the vapor pressure of ice, the values of 
which are known rather accurately over the region of 
interest. The large heat of sublimation of ice and the 
low temperatures in the region of interest would give 
large calculated temperature corrections. Measure- 
ments were made at —40, —45, —50, and —55°C. 
With the aid of the foregoing equations, the vapor pres- 
sure and temperature corrections were calculated and 
are shown in Table I. The values are presented in such 


7M. Volmer, Z. physik. Chem. p. 863 (1931). 
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a way as to make the choice of the best value of « 
evident. The first column gives the bath temperature, 
the second column the measured pressures as calculated 
with the aid of Eqs. (1), (3) and (4), the third, fourth, 
and fifth columns the value of the temperature correc- 
tions calculated with Eq. (7) where a different value of 
€ was used to determine the value of 57 in each of these 
columns. The sixth column was determined with the 
aid of the International Critical Tables in the following 
manner. Using values of the measured pressure given 
in the second column, corresponding temperatures were 
obtained from the I. C. T., and 67” is the difference 
between these temperatures values and the bath tem- 
perature. The indicated uncertainties given in the 
second column indicate the maximum deviation of 
measured pressures from the average value. Three 
determinations were made at each temperature. 

The necessity for applying temperature corrections 
for the vapor pressure of ice is at once evident. Over the 
range of temperatures used in Table I, a temperature 
difference of 0.1°C is equivalent to a pressure deviation 
of about 1.2 percent. A comparison of the third and 
sixth columns shows that corresponding values of 67 
and 67” agree to within 0.2°C for e=0.65. This tem- 
perature difference is equivalent to 2.4 percent error in 
pressure. 2 percent of this may be involved in the de- 
termination of the factor apAp». An additional 3 percent 
possible error involved in using Eq. (7) was already 
indicated. A comparison of the fourth and fifth columns 
with the sixth shows good agreement between 67 and 
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Fic. 3. (A) Vapor pressure of 6-picoline. 
(B) Vapor pressure of y-picoline. 
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57’ for e=0.6 with the comparison becoming less favor- 
able for e=0.55.|| 

Since the pressure in chamber F is about 2 percent 
of the pressure in the effusion vessel, heat transfer by 
conduction is possible and an approximate calculation 

as made to see if this effect would seriously influence 
he above results. It was assumed that the vapor in 
thamber F was in thermal equilibrium with the walls of 
chamber F and that the mean free path of the vapor 
molecules was large as compared to the linear dimen- 
sions of chamber F. The accommodation coefficient of 
water vapor on carbon was taken as 0.5. Values of 67 
were again calculated considering the effect of heat 
conduction for the special case of e=0.55. The results 
in order of decreasing temperatures are 4.6, 3.3, 2.3, 
and 1.4°C and the effect of heat conduction is shown 
to be small. These values show very good agreement 
with the values of 67’. In view of the favorable results 
obtained when ¢ takes a range of 0.65 to 0.55, the best 
value was here taken as 0.60. 

The vapor pressures of a-picoline, 8-picoline, y-pico- 
line, and p-di-tert-butylbenzene were measured with 
the Rodebush manometer over the temperature ranges 
of —23 to —44, —19 to —31, —16 to —29, and 40 to 
52°C, respectively. The temperature ranges covered 
with the effusion manometer are —47 to —59, —32 to 
—45, —30 to —43, and 12 to 41°C for a-picoline, 
B-picoline, y-picoline, and -di-tert-butylbenzene, re- 
spectively. The results are plotted in Figs. 2, 3, and 4 
where circles indicate measurements on the Rodebush 
manometer and circles with one diameter drawn 
indicate effusion measurements. 

When the data for a-picoline were plotted on a 
logP vs 1/T graph, a smooth line drawn through the 
data was somewhat curved. Therefore, these measure- 
ments were fitted to an Antoine’s equation which may 
be written 


logP= —A/(T—B)+C, (8) 


where P is the pressure in microns Hg, T is the absolute 
tempersture, and A, B, and C are constants. Since the 
measurements were taken by two different methods for 
which the ranges of pressure do not overlap B, which is 
a measure of the curvature, was considered separately. 
For this, a smooth curve was drawn through the data 
on a logP vs 1/T plot. Three points taken from this 
curve, two of them at the end points of the measurable 
temperature range and the third near the center of this 
range, sufficed to determine B. The slope of this smooth 
curve was then determined at two points which were 
taken near the midpoint of the measurable tempera- 
ture range of each apparatus. The ratio of these slopes, 
together with the temperature at which the slopes were 
measured, gave a second value of B. The final B was 
taken as an average of the two results. A and C were 





|| I. Langmuir and K. Blodgett, Rev. Sci. Instr. 5, 321 (1934), 
report e=0.6 for Aquadag coated tungsten at 1100°C in compari- 
son to e=0.12 for clean tungsten at the same temperature. 
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Fic. 4. Vapor pressure of p-di-tert-butylbenzene. 


then determined by the method of least squares. When 
data for the other compounds were plotted on a logP vs 
1/T graph, there appeared no observable curvature for 
the vapor pressure curves and therefore B was set equal 
to zero in these cases before A and C were determined 
by the method of least squares. These constants, to- 
gether with the derived heats of vaporization, are given 
in Table II. 

Each pressure measured with the effusion manometer 
represents the average of three measurements, and in 
the least-squares calculations these measurements, and 
in the least-squares calculations these measurements 
were given a weight of 3 as compared to 1 for measure- 
ments with the Rodebush manometer. This procedure 
was followed because the two methods were considered 
to give about equally reliable values. The maximum 
deviation of data used in obtaining the calibration 
curve for the Rodebush manometer was 3 percent. 
Since 3 percent also represents a random effect in the 
measurement of any other compound, the maximum 
possible error for the Rodebush method was considered 
6 percent. The maximum error involved in measure- 
ments with the effusion manometer was previously 
indicated as 5 percent. 

The average deviation of the vapor pressure of a-pico- 
line as determined with the Rodebush manometer and 
the least-squares equation is 2.6 percent. The corre- 
sponding deviation with the effusion method is 3.1 
percent. Stull? has fitted the date of Anschiitz and 








TABLE II. Vapor pressure constants and heats of 
vaporization L (sublimation). 











Compound A B Cc L (meas. temp. range) 
a-picoline 1164.1 71.0 9.106 9.0 kcal/mole ( —38°C) 
B-picoline 3246.9 0 15.120 14.9 kcal/mole (—45 to —19°C) 
¥-picoline 3277.6 0 16.121 15.0 kcal/mole (—43 to —16°C) 
p-di-tert- 4346.4 0 15.746 19.8 kcal/mole (12 to 52°C) 


butylbenzene 








Reitter® and of Kahlbaum!® to a curve. In Stull’s com- 
pilation, the vapor pressure of a-picoline is 1 mm Hg 
at —11.1°C. Riley and Bailey'® measured the vapor 
pressure of a-picoline to a lower limit of 6 mm Hg. 
Their values were extrapolated downward to give 0.94 
mm at this temperature. An upward extrapolation of 
our data to this temperature gives 1.03 mm Hg. The 
agreement was considered very satisfactory. 

For measurements on #-picoline with the Rodebush 
manometer, the average deviation of the data from the 
least-squares equation is 1.2 percent. The corresponding 
deviation with the effusion manometer is 2.5 percent. 
For y-picoline the corresponding deviations are 1.8 
percent and 3.1 percent. Over the temperature range 
covered by our measurements, §-picoline and y-pico- 
line are solids. Brown and Barbaras" have determined 
the vapor pressure of these two compounds in their 
liquid phase at 0 and 20°C. Straight line curves were 
drawn for their data and ours on a logP vs 1/T plot. 
These curves intersect at — 15.2 and —6.5°C for B-pico- 
line and y-picoline, respectively. Diihring’s rule, to- 
gether with our vapor pressure equation for a-picoline, 
was used to predict the vapor pressure of the other 
two isomers at their melting points which were taken 
as —15.2 and —6.5°C for 8-picoline and 7-picoline, 
respectively. This procedure gave a value of 347 mi- 
crons Hg for B-picoline as compared to 345 obtained by 
extrapolating our data upward. Diihring’s rule gives 
a value of 714 microns Hg for y-picoline as compared 
to 679 obtained by an upward extrapolation of our data. 
This agreement was considered very good. 

The average deviation of the vapor pressure of p-di- 
tert-butylbenzene obtained with the Rodebush manom- 
eter and as calculated from the least-squares equation 
is 1.9 percent. The corresponding deviation with the 
effusion manometer is 3.4 percent. Hennion and 
Auspos” have measured the vapor pressure of p-di-tert- 
butylbenzene at 109 and 237°C. Their values were ex- 
trapolated downward graphically on a logP vs 1/T plot 
to give 3.4 mm Hg at the melting point. Extrapolating 
the data obtained in this investigation upward yields 
2.1 mm Hg. The agreement is only within 50 percent, 


8 Anschiitz and Reitter, Die Destillation unter vermindertem 
Druck im Laboratorium,” 2nd Edition, Cohen, Bonn, 1895. 

*G. W. A. Kahlbaum, Ber. deut. chem. Ges. 17, 1245 (1884). 
a on} . C. Riley and K. C. Bailey, Proc. Roy. Irish Acad. 388, 450 
asd C. Brown and G. K. Barbaras, J. Am. Chem. Soc. 69, 1137 

2G. F. Hennion and L. A. Auspos, J. Am. Chem. Soc. 65, 
1603 (1943). 
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but considering the uncertainties involved in the extra- 
polation of the two sets of data, it was considered 
satisfactory. 

It was at first decided to limit the pressure measure- 
ments with the effusion manometer so as to make ap- 
plied temperature corrections less than 1°C. However, 
in order to completely cover the temperature range, it 
was necessary to exceed this limitation. The largest 
corrections used were 1.5, 1.8, 1.7, and 1.3°C for a-pico- 
line, 8-picoline, y-picoline, and p-di-tert-butylbenzene, 
respectively. They apply for the highest pressures and 
Figs. 2, 3, and 4 show that these points fit our curves 
very well. It is also an indication that our chosen value 
of € was a good one. 


COMPARISON OF MANOMETERS 


The two manometers used in this investigation were 
fundamentally very different. The Rodebush instru- 
ment was quasi-static and required a calibration 
whereas the effusion instrument was dynamic and 
absolute. The Rodebush manometer used here was 
limited at high temperature since very involatile sub- 
stances condensed on the fibers of the high vacuum side, 
thus changing the effective calibration. The effusion 
apparatus was especially designed for work with in- 
volatile substances. The Rodebush manometer meas- 
ured pressure directly while pressure measurements on 
the effusion manometer were indirect and the calcula- 
tions required that the molecular mean free path be 
large as compared to the orifice’s linear dimensions. 
Any unknown molecular association would make the 
pressure calculation erroneous. 

In operation, the Rodebush manometer required ex- 
perience in observations in order to obtain reproducible 
results. The adjustment of the suspension in this 
apparatus was rather critical, and any disturbance 
that affected the seating of the quartz plate changed 
the calibration somewhat. The effusion manometer 
required no prior experience and its operation did not 
involve any critical adjustments. Our Rodebush in- 
strument could be used from 50 to 230 microns Hg 
whereas the effusion manometer could be employed to 
a lower limit of about 0.1 micron and an upper pressure 
limit of about 100 microns. 

Since the Rodebush manometer was calibrated and 
the measurements were more difficult at the ends of the 
pressure range, there was a risk that the data would 
be more in error at these ends of the pressure range than 
in the intermediate range, possible causing a slightly 
erroneous slope for the vapor pressure curve. This 
effect was less likely with the effusion manometer. 

Working with the effusion manometer, it was ob- 
served that the rates of effusion at a given temperature 
remained constant in time, within experimental error. 
This observation confirmed our original assumption 
that an effusion method would circumvent the out- 
gassing difficulties encountered with the Rodebush 
manometer. The agreement of the data obtained with 
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the two methods was taken to indicate that the out- 
gassing procedure followed with the Rodebush method 
effectively eliminated volatile impurities as a source of 
error. 

In measurement of the picolines, the pressure regions 
of the two methods were not made to overlap because 
of the large temperature corrections necessary with the 
effusion method. The methods were strictly comple- 
mentary here, and it would not have been desirable to 
use the effusion manometer alone for these low tempera- 
tures. While the two methods were equally applicable 
for work with p-di-tert-butylbenzene, the region of 
overlap of the pressure ranges by each method is small. 


The plotted data in Figs. 2, 3, and 4 in general show 
both positive and negative deviations from the plotted 
curve for both methods over the entire pressure range. 
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Quantitative infrared-intensity measurements on CO pressurized with gases such as He, He, and A have 
been carried out at room temperature. For pressures up to 100 psia the experimental absorption measure- 
ments are correlated quantitatively by the use of theoretical relations derivable from the dispersion formula. 
Thus, for a fixed value of the total pressure, the observed absorption is a linear function of the square root 
of the optical density. Similarly, at constant optical density, the absorption is a linear function of the square 
root of the total pressure. Using Elsasser’s treatment for equally spaced and equally intense rotational lines, 
lower limits have been determined for the rotational half-widths of CO broadened by various infrared-inert 
gases. 

The determination of rotational half-widths from spectroscopic measurements can be refined by allowing 
for the variation of integrated absorption per rotational line from one line to another in a given vibration- 
rotation band. By carrying out numerical calculations, with the rotational half-width treated as a variable 
parameter, a direct comparison between calculated and observed infrared absorption can be used to deter- 
mine the rotational half-width 6° for pressures which are small enough to justify a treatment for nonover- 
lapping rotational lines. In this manner it was found that (67)H2= 0.077 cm™ atmos“, (6r),4= 0.040 cm™ 
atmos~!, (69)H2= 0.063 cm™ atmos™. Here the subscripts F and O denote measurements on the fundamental 
and the first overtone, respectively. The subscripts Hz and A identify the broadening agent used for study. 


I. INTRODUCTION 


HE experimental technique and apparatus used 

for carrying out quantitative infrared-intensity 
measurements have been described in a previous publi- 
cation.! For a given partial pressure of CO the total 
pressure was varied systematically up to 700 psia by 
the addition of infrared-inactive gases such as Hp, He, 
A, Ne, and Os. Measurements were performed in ab- 
sorption cells of special design fitted with mechanical 
stirrers to assure uniform mixing of the gases. Repre- 
sentative gas mixtures were also analyzed by use of a 
mass spectrograph to verify relative compositions com- 
puted from the partial pressure changes associated 


* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of 
Technology, under Contract No. DA-04-495-ORD 18, sponsored 
by the U. S. Army Ordnance Department. 
a9 he Penner and D. Weber, J. Chem. Phys. 19, 807, 817, 974 

ot). 


with introduction of gases into the infrared-absorption 
cell. Some of the experimental data used in reference 1 
for the determination of integrated absorption have 
also been used for the study of line broadening. 

It is well known that the rotational half-widths of 
molecules such as CO are very small at atmospheric 
pressure, in fact so small that the direct measurement 
of line shape is beyond the resolving power attainable 
with most spectrographic instruments. For this reason 
it has become customary to estimate rotational half- 
widths indirectly by studying the dependence of ap- 
parent absorption on total pressure.?~’ The basic theo- 


2L. A. Matheson, Phys. Rev. 40, 813 (1932). 

3W. M. Elsasser, Harvard Meteorological Studies No. 6, 
Milton (Massachusetts), 1942. 

4A. M. Thorndike, J. Chem. Phys. 16, 211 (1948). 

5 J. Strong and K. Watanabe, Phys. Rev. 57, 1049 (1940). 

6 E. Lindholm, Arkiv Math. Astron. Fys. 32A, No. 17 (1946). 

7 E. Lindholm, dissertation, Uppsala, 1942. 





retical relations which are used for this work have been 
given by Elsasser,’ whose discussion is, however, re- 
stricted to equally intense and equally spaced rota- 
tional lines obeying a dispersion formula. Elsasser also 
assumed that the incident intensity is constant and 
independent of v. Extensions to more general types of 
vibration-rotation bands have been given by Schnaidt® 
and by Matossi and collaborators.’ However, it has 
been pointed out by Elsasser and verified experimentally 
by other investigators that the results derived from the 
idealized line shape distribution of Elsasser lead to the 
correct functional relation between absorption, pres- 
sure, and optical density. Accordingly this simplified 
treatment will be used for the determination of ap- 
parent rotational half-widths from available experi- 
mental data. 

Derivation of appropriate line shapes for collision 
broadening, broadening associated with the Doppler 
effect, van der Waals broadening, etc., may be found 
in the literature**:71°- and need not be repeated here. 
For the present purposes, only those parts of the theory 
will be reproduced and amplified which refer to results 
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Fic. 1. Plot for the determination of sa —(T,/Tw) |dv. 


useful in interpreting available experimental data. In- 
terpretation of experimental data in terms of a band 
spectrum consisting of equally intense and equally 
spaced rotational lines is presented in Sec. II. 

The calculation of rotational half-widths using 
equally spaced and equally intense rotational lines 
suffers from the fact that no allowance is made for the 
variation of integrated absorption per rotational line 
from one line to another in a given vibration-rotation 
band. The correct value of the integrated absorption 
for each of the rotational lines of an anharmonic, 
vibrating and rotating diatomic molecule is calculable 
by utilizing theoretical studies carried out by Oppen- 
heimer."> Furthermore, it is possible to determine 


8 F. Schnaidt, Gerl. Beitrage zur Geophysik 54, 203 (1939). 

® Matossi, Mayer, and Rauscher, Phys. Rev. 76, 760 (1949). 

10V. Weisskopf, Z. Physik 75, 287 (1932). 

"H. Margenau and W. W. Watson, Revs. Modern Phys. 8, 
22 (1936). 
of H. Van Vleck and V. F. Weisskopf, Phys. Rev. 17, 227 

1945). 

13 P, W. Anderson, Phys. Rev. 76, 647 (1949). 

4 J. R. Oppenheimer, Proc. Cambridge Phil. Soc. 23, 327 
(1926); D. M. Dennison, Phys. Rev. 31, 503 (1928). 

16S. S. Penner, J. Chem. Phys. 19, 272 (1951). 
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with reiative ease the actual intensity of radiation ab- 
sorbed for nonoverlapping rotational lines broadened 
by molecular impacts.*:!® By carrying out calculations 
of this type, with the rotational half-width treated as 
a variable parameter, a direct comparison between 
calculated and observed infrared absorption can be 
used to determine 6 for pressures which are small 
enough to justify a treatment for nonoverlapping rota- 
tional lines. This procedure for the determination of 
rotational half-width is described in Sec. III. It is 
found that (67)H2=0.077 cm atmos, whereas (6p) 
=0.040 cm™ atmos. Similarly, for the first overtone, 
(50)H2=0.063 cm! atmos~'. These results are seen to 
be somewhat smaller than the values (6r7),ir=0.10 
cm atmos and (60)air=0.12 cm atmos reported 
by Matheson.? 


Il. DETERMINATION OF LOWER LIMITS FOR 
ROTATIONAL HALF-WIDTHS, ASSUMING 
EQUALLY SPACED AND EQUALLY 
INTENSE LINES 


A. Outline of Theory 


The theoretical studies of Elsasser for equally in- 
tense and equally spaced rotational lines lead to the 
conclusion that, in the most general case, the trans- 
mission function 7 is given by the relation 


Lexp(—ycosh8) JJo(iy)dy (1) 
Spl/q sinhg 


r=t-A= f tar f todr~ f I,dv/IpAv (2) 
: Av Ar Ap 


and 
B= 216°/9. (3) 


Here J, and J, represent, respectively, the transmitted 
and incident spectral intensities, Ay= effective width of 
the vibration-rotation band, 7)>=average value of the 
nearly constant incident intensity in the spectral in- 
terval of width Av, 6°=rotational half-width, g=dis- 
tance between the equally spaced rotational lines com- 
posing the vibration-rotation band of width Av, Jy 
=bessel function of order zero, and S=integrated ab- 
sorption of each of the equally intense rotational lines. 

In view of the approximation involved in the repre- 
sentation of a vibration-rotation band by a system of 
equally spaced and equally intense rotational lines, it 
is apparent that there is no such thing as a “correct” 
value for S. However, since the functional form of the 
relation derivable from Eq. (1) is correct, it is of some 
interest to determine an apparent rotational half-width 
by assuming the validity of the relation 


S=a/(Av/q), (4) 


where a@ is the integrated absorption of an entire 
vibration-rotation band and Av/g represents the number 
of equally intense rotational lines in Av. The relation 
given in Eq. (4) is probably a reasonably good approxi- 
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mation at very high pressures'* but undoubtedly over- 
estimates the value of S for low pressure data of the 
type useful for estimating rotational half-widths. Since 
S always occurs as a multiplier of 5°, the choice of too 
large a value for S will lead to a lower limit for 6°. The 
value of the half-width obtained by the use of Eq. (4) 
will be called an apparent rotational half-width and 
will be identified by a prime in order to distinguish it 
from the “true” rotational half-width 6°. With this 
qualification the following analysis may be regarded as 
an empirical check on the validity of the functional 
form of the relations derivable from Eq. (1). 

Elsasser*® has shown how a number of limiting forms 
can be derived from Eq. (1) for various special cases. 
Thus, at low total pressures, 6° is small compared with 
g, whence 8 and sinh are also small. The range of in- 
tegration in Eq. (1) is therefore restricted to large 
values of y. But in this case it can be shown’ that 


t=1—A=1-—¢[(rS6°pl)}/q] 
~1—2(S6°pl)#/q+---, (5) 
where ¢(x) is the error integral defined by 


2 x 
o0)=— f [exp(=2°) dz. 


On the other hand, for large values of 6°/g corresponding 
to large values of. the total pressure, it can be shown® 
that 


t~exp(— Spl/q) = exp(—apl/Ayr). (6) 


Here Eq. (6) is a satisfactory approximation for B>2, 
whereas, for 8<}, Eq. (5) forms a reasonable approxi- 
mation. Finally, for values of 6 in the range }<B6<2, 
Elsasser recommends the relation 


t= 1—(Spl/q)exp(—y)[Jo(iy)—iJi(iy)] (7) 


y= Spl/q sinhg (8) 


and J; is a bessel function of order 1. 

For collision broadening, the rotational half-width 
will be approximately proportional to the total pressure 
pr at constant temperature.*" Thus 


6°=dbpr and §6”%= 5 pr (9) 


where 


where 6 and 6’ are the “true” and apparent rotational 
half-widths, respectively, at a pressure of 1 atmos. 
Replacing 6° in Eq. (5) by the value given in Eq. (9), 
it is evident that 


r= 1—A~1—2(Sdplpr)}/q 
or 


—dr/d(pr)'=dA/d(pr)'~2(Sépl)!/q. (10) 


Thus the transmission 7 is seen to vary as the square 
root of the total pressure at constant optical density 


6S. S. Penner, J. Appl. Phys. 21, 685 (1950). S. S. Penner and 
D. Weber, J. Appl. Phys. 22, 1164 (1951). 
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for small values of 5, corresponding to small values of 
pr. Since all of the quantities appearing on the right- 
hand side of Eq. (10) are known except 6, the slope of a 
t vs pr’ plot can be used to estimate 6. Furthermore, 
Eq. (6) can be used to determine a for very large 
values of pr. This method of determining a has been 
used successfully for CO." 


B. Experimental Results and Calculations for the 
Fundamental of CO 


It should be noted that it is not possible to measure 
t or A directly. The experimentally determined trans- 
mission is 7’, and the experimentally observed absorp- 
tion is A’ where 


r=1—a'= f rir | f To,dv (11) 
Ap Ap 


TABLE I, Experimental results of A’Av for CO-He mixtures 
(fundamental of CO). 








pl (pl)4 





p cm (cm Pr (pryt. Av A’Ap 
(mm Hg) atmos) atmos) (psia) (psia)4 (cm~!) (cm~) 
3 0.0203 0.142 700 26.46 210 2.03 
60 = 0.407 0.638 16 400 240 30.0 
20 447 250 31.7 
25 5.00 250 34.9 
40 6.32 250 42.2 
50 7.07 250 48.3 
75 8.66 250 53.7 


100 10.00 250 56.7 
300 17.32 255 65.9 
500 22.36 260 67.6 
700 26.46 260 66.5 


200 1355 1465 3.87 197 250 349 


15 3.87 250 46.5 
20 447 250 59.8 
25 5.00 250 65.4 
30 5.48 250 69.8 
50.5 7.11 250 82.2 
75 8.66 255 99.2 
100 10.00 260 105.7 


300 17.32 260 123.3 
500 22.36 270 123.6 
| 700 26.46 270 

















and T, and 79, represent, respectively, the intensities 
of radiation with and without absorber to which the 
instrument responds. Furthermore, since To, is approxi- 
mately constant in the wave number interval Ay, it is 
apparent that 


A'=1—7'~(1/Av) | [1—-(T7,/To,)]dv. (11a) 


Av 


The quantity A’Av defined by Eq.: (11a) can be ob- 
tained conveniently from a plot of the type shown in 
Fig. 1. The area of the entire rectangle is Av, where 
Av is chosen large enough to assure that 7/7, has in- 
creased to 1 in the wings of the vibration-rotation band. 
The unshaded area in Fig. 1 evidently represents the 
quantity /4,(7,/To,)dv, whence the shaded area has 











TaBLe II. Experimental results of A’Av for CO-H2 mixtures 











(fundamental of CO). 
pl (pl)t A’ Ap (cm~) 
? (cm a at pr at pT at pr 
(mm Hg) atmos) atmos) =50 psia =100 psia =700 psia 
3 0.0203 0.142 tee see 2.92 
5 0.0339 0.184 6.34 tee 4.67 
10 0.0678 0.260 14.7 16.5 15.3 
15 0.102 0.319 19.3 19.1 20.0 
20 0.136 0.369 22.4; 23.0 24.6 25.8 
40 0.271 0.521 35.9; 36.4 46.1 48.6 
60 0.407 0.638 48.1; 44.9 66.6 65.8 
80 0.542 0.736 $7.5 76.6 81.1 
200 1.355 1.165 -* tee 119.4 
40 0.271 0.521 37.0 43.0 tee 
150 1.016 1.008 77.2 tee 109.1 








the value A’Av. It is found experimentally that the 
effective band width Av is practically constant and 
independent of partial pressure and total pressure.'® 
This statement is verified by the results given in 
Table I. It is seen that only a small error will be made 
by setting Av= 250 cm™ for all values of p and fr. 

The experimental data of A’Av for CO-H2 mixtures 
are shown in Table II and plotted in Fig. 2. If Eq. (5) 
is assumedf to hold for A’ as well as for A, it is ap- 
parent that 


d(A'Av)/d(pl)!Avd A’ /d(pl)!=2Av(S8'pr)4/q (10a) 


where the validity of Eq. (9) has been assumed. Refer- 
ence to Fig. 2 clearly shows that A’Av is a linear func- 
tion of (pl)! for constant values of the total pressure. 
Furthermore, the validity of Eq. (10a) for pressures of 
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Fic. 2. A’Av for CO-H2 mixtures as a function of (pl) at 
pr=50 and 100 psia (fundamental of CO). 


t Replacing A by A’ can be justified independently of the exact 
dependence of 7, on instrumental factors. Thus A’Av is essentially 
an integrated transmittance obtained over a wave-number in- 
terval large compared with the instrumental slit width. The proof 
that A’Av™A Av under these conditions has been given by Nielsen, 
Thornton, and Dale, Revs. Modern Phys. 16, 307 (1944). 
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Fic. 3. A’Av for CO-He mixtures as a function of (pr)+ at 
pl=0.407 cm atmos (fundamental of CO). 


50 and 100 psia is seen to be verified approximately. 
Thus 


{dL (A ‘Av)/d(pl) *] } pr =100 psia/ 
{dL A’Av/d(pl)*]} 57 =50 psia= 1.46 


compared with a value of 1.41 computed from Eq. 
(10a). 

It should be noted that the experimental values cor- 
responding to pr=700 psia cannot be used to evaluate 
5° since 6°/g is no longer small enough to justify the 
use of Eq. (5). 

The value of S=S,r for the fundamental! calculated 
from Eq. (4), with Av=250 cm™ and g=4 cm”, is 
Sp=237/(250/4)=3.79 cm~ atmos“, Using this value 
of Sr and the slopes d(A’Av)/d(pl) determined from 
Fig. 2, it is found that (6r’)H2=0.041 cm™ atmos-, 
where the subscript Hz on 6,’ identifies the broadening 
agent which was present in large excess for the current 
studies. , 

The data of Table II may also be used to determine 
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Fic. 4. A’Av for CO-He mixtures as a function of (pr)? at 
pl=1.355 cm atmos (fundamental of CO). 
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TABLE III. Experimental results of A’Av for CO-A mixtures 
(fundamental of CO). 








pl (pl) 
p (cm (cm oT (pr)t Av A’ dy 
(mm Hg) atmos) atmos) (psia) (psia)? (cm~) (cm~) 


80 =: 0.541 0.736 50 7.07 240 50.1 
100 10.00 250 64.8 
300 17.32 255 75.3 
700 26.46 270 76.9 


100 0.678 0.823 50 7.07 240 57.2 
100 10.00 250 728 
300 17.32 255 87.2 
700 26.46 270 90.5 


200 «1.355 1.165 700 2646 270 123.0 


40 0.271 0.521 50 7.07 240 32.7 
80 =: 0.542 0.736 | | 240 50.1 














100 0.678 0.823 240 57.2 
300 2.033 1.43 240 94.2 








5” by using Eq. (5) with A replaced by A’ whence 


” EF ~~] 1 
~~ L2Av (pl)t S Spr 





Alternately Eq. (10) can be applied to the two points 
corresponding to pr=50 and 100 psia at constant i. 
For the set of data shown in Table IT this type of calcu- 
lation is evidently less satisfactory than the method 
illustrated in Fig. 2, where a large number of experi- 
mental points are used to determine 6”. 

The experimental results for CO-He mixtures are 
summarized in Table I. The observed values of A’Av 
are plotted as a function of (pr)? for pl=0.407 and 
1.355 cm atmos in Figs. 3 and 4, respectively. Refer- 
ence to Figs. 3 and 4 shows that A’Ar is a linear func- 
tion of (pr) for pressures up to about 80 psia. These 
results may be interpreted to mean that for pressures 
less than about 80 psia the ratio 6°/g or 6"/q is small 
enough to permit the use of Eq. (5), whereas for higher 
pressures the rotational lines have become broadened 
sufficiently to necessitate consideration of overlapping 
rotational lines. 

By the use of Eq. (10) the slopes of the linear regions 
in Figs. 3 and 4 may be used to compute 6p’. Using the 
value previously given for Sr and again setting Ay= 250 
cm~, it is found that 6r’=0.019 cm atmos™ from the 
slope of Fig. 3 or 5r’=0.017 cm™ atmos from the 


TABLE IV. Experimental results of A’Av for CO-He and CO-H: 
mixtures at ~7=300 psia (first overtone of CO). 
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Fic. 5, A’Av for CO-A mixtures as a function of (pl)* at 
pr=50 psia (fundamental of CO). 


slope of Fig. 4. Thus (6r’)ne~0.018 cm atmos. The 
fact that the values of dr’ obtained from Figs. 3 and 4 
agree well with each other immediately suggests that 
A’Ayv varies with pl approximately: according to Eq. 
(10a). Thus the data given in Table I could be used to 
calculate 6’ for each value of pr up to pr=75 psia, by 
comparing the experimentally determined results for 
A’Av at the two different values of p/ used. It is ap- 
parent that the results obtained in this manner would 
be less accurate for the set of data given in Table I than 
results obtained by the method exemplified in Figs. 3 
and 4, since calculations would be based on only two 
experimental points. 

The experimental results obtained for CO-A mix- 
tures are summarized in Table III. Of the data given 
in this table the last set, corresponding to four different 
values of pl at constant pr, appears to be suitable for 
the determination of 6’ by using Eq. (10a) in the same 
way as it has already been used for CO-H: mixtures 
(see Fig. 2). Accordingly A’Ay is plotted as a function 
of (pl) in Fig. 5 for pp=50 psia. From the slope of the 
line in Fig. 5 it is found that 6’=0.021 cm atmos if 
Sr=3.79 cm~ atmos“! and Av=250 cm. The half- 
width for CO broadened by the addition of A, viz., 
(5r’)4=0.021 cm atmos, is seen to be approximately 
as large as the half-width for CO broadened by the 
addition of He, whereas the rotational lines of CO are 
broadened more rapidly by the addition of Hg. 


TABLE V. Experimental results of A’Av for CO-He and CO-H, 
mixtures at pr=700 psia (first overtone of CO). 




















p pl (pl) A’Ap Added p pl pl) A’Ap Added 
(psia) (cm atmos) (cm atmos)? (cm~) gas (psia) (cm atmos) (cm atmos)? (cm~) gas 
7.73 2.71 1.65 4.16 He 7.73 2.71 1.65 4.68 He 
15.5 5.43 2.33 9,22 15.5 5.43 2.33 9.80 
20 7.01 2.65 10.5 20 7.01 2.65 10.2 | 
40 14.00 3.74 20.1 40 14.0 3.74 21.2 
60 21.0 4.58 29.2 60 21.0 4.58 30.3 
80 28.0 5.29 37.0; 36.1 80 28.0 5.29 37.0; 37.8 | 
100 35.1 5.92 44.5 100 35.1 5.92 45.0 
20 7.01 2.65 10.6 H, 20 7.01 2.65 12.7 H, 


























1356 
40 T T | / 
© by * 300psio, CO + He j 
|___-v -Py * 700 psio, CO + He ss 
0 Py* 300psia, CO + Ho y 
x py# 700 psia, CO + He / 
Vy 
" J 
/ 
L 
/ 





20 


aav (em-*') 





x 


. rl 
A 


7 


| 

i 
° ‘ 2 3 a. 5 6 
Vpl (em aim)? 
































Fic. 6. A’Av as a function of (p/)! at pr=300 and 
700 psia (first overtone of CO). 


The results of the present analysis of rotational half- 
widths are evidently not in agreement with Matheson’s 
conclusion? that (67)sir=0.10 cm atmos“ since avail- 
able infrared-transmission data indicate that (6r)air 
should be roughly of the same magnitude as (5r)a or 
(5) He. As mentioned earlier in this section, the observed 
discrepancies are the result, in part, of the fact that the 
use of Eq. (4) overestimates S and hence leads to exces- 
sively small apparent half-widths. More reliable esti- 
mates of rotational half-widths require numerical cal- 
culations with proper allowance for the change in 
integrated absorption from one rotational line to an- 
other in a given vibration-rotation band (see Sec. III). 


C. Experimental Results and Calculations for the 
First Overtone of CO 


The experimental data of A’Av for CO-He and CO-H:2 
mixtures at pr=300 and 700 psia are given in Tables 
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Fic. 7. A’Av for CO-He mixtures as a function of (p/)4 at 
pr=760 mm of Hg (first overtone of CO). 
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IV and V, respectively. At pressures between 300 and 
700 psia, the transmission is practically independent of 
pr. Hence the data of Tables IV and V were combined 
and plotted in Fig. 6. Reference to Fig. 6 shows that 
A’Avisa linear function of (p/)?, at least for small values 
of (pl)*. However, it is evident that the data plotted in 
Fig 6 are not suitable for the evaluation of the apparent 
rotational half-width since pr is so large that the use 
of Eq. (5) or of any of the relations derived from it is 
no longer justifiable. The observation that the data 
of Fig. 6 are unsuitable for the calculation of the varia- 
tion of half-width with pressure is particularly obvious 
if note is taken of the fact that for pressures in excess 
of about 100 psia the infrared transmission does not 
vary appreciably with total pressures, whereas it 
should vary as (pr)! if Eq. (10) applied. 

In order to obtain a satisfactory estimate of the 
change of apparent rotational half-width with pressure 
for the first overtone of CO, resulting from collision 
broadening by an added gas, it is necessary to deter- 
mine the infrared transmission as a function of pl for 
pr less than about 80 psia, retaining a vast excess of 


TABLE VI. Experimental results of A’Av for CO-H2 mixtures at 
pr=760 mm of Hg for /=100 cm (first overtone of CO). 











p pl (pl) A’ Ay 
(mm Hg) (cm atmos) (cm atmos)! (cm~) 
50 6.58 2.565 6.76 
100 13.16 3.627 11.06 
150 19.74 4.443 14.80 
200 26.32 5.130 17.24 
250 32.90 5.735 20.78 
300 39.47 6.283 22.32 
400 52.63 7.254 f 26.98 
500 65.79 8.111 29.32 
600 78.95 8.885 34.32 
700 92.11 9.597 38.50 








added gas. Measurements of this type cannot be carried 
out readily in the small infrared-absorption cells de- 
signed for high-pressure work (see Figs. 1, 2, and 3 of 
reference 1). For this reason a special set of infrared- 
transmission measurements was made for CO-H2 mix- 
tures in a 100-cm cell at a constant total pressure of 
760 mm. The results of these studies, which are not 
considered to be suitable for the determination of 
integrated absorption, are summarized in Table VI 
and plotted in Fig. 7. 

Reference to Fig. 7 shows that A’Avp is a linear func- 
tion of (p/)! for the entire range of partial pressures of 
CO from 50 to 700 mm of Hg. For small concentrations 
of CO there is a sufficient excess of Hz to permit the 
calculation of (40’)H2. Here the subscript O identifies 
the spectral half-width of the first overtone. Since the 
plot of Fig. 7 is linear with the same slope, also, for 
partial pressures of CO which are so large that appreci- 
able self-broadening must occur, it appears that He 
and CO are nearly equally efficient broadening agents 
for the rotational lines of CO. This statement is further 
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supported by the experimental results on self-broaden- 
ing which will be described in the second report of this 
series. 

Using Eqs. (5) and (9) and setting! So= 1.64/(250/4) 
=2.62X10-? cm™ atmos with Av=250 cm™ and 
g=4 cm“, it is found that (60’)H»=0.044 cm atmos“. 
Thus the change of the apparent rotational half-width 
of CO with pressure for CO-H: mixtures is roughly 
the same for the fundamental as for the first overtone. 
Similar results have also been obtained by Matheson.? 


D. Apparent Optical Collision Diameters for 
Collisions between CO Mixtures with 
H., He, or A 


In the impact theories of line broadening the optical 
collision diameter is defined as the average distance 
between the centers of two colliding atoms at which the 
radiative process stops. The optical collision diameter 
g is related to the half-width 6° through the relation 


5°=0.780°N, (12) 


where 0 represents the appropriate mean velocity of 
impact and JN is the total number of molecules per unit 
volume. Substituting the kinetic-theory value for 3, it 
can be shown? that 


6 2r 27 mM \3 
c= — ) ( : (13) 
No \7.60kT m+M 


where Vo represents the number of molecules per unit 
volume at atmospheric pressure, m is the mass of the 
absorbing atom, and M is the mass of the perturbing 
molecule. 

By use of the experimental data for 6p’ and 60’ given 
in Secs. II-B and II-C, it is possible to calculate the 
corresponding apparent optical collision diameters from 
Eq. (13). The results of these calculations are contrasted 
in Table VII, with the kinetic-theory collision diam- 
eters calculated from viscosity measurements." Refer- 
ence to Table VII shows that the apparent optical and 
kinetic-theory collision diameters do not agree with 
each other, a fact which is not surprising since they 
correspond to different physical processes and since the 
values of 6’ represent lower limits. It is to be noted, 
however, that the relative order of the sizes of the 
collision diameters is the same for the optical and 
kinetic-theory values. 





III. DETERMINATION OF ROTATIONAL 
HALF-WIDTHS FOR COLLISION- 
BROADENED ROTATIONAL LINES 


A. Theoretical Relations for Diatomic Molecules 
with Collision-Broadened Lines 


For collision broadening of diatomic molecules which 
do not possess a Q branch, the spectral absorption co- 


S. Chapman and T. G. Cowling, The Mathematical Theory of 
mo Gases (Cambridge University Press, Cambridge, 
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efficient P, of the fundamental is given by the relation 


P| 


— 2 


Sioj°*" 


(v ~~ Vjoj-1°')?+ 6° 





Sj-1-0j°*" 


+ :} as 
(v— Vj— 10f P+ 5° 





where #415 


Yosi N we Me™ 








wont O(r) jLexp— Eo, ;/kT \FG 
Ve SUC v 
041 (15) 
vou Nome v;14)°"' 
S 5-1 =— 
Ve 3ucQ(T) Vo+1 
xX jLexp— Eo, j-1/RkT JF’G’. (15a) 


Here N7=total number of molecules per unit volume 
per unit of total pressure, .=reduced mass of diatomic 


TABLE VII. Collision diameters for collisions between CO and Ha, 
He, or A (fundamental and first overtone of CO). 








Kinetic-theory 

collision diameter, 
Apparent optical calculated from 
Added collision diameter viscosity data* 





gas (cm X108) (cm X108) 
Fundamental of CO H. 2.0 3.25 
Fundamental of CO He io 2.97 
Fundamental of CO A 2.5 Saga 
First overtone of CO H. ym | 3.23 








* See reference 17, p. 229. 


molecule under discussion, c=velocity of light, e=ef- 
fective charge, vo,1=Wwave number corresponding to 
the (forbidden) transition 7=0—7=0 and n=0—n=1, 
ve=wave number corresponding to an infinitesimal 
oscillation at the equilibrium interatomic distance, 
E,,;=energy of n’th vibrational and j’th rotational 
level, F=1+4yjL1+4+ (Syj/8)— (37/8)], F’=1-—4yjL1 
— (5y7/8)—(3y/8)], y=h/4n*Icv. where I represents 
the moment of inertia, G=1—exp(—/Acvj;,;1°'/kT), 
G’ = 1—exp(—/cv;_-14;°"'/kT), and Q(T)=complete in- 
ternal partition function at temperature T. The wave 
numbers »;.;""" are determined by use of the Bohr 
frequency relation from the expression for E,, ;; i.e., 


E,, j= (nt+4)hev.— (nt+43)hexvet+j(j+1)hcB. 
—P(j+1)hcD.—(n+})j(j+ hcg (16) 


where v-, %, 8, De, and ¢ are empirical constants which 
are known with a high degree of accuracy.'*-*° 


18 Lagemann, Nielsen, and Dickey, Phys. Rev. 72, 284 (1947). 

19H. Sponer, Molekiilspektren (Verlag. Julius Springer, Berlin, 
1935). 

20K. N. Rao, J. Chem. Phys. 18, 213 (1950). 
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TABLE VILL. Numerical values of A® and S for the fundamental 
of CO at 298.7°K. 











Rotational Sj.j-1*! Rotational Sj-171 
transitions (cm~2 transitions (cm=2 

j-j-1 10°A%,;-1 atmos~) j-1-4 10%A%_1,; atmos!) 
1— 0 5.4000 1.986 0o— 1 5.4433 2.002 
2 1 10.462 3.847 1— 2 10.627 3.908 
3 2 14.919 5.486 2 3 15.277 5.617 
4— 3 18.563 6.826 3 4 19.158 7.044 
5— 4 21.265 7.819 4 5 22.107 8.129 
6— 5 22.934 8.433 5— 6 24.041 8.840 
7— 6 23.621 8.685 6— 7 24.947 9.173 
8 7 23.372 8.594 7— 8 24.888 9.151 
9 8 22.355 8.220 8 9 23.994 8.823 
10— 9 20.733 7.624 9-10 22.423 8.245 
11-10 18.681 6.869 10-11 20.365 7.488 
12-11 16.388 6.026 11-12 18.004 6.620 
13-12 14.012 5.152 12-13 15.516 5.705 
14-13 11.693 4.300 13-14 13.047 4.797 
15-14 9.5279 3.503 14-15 10.714 3.940 
16-15 7.5888 2.790 15-16 8.5972 3.161 
17-16 5.9095 2.173 16-17 6.7475 2.481 
18-17 4.5009 1.655 17-18 5.1796 1.905 
19-18 3.3559 1.234 18-19 3.8902 1.430 
20-19 2.4490 0.901 19-20 2.8265 1.039 
22-21 1.2252 0.450 21-22 1.3867 0.510 
24-423 0.5645 0.208 23-424 0.6795 0.250 
26-25 0.2400 0.088 25-26 0.2932 0.108 
28-27 0.0943 0.035 27-28 0.1168 0.043 
30-29 0.0342 0.013 29-30 0.0430 0.016 
32-531 0.0115 0.004 31-32 0.0147 0.005 
34-33 0.0036 0.001 33-434 0.0034 0.001 
36-35 0.0010 0.000 3536 0.0014 0.001 
38-37 0.0003 0.000 37-38 0.0004 0.000 
40-39 0.0001 0.000 39-40 0.0001 0.000 
42-41 0.0000 0.0000 41-42 0.0000 0.000 








The quantity A defined by Eq. (2) can also be written 
as 


Aav= f [1—exp(— P,X) dy, (17) 


where X= // represents the optical density. For non- 
overlapping rotational lines, Eq. (17) can be inte- 
grated* 15 with the result 


Abv=2n8° > Z; exp(—Zj)[Jo(iZ)—i(iZ;)], (18) 


where the summation over 7 includes all of the transi- 
tions contributing to absorption of radiation by the 
vibration-rotation band. The quantity Z; is defined 
through either of the relations 


Z5=Sjsj-1°"'X/20 5° (19) 
Z j= Sj-1-4j°"X /205 (19a) 


depending upon the energy transition involved. The 
symbols Jy and J; denote bessel functions of order 
zero and 1, respectively. 

For the first overtone, relations analogous to Eqs. 
(14), (15), (15a), (19), and (19a) hold with S;;1°°! 
and S;14;°%! replaced by Sj4;-1°? and S;-1.;°%, re- 
spectively. 

In this connection it should be noted that an approxi- 
mate method for the calculation of AAv has been de- 
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veloped by Matheson? for nonoverlapping rotational 
lines obeying a dispersion formula. Matheson’s method 
is more accurate than the procedure described in Sec. IT 
because allowance is made for the change in integrated 
absorption from one rotational line to the next. How- 
ever, since Matheson uses the results of the old quantum 
theory for the integrated absorption per rotational line, 
his method is less precise than that used in deriving 
Eq. (18). 

Equation (18) was derived on the assumption that 
no overlapping of rotational lines occurs. Since some 
overlapping may occur even for small values of the 
optical density, it is to be expected that the values of 
AAyp calculated from Eq. (18) give an upper limit for 
AAv. However, AAyv increases with rotational half- 
width 6°. Hence comparison of results calculated from 
Eq. (18) with experimental data will lead to a lower 
limit for the rotational half-width 6°. Overlapping of 
rotational lines is minimized by small values of 56°, 
whence calculations using Eq. (18) should be restricted 
to the smallest values of pr for which reliable experi- 
mental data are available. 


B. Integrated Absorption for Individual 
Rotational Lines 


Equations (15) and (15a) for the integrated absorp- 
tion of individual rotational lines can be written, re- 
spectively, as 


S951 = YA 55-1 (20) 
and 
S5-15;° = pA 143, (20a) 
where 
Visi J 
Pii-l ' 
A%;5j-1= j-—— exp(—Ep,;/RT)FG (21) 
Vo+1 
Vit?! 
vI—ks3 : - 
A%;_145= J—— exp(— Eo, j-1/RT)F'G' (21a) 
Vo+1 
v=a/Q(T). (22) 


The quantities A°;,;-1 and A%_14,; do not depend on 
the effective charge e and hence can be calculated quite 
accurately from the spectroscopic constants of Sponer."* 
Since these data have been revised recently by Lage- 
mann et al.!8 and by Herzberg and Rao,”° all of the 
wave numbers for the various transitions will be some- 
what shifted (by about 1 cm~). The effect of revised 
values of E(n, j) on the calculated integrated absorp- 
tion is exceedingly small and may be neglected in the 
present application. 

The complete internal partition function Q(T) is 
readily obtained by standard statistical methods.” 
At 298.7°K it is found that 0(298.7°K) =0.6445. Hence 


2 J, E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1946). 
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for the fundamental 
r= 237/0.6445 = 367.7 cm~ atmos. (23) 


The absolute value of the integrated absorption for 
each rotational line of the first overtone will be assumed 
to be equal to the intensity ratio for the integrated 
absorption over the entire vibration-rotation band, viz., 
1.64/237=6.92X10-, times the value for the corre- 
sponding rotational transition of the fundamental. 
This last remark is in rough agreement with the results 
of calculations on overtone intensities.” * 

The absolute values of A°;;-1, A%-14;, Sj-14;°7', and 
Sj4;-1°?! for the fundamental vibration-rotation band 
of CO at 298.7°K are given in Table VIII, whereas the 
values of Sj-14;°°? and S;;-1°, calculated according 
to the procedure described in the preceding paragraph, 
are summarized in Table IX. The numerical values 
given in Tables VIII and IX will now be used to calcu- 
late AAv and hence to determine rotational half-widths 
by direct comparison with available experimental data. 


C. Determination of Rotational Half-Width from 
Comparison between Calculated and Observed 
Values of AAv 


The quantity AAv can be calculated according to 
Eq. (18) by using the data on integrated absorption 
given in Tables VIII and IX. 

In order to determine the rotational half-width of the 
fundamental, the optical density p/ was chosen as 0.10 
or 1.355 cm atmos. Calculations of AAv have been 
carried out for assumed values of the half-width 6p 
ranging from 0.2 to 0.7 cm™. The results of this labori- 
ous numerical work are summarized in Table X. Simi- 
larly, in order to estimate the rotational half-width for 
the first overtone, p/ was set equal to 30 cm atmos, and 
59 was assumed to have values of 0.05, 0.1, and 0.2 
cm, The results of calculations for the first overtone 
are summarized in Table XI. 

Reference to Fig. 2 shows that at pr=50 psia the 
observed value of A’Av of the fundamental for CO-H, 
mixtures at pl=0.10 (i.e., (pl)*=0.316 cm! atmos?) is 
18.0 cm. Comparison with the data listed in Table X 
shows that for 6-°=0.263 cm™ the calculated and ob- 
served values of AAv agree if it is assumed that A’Av 
= AAv and that a smooth curve is drawn through the 
calculated data for AAyv as a function of 6°. Since the 
lower limit for 5r° is 0.263 cm at 50 psia, it follows 
that (67)H2>0.077 cm™ atmos. Furthermore, from 
Fig. 5 it is seen that for CO-A mixtures A’Av for the 
fundamental has the value 78.0 cm— at pl=1.355 cm 
atmos (i.e., (p/)*= 1.164 cm? atmos?). Comparison with 
the data of Table X therefore leads to the conclusion 
that the lower limit of 5° is 0.135 cm for CO-A mix- 
tures at pr=50 psia. Hence (dr), >0.040 cm atmos. 


®K. Scholz, Z. Physik 28, 751 (1932). 
*B. L. Carwford, Jr., and H. L. Dinsmore, J. Chem. Phys. 
18, 983, 1682 (1950). 


1359 


Proceeding similarly for the first overtone and CO-H; 
mixtures, it can be seen from Fig. 7 that A’Av=19.2 
cm at pr=1 atmos and p/=30 cm atmos (i.e., (pl)! 
= 5.477 cm! atmos). Hence comparison with the data 
listed in Table XI shows that (509)H2>0.063 cm 
atmos“. The lower limits for the half-widths given 
above are seen to be appreciably smaller than the rota- 
tional half-widths reported by Matheson, viz., (dr)air 
=0.10 cm™ atmos and (60)sir=0.12 cm atmos. 

The method for determining lower limits for rota- 
tional half-widths described in this section does not 
appear to have been used by other investigators. If the 
total pressure is sufficiently small, it seems to be a 
simple and reliable procedure, since A Av has been found 
to be a relatively sensitive function of 5° (see Tables X 
and XI). 

The optical collision diameters calculated from the 
rotational half-widths of the fundamental found by 
numerical calculations are 2.65 10~* cm for collisions 
between H, and CO, and 3.45 10-* for collisions be- 
tween A and CO. Reference to Table VII shows that 
these optical collision diameters are smaller than the 
kinetic-theory values. One might be’ tempted to ac- 
count for this observation by noting that numerical 
calculations according to Eq. (18) will yield only a 
lower limit for 6 and also for the optical collision di- 
ameter. However, this supposition is hardly in accord 
with the relative results obtained for the rotational 
half-widths of CO-H, collisions for the fundamental 
and the first overtone of CO. Since the experimental 
data for the fundamental were obtained at pr=3.401 


TaBLeE IX. Numerical values of S for the first overtone of 
CO at 298.7°K. 








Rotational 
transition 
j=i-¥ 


Rotational 
transition 
j-j-1 

1— 0 
2— 1 
3— 2 
4— 3 
5 4 
6— 5 
7— 6 
8 7 
9 8 
10— 9 
11-10 
12-11 
13-12 
14-413 
15-14 
16-15 
17-16 
18-17 
19-18 
20-19 
22-521 
2423 
26-25 
28-27 
30-29 
32-531 
34-433 
36-35 


Sj-17°?? 
(cm~ atmos~) 


0.01385 
0.02705 
0.03888 
0.04878 
0.05626 
0.06118 
0.06349 
0.06334 
0.06016 
0.05707 
0.05183 
0.04582 
0.03949 
0.03320 
0.02727 
0.02188 
0.01717 
0.01297 
0.00974 
0.00708 
0.00347 
0.00170 
0.00073 
0.00029 
0.00011 
0.00004 
0.00001 
0.00000 


Sj.j-1°°? 
(cm~ atmos~) 


0.01374 
0.02663 
0.03797 
0.04724 
0.05412 
0.05837 
0.06012 
0.05948 
0.05689 
0.05277 
0.04754 
0.04171 
0.03566 
0.02976 
0.02425 
0.01931 
0.01504 
0.01145 
0.00854 
0.00623 
0.00312 
0.00144 





0o— 1 
1— 2 
2 3 
3 4 
4 § 
5 6 
6— 7 
7— 8 
8— 9 
9-10 
10-11 
11-12 
12-13 
13-14 
1415 
15-16 
16-17 
17-18 
18-19 
19-20 
21-22 
23-924 
25-26 
27-28 
29-30 
31-432 
33-434 
35-36 
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TABLE X. AAv calculated from Eq. (18) for the fundamental of 
CO at pl=0.10 and 1.355 cm atmos for various values of 8°. 


S. S. PENNER AND D. WEBER 


TaBLE XI. A Av calculated from Eq. (18) for the first overtone of 
O at pl=30 cm atmos for various values of 6°. 








AAv (cm~) for 
pl =0.10 cm 
atmos 


AAyp (cm~}) for 
pl =1.355 cm 
atmos 





17.23 
18.38 
19.50 
19.88 


68.1 
93.3 
126.2 








atmos and those for the first overtone at 1 atmos, it 
is apparent that the numerical calculations of AAv 
according to Eq. (18) would tend to overestimate A Av 
considerably more for the fundamental than for the 
first overtone because of more extensive overlapping of 
rotational lines at the higher pressure. Hence it would 
be expected that if the present method of calculation 
did not yield a reasonably good approximation to the 
true values of the rotational half-width, the discrepancy 
should be appreciably greater for the fundamental 
than for the first overtone. This line of reasoning leads 
to the conclusion that either the true rotational half- 
width for the fundamental is appreciably larger than 
for the first overtone for CO-H, collisions, or the use 
of Eq. (18) constitutes a useful method of calculation. 
Since there are no apparent reasons for postulating 
much larger rotational half-widths for the fundamental 
than for the first overtone (Matheson’s data indicate 
the reverse behavior), the small calculated optical col- 
lision diameters are probably reasonable approxima- 
tions to the “true”’ optical collision diameters. 


5 AdAp 
(cm~?) (cm!) 


0.05 17.65 
0.1 23.58 
0.2 29.93 











Comparison of the results of apparent half-width 
calculations for the fundamental given in Sec. II with 
the results obtained in this section shows that the pres- 
ent values for the half-widths are roughly twice as large 
as the apparent half-width data computed in Sec. II. 
Hence, referring to Sec. II, it is apparent that if Eq. (4) 
for the calculation of S had been replaced by the relation 


S=a/2(Av/q) (4a) 


the apparent half-widths computed in Sec. II would 
have been doubled and would therefore have been in 
good agreement with the results of numerical calcula- 
tions on the fundamental described in this section. The 
use of an integrated absorption per rotational line 
roughly equal to one-half of the arithmetic mean value 
for the region where the transmission varies as the 
square root of the optical density is thus seen to be 
indicated. The fact that a correction factor for S in 
Eq. (4) larger than one-half is required in order to 
achieve agreement between the overtone half-widths 
(50’)H2 and (60)He is the result of the larger optical 
densities which were employed for the experimental 
investigations on the first overtone. 
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Quantitative Line-Width Measurements in the Infrared. II. Unpressurized 
Carbon Monoxide* 


S. S. PENNER AND D. WEBER 
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 


(Received July 3, 1951) 


Experimental measurements on self-broadening of CO are correlated quantitatively by the use of a dis- 
persion formula for line-shape representation. Interpretation of experimental data in terms of a simplified 
line-intensity distribution leads to the conclusion that the apparent rotational half-width of CO changes 
with the pressure of CO at approximately the same rate as with the pressure of Hz for the fundamental. 
Similar calculations for the first overtone lead to relatively small values for the apparent rotational half- 
width. Numerical calculations for a realistic line-intensity distribution have not been carried out. 





I, INTRODUCTION 


HE experimental technique and apparatus used 

for quantitative intensity measurements have 

been described previously.! Methods for determining 

rotational half-widths from a simplified line-intensity 

distribution, as well as numerical methods for more 
accurate calculations, have been discussed in Part I.? 
The absorption A is again defined by the relation 


1—a= f tir f Iusdvem f T,dv/IpAv, (A) 
Av Ap Av 


where J, and Jo, represent, respectively, the trans- 
mitted and the incident spectral intensities, Av is the 
effective width of the vibration-rotation band, and Io 
represents an average value for the nearly constant 
incident intensity in the spectral interval of width Ap. 
For self-broadening of the rotational lines, it is readily 
shown’ that Eq. (10) of reference 2 becomes 


d(A Av) /dp~2Av(S8'l)*/q, (2) 


where 6’ is the apparent rotational half-width per 


TABLE I. Experimental results for self-broadening on the 
fundamental of CO (J=6.22 cm). 








pl A’Ap 
(cm atmos) (cm~!) 





0.409 
0.818 
1.228 
1.637 
2.455 
3.274 
4.092 
4.911 
5.729 
10.574 


8.48 
17.65 
27.26 
34.21 
51.58 
67.97 
80.88 
93.72 

103.1 


1292 141.1 








_* This paper presents the results of one phase of research car- 

tied out at the Jet Propulsion Laboratory, California Institute of 

Technology, under Contract No. DA-04-495-ORD 18, sponsored 

by the U. S. Army Ordnance Department. 

9s) Penner and D. Weber, J. Chem. Phys. 19, 807, 817, 974 
*S. S. Penner and D. Weber, J. Chem. Phys. 19, 1351 (1951). 
*W. M. Elsasser, Harvard Meteorological Studies No. 6, 

Milton (Massachusetts), 1942. 


atmosphere of broadening agent, p is the pressure, S is 
the integrated absorption per rotational line, / is the 
path length, and gq represents the distance between the 
centers of adjacent rotational lines. Equation (2) 
shows that for self-broadening the absorption is a 
linear function of the pressure for a constant path 
length. Since this relation was derived by retaining 
only the first two terms of the expansion of the error 
function of ¢[_p(rS6'1)*/q ], it is to be expected that Eq. 
(2) will hold only for relatively small values of the 
pressure at fixed path length. 


Il. EXPERIMENTAL RESULTS AND 
INTERPRETATION OF DATA 


A. Absorption Studies on the Fundamental 
of Unpressurized CO 


Experimental results obtained for the fundamental 
of unpressurized CO are summarized in Tables I and 
II. Measurements on the fundamental were made in 
cells 6.22 and 10.1 cm in length. The data of Tables I 
and II are plotted in Fig. 1.f The relation given in Eq. 
(2) is borne out by the linear plots shown in Fig. 1 up 
to pressures of about 500 mm of Hg. Furthermore, the 
ratio of the slopes for cell lengths of 10.1 and 6.22 


TABLE II. Experimental results for self-broadening on the 
fundamental of CO (/=10.1 cm). 








A’Ap 
(cm) 


pl 
(cm atmos) 





0.334 
0.666 
1.333 
1.987 
2.638 
3.980 
4.626 
6.602 
9.563 


8.78 
13.68 
21.22 
33.94 
46.98 
56.52 
71.04 
97.40 

117.10 








7 According to Elsasser (see reference 3), Eq. (2) forms a 
satisfactory approximation if 275’p/q< }. 

t All of the experimental data refer to the apparent absorption 
‘— than to the true absorption A. Compare references 1 
and 2, 
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Fic. 1. Dependence of A’Av on? for the fundamental of CO. 


cm, respectively, is 
d(A’ Av) -10.1/dp 
d(A ’Av) 126.22/dp , 





which is seen to be in rough agreement with the theo- 
retical value of (10.1/6.22)'=1.27. Finally the value 
of (5r’)co, the change in rotational half-width with 
pressure for self-broadening of the fundamental, should 
be calculable, approximately, from the slopes of the 
plots shown in Fig. 1. The result is found to be (r’)co 
=4xX10- cm™ atmos. The experimental data for 
the infrared absorption by pure CO therefore lead to 
the conclusion that the apparent rotational half-width 
of the fundamental changes with the pressure of CO at 
approximately the same rate as with the pressure of 
H, for CO mixed with a large excess of hydrogen.” The 
apparent optical collision diameter is found to be 3.25 
<10-* cm compared with the kinetic-theory value of 
3.78X10-* cm. Thus, although the apparent optical 
collision diameter for self-broadening is again smaller 
than the kinetic-theory value, it is relatively larger 
than the corresponding results for collisions? between 
CO and either He, He, or A. This conclusion is in agree- 
ment with the idea that some resonance broadening 
may occur for collisions between identical molecules, 


TABLE III. Experimental results for self-broadening on the 
first overtone of CO (/=3.57 cm). 











? A’Av 
(psia) (cm~) 
15 4.52 
20 7.10 
30 9.68 
40 12.5 
60 18.2 
70 20.4 
100 30.1 
200 58.7 
300 79.4 
400 93.4 
500 103 
600 118 
700 125 
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TABLE IV. Experimental results for self-broadening on the 
first overtone of CO (/=6.22 cm). 





















A’Av 
ote (cm~!) 
20 16.1 
30 20.2 
40 25.8 
60 29.3 
70 32.8 
100 50.2 
200 83.7 
300 108 
400 122 
500 141 
600 148 
700 148 








thus leading to large values for the apparent optical 
collision diameter. 


B. Absorption Studies on the First Overtone 
of Unpressurized CO 


Experimental results obtained for the first overtone 
of unpressurized CO are summarized in Tables II 
and IV. Measurements on the first overtone were made 
in cells 3.57 and 6.22 cm in length. The quantity A’Ap 
is plotted as a function of pressure in Fig. 2. Reference 
to Fig. 2 shows that A’Ay is a linear function of p at 
least up to pressures of 100 psia, thus showing that 
the rotational half-width is a linear function of pressure. 
It is found from Fig. 2 that 


d(A’Av) t=6.22/dp — 
d(A’Av)~3.57/dp 





1.31, 


which is seen to be in excellent agreement with the 
theoretical value of (6.22/3.57)!=1.32. Finally, from 
the slopes! of Fig. 2 with S=2.62X 10 cm~ atmos 
and Avy=250 cm~, it is possible to calculate (0’)co. 
The result is (50’)co=0.013 cm atmos. Comparison 
of (6r’)co and (60’)co shows that the apparent rota- 
tional half-width for the first overtone is only about 
one-third as large as the apparent rotational half- 
width for the fundamental. This discrepancy may well 
be caused by the arbitrary choice? for the calculation 
of S, which does not necessarily lead to proportionate 
results for the fundamental and the first overtone of 
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Fic. 2. Dependence of A’Av on # for the first overtone of CO. 
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CO if different ranges of total pressures are involved. 
The only safe conclusion which can be drawn is that 
the use of a simplified line-intensity distribution will 
yield correct functional forms but not necessarily 
valid quantitative values. 

In order to obtain more realistic estimates for the 
rotational half-widths than are provided by calcula- 
tions based on the assumptions of equally intense and 
equally spaced rotational lines, it is necessary to carry 
out numerical calculations similar to those discussed 
in reference 2. On the basis of the results obtained pre- 
viously, it is to be expected that (6”)co~0.08 cm= 
atmos! and that (60)co~0.03 cm= atmos~. 

In conclusion it appears desirable to determine the 
over-all pressure dependence of A’Ay in order to ascer- 
tain the high pressure limit above which A’Ay can no 
longer be considered to be dependent on the square 
root of the product of S6’p*/. Reference to the plot of 
logA’Av as a function of logp given in Fig. 3 shows that 
up to pressures of several hundred pounds per square 
inch the functional form A’Av=sp" applies. Here s 
and # are constants. As is to be expected, m has a 
value close to unity at least for the data obtained in 
the cell 3.57 cm in length. On the other hand, the data 
obtained in the 6.22-cm cell are correlated by a value 
for » of approximately 0.82, probably because of 


UNPRESSURIZED CO LINE WIDTHS 



































fe 


























Fic. 3. Dependence of logA’Av on log? for the first 
overtone of CO. 


significant experimental scatter and error. From the 
plots of Fig. 3 it is apparent that Eq. (2) should apply 
for unpressurized CO up to pressures of the order of 
100 psia. 

















THE JOURNAL OF CHEMICAL PHYSICS 





VOLUME 19, 
The Structure of Trifluoromethyl Acetylene from the Microwave Spectrum 
and Electron Diffraction Pattern 
J. N. SHoorery,* R. G. SHutMAN,f WILLIAM F. SHEEHAN, JR.,[ VERNER SCHOMAKER, AND Don M. Yost 


Gates and Crellin Laboratories of Chemistry, California Institute of Technology, Pasadena, California 
(Received July 16, 1951) 


Measurements, in the microwave region, of the J = 3—>4 rotational transitions of trifluoromethyl acetylene 
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and several of its isotopic modifications have been made, and the moments of inertia, Jg (in a.m.u.-A2), 
have been found for the ground vibrational state: for CF;CCH, 175.61;, CF;C%CH, 177.02,, CF;CC“H, 
181.302, and for CF;CCD, 187.462. Three lines corresponding to J=3-—>4 transitions of CF;CCH in the 
excited vibrational state v:0>=1, and two lines corresponding to v10=2 and v:9=3, have also been measured 
and interpreted according to Nielson’s theory of /-type doubling in symmetric tops. From Stark effect 
measurements at different electric field strengths the dipole moment of CF;CCH in the ground vibrational 
state has been found to be 2.362-0.04 Debye units. For the ground vibrational state the microwave data lead 
to the following bond distances: C—H, 1.056+0.005A; C=C, 1.201+0.002A. The C—C and C-—F dis- 
tances were calculated from the measured moments of inertia for several assumed values of the FCF angle. 
Electron diffraction experiments were also made, and the intensity curves calculated for the assumed 
microwave models were compared with the observed visual curve. From the combination of microwave and 
electron diffraction results the best agreement was obtained with the following set of parameters: 7 FCF, 


107.5°+1°; C—C, 1.464+0.02A; C—F, 1.3350.01A. 








INTRODUCTION 


UBSTITUTED acetylenes have long been known 

to show pronounced shortening of the single bond 
distances adjacent to the triple bonds; this has been 
nicely confirmed in several cases by recent microwave 
studies.‘ Fluorine compounds often show anomalous 
bond distances. Of interest in both these respects is 
trifluoromethyl acetylene, CF;CCH, for which Ander- 
son, Trambarulo, Sheridan, and Gordy* reported bond 








Vv 
Fic. 1. Microwave absorption of CF;CCH in the region 
between 22,980 and 23,200 mc. 


* General Electric Company Swope Fellow. 

t AEC Post Doctoral Fellow, 1949-1950. Present address: 
Hughes Aircraft Company, Culver City, California. 

¢ U. S. Rubber Company Predoctoral Fellow. 

1 R. Trambarulo and W. Gordy, J. Chem. Phys. 18, 1613 (1950). 

2A. A. Westenberg and E. B. Wilson, Jr., J. Am. Chem. Soc. 
72, 199 (1950). 

3 Westenberg, Goldstein, and Wilson, Jr., J. Chem. Phys. 17, 
1319 (1949). 

4 Anderson, Trambarulo, Sheridan, and Gordy, Phys. Rev. 82, 
58 (1951). 
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lengths C—F=1.330A and C—C=1.493A on the basis 
of measurements on two isotopic species, and on the as- 
sumption that C—H=1.056A, C=C=1.207A, and 
Z FCF=109°28’. The complete structure of this mole- 
cule has now been determined in this laboratory from 
the combined experimental data afforded by electron 
diffraction results and by microwave absorption lines 
for four isotopic species. The acetylenic C—H and 
C=C distances together with two relations between 
the other three parameters were evaluated directly 
from the microwave spectra. In this way, and for the 
compound studied, the electron diffraction problem 
was reduced to one which could be handled relatively 
rapidly and accurately. 


MICROWAVE EXPERIMENTAL PROCEDURE 


Since the particular microwave spectroscope used in 
this research has not previously been described in the 
literature, a few words about it are in order. Microwave 
energy is generated by a 2K-50 (K-band) reflex klys- 
tron; the radiation passes through a 12-foot absorption 
cell of X-band copper wave guide provided with an 
accurately centered steel Stark electrode supported by 
slotted Teflon strips, and the resulting 50 kc square 
wave modulated, absorption line envelope is pre- 
amplified and detected with a heterodyne detector. 
Provision is made for either oscilloscope or recording 
meter presentation. A slow motor drive allows fre- 
quency sweep rates of 40 mc/min. Frequencies are 
measured by comparing with the harmonics of a ther- 
mostated 10 mc crystal multiplied to the microwave 
region. The frequency markers are calibrated on the 
absorption lines of NH; gas, which is permanently 
sealed in a one foot long Stark modulation cell at 50 
microns pressure. 

A sample of trifluoromethyl acetylene, B.P.=—45°, 
was obtained through the good offices of Professot 
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A. L. Henne of Ohio State University. Isotopic molecu- 
lar species, in which C” is substituted for C, are present 
in 1.1 percent natural abundance.§ CF;CCD was pre- 
pared by condensing several cubic centimeters of 
CF;CCH vapor at S.T.P. into a tube containing one 
cubic centimeter of a 50 percent solution of NaOH 
and NaOD in D,O. Approximately 50 percent con- 
version was obtained overnight. 


RESULTS OF THE MICROWAVE EXPERIMENTS 


Trifluoromethyl acetylene is expected to be a sym- 
metric top similar to methyl acetylene,! and observa- 
tion of a simple microwave spectrum indicates that 
this is indeed the case. The J = 3-4 rotational transi- 
tions of several isotopic species were found with the 
Stark modulated sweep spectroscope, and their fre- 
quencies were measured with the harmonic frequency 
standard. These are given in Table I. A recording meter 
trace of the absorption for the most abundant species 
of CF;CCH appears in Fig. 1. Lines of the same J and 


TABLE I. Measured frequencies for the J =3—>4 transition 
in several isotopic species of CF;CCH. 











Frequency* 

Species Transition (mc/sec) 
CF;CCH J =3—4 Ground state 23,023.4 
J=3—4 Excited state 23,053.5 
Vo = 1 23,067.7 
(C—C’=C” bending) 23,082.4 
J=3—4 Excited state 23,111.2 

Yo=2 
J =3—4 Excited state 23,153.0 

v= 

CF;C“CH J =3—4 Ground state 22,839.9 
CF;CC¥H J =3-—4 Ground state 22,301.0 
CF;CCD J =3-— 4 Ground state 21,568.2 








* Absolute frequencies were measured to +0.3 mc and relative frequencies 
to +0.1 me. 


different K values should appear at slightly different 
frequencies, but are not resolved. This results in a 
broadening of the lines and limits the accuracy of the 
frequency measurements. 

Most of the measurements were made with the square 
Wave amplitude set at 10 to 20 volts and with the 
bottom of the square wave based on ground potential. 
A first-order Stark effect was observed. However, the 
rotational transition of CF;CCH in the ground vibra- 
tional tate was completely resolved into its four second- 
order stark components by the application of 700 volts 
de (1150 volts/cm) to the Stark electrode in addition 
to the square wave modulation. This identifies it as the 
J=3—4 transition. The corresponding transitions in 
the isotopic species CF;C“CH and CF;CC"H were 
identified by their appearance near the predicted fre- 
quencies, by their possession of first-order Stark com- 
ponents, and by the presence of excited vibrational 





_§The most abundant isotope of carbon, C®, is denoted by the 
simple symbol C. 


TRIFLUOROMETHYL ACETYLENE 











< V 
Fic. 2. Microwave absorption of CF;CC“H in region 
between 22,280 and 22,380 mc. 


state absorptions at slightly higher frequencies. These 
excited vibrational lines can be seen clearly in Fig. 2. 

From relative intensity measurements at room and 
dry ice temperatures (about —73°), the five lines be- 
tween 23,053.5 mc and 23,152.9 mc are shown to arise 
from J=3—>4 rotational transitions in CF;CCH mole- 
cules with the degenerate bending vibration 7» excited. 
The assignments are presented in Table I. 

Rotational constants and moments of inertia for the 
ground vibrational state of four different isotopic species 
of CF;CCH are given in Table II. 


EXCITED VIBRATIONAL TRANSITIONS 


Nielsen’s® theory of /-type doubling in symmetric 
top molecules predicts that the J =3—4 transition for 
molecules in the first excited degenerate bending vibra- 
tional state will consist of six closely spaced lines 
flanked by two lines split out at nearly equal distances 
on either side. A broad central line and lines 14.2 mc 
lower and 14.7 mc higher were actually observed. Solu- 
tions for the secular equations given by Nielsen® have 
been obtained for J=3 and J=4. Energy levels are 
obtained which give rise to transitions at the following 
frequencies : 





60(B2a/w10)? 
v=8B,—256D;— ; K=0,/=+1 
(1i—£)C,—B, 
v=8B,—256D;—8Dsx+16(2Dj+Dryr)é 
+8B/a/wn; K=+1,l=+1 


TABLE II. Rotational constants for various isotopic species 
of CF;CCH in the ground vibrational state, from the J=3-4 
transition. 











Species Bo (mc/sec) Ip (amu-A2) 
CF;CCH 2877.93+0.04* 175.61; 
CF;C“CH 2854.99+0.04 177.02, 
CF;CC"H 2787.63+0.04 181.30. 
CF;CCD 2696.02+0.04* 187.46, 








® These values agree, within experimental error, with those previously 
reported‘ for the J =4-+5, 6-47, and 8-99 transitions of CFsCCH, and 
J =5-—6 and 8-9 transitions of CFsCCD. 


5H. H. Nielsen, Phys. Rev. 77, 130 (1950). 
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TABLE ITI. Relative intensities 7 of 79=2 and v9=0 
lines for CF;CCH. 








I(v10 =2)/I(v10 =0) 





Temperature observed wio(calc)cm™ 
300°K 24/40 170 
200°K 13/40 156 








v=8B,—256D;—8D sx—16(2Ds;+Dyx)é 








24(B2a/w10)” 
~ ; K=+1,l=¥1 
(1—£)C,—B, 
v=8B,—256Ds—32DsK+32(2D);4+-Dik)é 
60(B2a/w10)? 
- K=+2,J=+1 
(i £)C,— B, 
v=8B,— 256D7;—32D7K—32(2Ds+Dyr)é 
28(B2a/w10)” 


K=+2,/=F1 





3[(1—£)C,— Bo] 
v= 8B,— 256D;— 72D s;K+48(2Ds+Dx)é 





24(BZa/w10)? 
; K=2+3,l=+1 
(1— £)C,—B, 
y= 8B,—- 256D);— 72D3K— 48(2D;+Dyx)é; 
K=x33, l=¥1. 


The K=+1, /=+1 transitions give rise to two ab- 
sorption lines spaced 16 B.?a/w1o mc apart. These are 
the two widely split lines of the /-type multiplet at 
23,053.5 and 23,082.4 mc. The other six lines all fall 
within a one megacycle region centered at 23,067.7 
mc. From this assignment B,2a/wy is 1.81 mc. This 
value was also obtained for the J=4—5 and 8-9 
rotational transitions for molecules in the same excited 
vibrational state by Anderson e/ al.‘ If we assume that 
a is 1.15, as in methyl acetylene,’ then w1)= 176 cm“. 

Relative intensities were measured for the v3)=2 and 
ground vibrational lines at two different temperatures. 
These are given in Table III along with values calcu- 
lated for wi) assuming a Boltzmann distribution. The 
frequency of the degenerate C—C=C bending vibra- 
tion in trifluoromethyl acetylene determined in this 
way is in the vicinity of 170 cm“, and is in satisfactory 
agreement with the theoretical value 176 cm™ for wo. 


TABLE IV. Dipole moment u from Stark effect measurements for 
J =3—4 transition of CF;CCH in ground vibrational state. 











Avy -3 — Avm-2 M, Avy -3—Avy-i HM, 
E2(ESU /cm)? mc/sec Debye mc/sec Debye 
32.40 12.39 2.314 19.82 2.315 
23.25 9.49 2.415 14.77 2.378 
20.20 7.92 2.362 12.47 2.343 
16.55 6.45 2.360 10.30 2.356 


Average u=2.36+0.04 Debye 
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STARK EFFECT MEASUREMENTS AND 
DIPOLE MOMENT 


When the electric field in the absorption cell was in- 
creased from zero to 1700 volts/cm by the application 
of a dc voltage to the Stark electrode, the first-order 
Stark components of the J = 3—4 transition of CF;CCH 
in the ground vibrational state could be seen to move 
away rapidly from the original frequency, and then 
second order components gradually appeared. Com- 
plete resolution of the second-order pattern was ob- 
tained at 1150 volts/cm. 

The change in energy of the levels of a symmetric 
top molecule haveing a dipole moment yw and in an 
electric field E is given by® 

KM 
W san? — pl + 


J(J+1) 2B 


x ( Mt 
Far ear ) M?K? 


(2J —1)(2J-+3) P+ 


ore 
Tid Dig 





Since the electric field is parallel to the electric vector 
of the microwave radiation, the selection rule AM=0 
applies. Transitions for which only the second-order 
Stark effect occurs are those with either K or M equal 
to zero; therefore, Eq. (1) reduces to the expression for 
the frequency shift in a linear molecule 


3M2(16J?2+32J+10)—8J(J+1)2?(J+2) ee o 
ui J(J+2)(2J—1)(2J+3)(2I+5) I? 





where the transition is from J—J+1, M is the spatial 
quantum number, »» is the frequency of the rotational 
transition when E=0, and Ap is the difference in fre- 
quency between vp and the frequency of the Stark com- 
ponent. For J=3, |M|=0 and |M|=1, the compo- 
nents move to lower frequencies; and for |M|=2 and 
|M|=3, the components move to higher frequencies. 
When M=0, values of K should be substituted for MV 
in equation (2). Measurements of the difference in fre- 
quency of the M=3 and M=2 components, and of the 
|M|=3 and |M|=1 components were made at four 
different field strengths. From Eq. (2) and the appro- 
priate numerical values for v) and / the expressions 


= 14.02(Avy—3— Avy-2)/E (3) 
w= 8.76(Avy3— Avyai)/E° (4) 


are easily derived. Table IV gives the splittings at 
different field strengths and the values of » correspond- 
ing to these measurements. The error quoted is the 
sum of the precision error of the measurement and the 
systematic error due to uncertainty in the electrode 
spacing. 


6D. K. Coles, Advances in Electronics (1950), Vol. II, p. 310. 
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MICROWAVE CONTRIBUTION TO DETERMINATION 
OF THE MOLECULAR STRUCTURE 


In a rigid molecule with a figure axis, the distance of 
a particular atom on the figure axis from the center of 
gravity of the unsubstituted molecule is given by 


Z={(Ip'—TIz)(M+Am)/MAm}}, (5) 


where J,’—TJz, is the difference in the moments of in- 
ertia for the unsubstituted molecule and one in which 
the particular atom has been replaced by a different 
isotope, M is the original molecular weight, and Am 
is the increase in mass as a result of the substitution. 

The total moment of inertia of the symmetric top 
F;C—C’=C”—H may be written 


Tp=3M pX P?+3M pZP’+McZC 
+MeZert+ MorLo?’+MyZ 7/7, (6) 


where Xr is the perpendicular distance of the fluorine 
atoms from the figure axis, and the Z’s are the com- 
ponents of the distance of each atom from the center 
of mass, measured along the figure axis. 

Interatomic distances were computed using the fol- 
lowing atomic masses (O'®= 16.00000): H, 1.00813; D, 
2.01471; C”, 12.00382; C®, 13.00761; and F, 19.00450. 
From Eq. (5) and the data of Table II the distance 
from the center of mass can be calculated for the atoms 
C’, C”, and H. The following two bond distances are 
immediately determined : 


ro(C=C)=1.201-40.002A 


In estimating the limits of error, it must be remem- 
bered that Eqs. (5) and (6) hold strictly only for 
a rigid molecule. We have calculated average, or ef- 
fective, values for the bond distances for molecules in 
the ground vibrational state. These effective bond dis- 
tances differ by very small amounts in going from one 
isotopic species to another because of changes in zero 
point vibration frequencies. In carrying out the calcula- 
tion we multiply these small uncertainties by a factor 
which depends upon the sensitivity of the calculation 
to small changes in the moments of inertia. The net 
result is that, even though the moments of inertia are 
measured with an accuracy of one part in 10°, the inter- 
atomic distances calculated from these quantities will 
not retain this accuracy. 

There are five structural parameters in CF;CCH and 
measurements have been made for four isotopic species. 
If one parameter is assumed, the other four can be 
calculated. The C—H and C=C distances have already 
been determined unequivocally ; therefore, the problem 
is reduced to one of calculating two of the remaining 
three parameters for various assumed values of the 
third. We have chosen to assume several different values 
for the FCF angle and to calculate the F—C and C—C 
distances for each of these assumed values from equation 
(6) and from Jz for CFs;CCH. The results are plotted in 
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Fig. 3. Each and every set of three parameters ob- 
tained by interesecting the two curves and the hori- 
zontal coordinate axis of Fig. 3 with a vertical line will 
be consistent with the measured moments of inertia 
for CF;CCH. 

A choice of the FCF angle can easily be made by 
means of electron diffraction results, if the microwave 
data are assumed to be correct, for there then remains 
only one shape parameter. It is also true that, except 
perhaps for the C—H distance, a complete structure 
determination could be accomplished by means of 
electron diffraction alone, but the accuracy and ele- 
gance of the determination would be decreased. 


ELECTRON DIFFRACTION PROCEDURES 


Photographs were taken in the apparatus described 
by Brockway’ with sample-bulb temperatures of —68° 


























T T T T T | ia 
=C=C- 1.201 A 
“C-H 1.056A 
1.60. 4 
c-c 
1.50 4 
1.40-r al 
F-C 
1.30 i ; 1 1 ; 1 1 3 l lL 3 
106.5 108.5 LFCF 10.5 12.5 


Fic. 3. Parameters of CF;CCH from microwave spectrum. 


to —100°. The camera distance was 10.94 cm, and the 
electron wavelength, calibrated by means of zinc oxide,® 
was 0.0606A. Corrections for film expansion were made. 

The radial distribution curve of Fig. 4 was calculated 
from the equation,® !° 


dmax wgr 
rD(r)= > dea 


q=l1, 2, +++ 


7L. O. Brockway, Revs. Modern Phys. 8, 231 (1936). 

8C.S. Lu and E. W. Malmberg, Rev. Sci. Instr. 14, 271 (1943). 
(a=3.2492A, c=5.20353A.) 

9R. Spurr and V. Schomaker, J. Am. Chem. Soc. 64, 2693 
(1942). 

10 Shaffer, Jr., Schomaker, and Pauling, J. Chem. Phys. 14, 
659 (1946). 
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by the use of punched cards.!°"' The visual intensity 
curve, J(q), was drawn to represent the appearance of 
the photographs, and the constant a was chosen to 
make exp(—ag’) equal to 0.1 at g equals 100. Peaks 
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Fic. 4. Electron diffraction intensity functions and 
radial distribution function. 


occur at 0.86A (error), 1.315A (C—F), 2.18A (F---F 
and C’---F), 2.66A (C---C”), and 3.46A (C”:--F 
and error). The heavy lines below the radial distribu- 
tion curve indicate distances and weights nZ,Z;/rj; of 
the final model. 


4 Shaffer, Jr., Schomaker, and Pauling, J. Chem. Phys. 14, 648 
(1946). 
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CORRELATION OF VISUAL AND THEORETICAL 
INTENSITY CURVES 


Intensity curves were calculated’®" from the equa- 
tion’® 
TT 5G 


1(g)=) ZZjr77 exp(—aiq?)sin = 
i, i 





for models consistent with the microwave data (see 
Fig. 3) for FCF angles in the range 106.5°-112.5° and 
the three sets of a;; values shown in Table V. Curves 
for ZFCF=107.5° with further variations of a;; for 
C’---F and C”’---F were also calculated. The signifi- 
cant variations, however, are the ones shown in the 
Table for C’---F, C’---F, and F---F. 

Models 110.5°A and 110.5°C are clearly unacceptable 
in the region of maxima 8-11 and in the relative heights 
of maxima, 2, 3, 4, and 5, and only models with the 
FCF angle less than 108.5° are acceptable if maximum 
8 is to be considerably weaker than maximum 9. Since 
maxima 6, 7, and 8 appear to increase in intensity in 
the order, 6, 7, 8, models with the FCF angle less than 
106.5° are unacceptable. Besides, a weak ring appears 
at about g=72 on model 106.5°A, and maximum 7 
disappears in 106.5°C: two objections to 106.5° models 
which, however, could perhaps be overcome by careful 
adjustment to the temperature factors. 

Maximum 10 and the neighboring minima change 
very rapidly with ZFCF and so are very important 
for the choice of best value and limits of error. Accord- 
ing to Visual I they would lead to a choice of about 108°, 
but it is not certain that the relative depths of the 
minima are just those shown: the photographs some- 
times give the impression that minimum 11 is the 
weaker, possibly as much as would correspond to an 
angle of 107°. The position of maximum 10 seems to 
afford the most sensitive indication, the measured value 
(which seems to be quite precise) definitely favoring 
the 107.5° models over the others. In general, all the 
107.5° curves calculated are in good agreement with 
the visual curve. The lack of agreement in the relative 
depths of minima 2 and 3 and of minima 6 and 7 
apparently cannot be resolved by changes in the 


TABLE V. Relative temperature factor coefficients, in A*. 














aij +104 
Atom pair Set A Set B Set C 
CF 0.15 0.15 0.15 
C’F 1.04 0.90 2.08 
Cr 2.00 2.55 5.53 
FF 0.68 0.68 1.04 
FH 5.94 7.25 7.68 
i, 0.10 0.10 0.10 
cc” 0.46 0.46 0.46 
cc” 0.00 0.00 0.00) 
CH 3.04 3.04 3.04 
C’H 2.58 2.58 2.58 
C”’H 2.22 2.22 2.22 
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model and presumably arise from errors in the visual 
curve.” 

Table VI shows the comparison of measured g values 
with those read from Curve 107.5°B. The average 
deviations for 106.5°B and 108.5°B are 0.0075 and 
0.0074, both appreciably greater than that, 0.0057, for 
107.5°B. The value 1.002 of (qcatc/Gobs)wv is in excellent 
agreement with the microwave data. This average is 
satisfactorily stable with respect to changes in the 
weights, and, perhaps significantly, more so for 107.5°B 
than for any of the other curves. The parameters of the 
structure of trifluoromethyl acetylene, with limits of 
error, are given in Table VII. 


ADVANTAGES OF COORDINATED STRUCTURE 
DETERMINATIONS 


The interrelation of electron diffraction and micro- 
wave data may be expressed in terms of the intersection 
of a geometric surface, which defines limits of error for 
electron diffraction, in the N-dimensional parameter 
space, with the sheet of (V—m) dimensions which 
approximately represents the freedom remaining in the 
choice of parameters when » moments of inertia are 
known from microwave spectra. On this microwave 
sheet, limits based on more general knowledge of mo- 
lecular structures may be drawn; these limits are 
equally available for the electron diffraction determina- 
tion. In the ideal case, the model in best agreement with 


TaBLeE VI. Electron diffraction data. 








Min Max gq(obs), 


1 a(calc) / 
(See Fig. 4) Ant 


q(obs)* 


Min Max = q(obs), 


q(calc)/ 
(See Fig.4) Ant 


q(obs)* 





1 9.5 
12.6 


(0.844) 8 
(0.942) 8 
(0.961) 9 

1.019 9 
1.001* 10 

1.017 10 
1.002* 11 

0.987 11 
0.989* 12 

1.009* 12 
(1.016) 
(1.008) 
(0.980) 


64.1 
72.5 
77.7 
82.4 
86.6 
89.5 
95.8 
99.9 
105.6 


(0.985) 


0.995 
1.001* 
1.003 
1.003* 
1.008 
0.995 
1.008 
1.006 


1.002 
0.0057 


Average 


Average deviation 








.* Model 107.5°B. Values in parentheses were omitted from average; those 
with an asterisk were given double weight. 


"Having inspected the theoretical intensity curves before 
studying the photographs, V. S. was unable to make as unbiased 
an interpretation as was desired, but it seems obvious to him that 
minimum 6 is very much deeper than shown by Visual I, which 
was drawn by W. S. Dr. Kenneth Hedberg, who was unacquainted 
with the details of the investigation, was asked to examine the 
photographs over the region between what we here call maxima 
5 and 9. His representation (Visual II) confirms the conclusion 
that Visual I is in error in regard to the depths of minima 6 and 7. 
the concensus on the relative depths of minima 7 and 8, however, 
is that in this regard Visual I is more nearly correct than Visual IT. 
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TABLE VII. Structure of trifluoromethy! acetylene. 








Value 


1.3354 
1.4644 
1.2014 


1.0564 
107.5° 


Limits of error® 


+0.014 
+0.024 | 
+0.002A 


+0.0054 
+1.0° 


Parameter 


C-—F 
C-—C’ 
C’=C” 
C”—H 
ZFCF 











® The C—F, C—C’, and FCF values are less certain than the C’ =C” 
and C’” —H values because the electron diffraction data only restrict the 
three related parameters of Fig. 3 to a region of parameter space, of size 
corresponding to the listed limits of error. 


the electron diffraction data lies on the microwave 
sheet and at the center of the electron diffraction limit- 
ing surface. 

The advantage accruing from the use of electron 
diffraction data is the reduction of limits based on a 
general knowledge of molecular structure to diffraction 
limits of error; the advantages accruing from the use 
of microwave data are the usually very sharp limitation 
of the position of the model with respect to certain 
directions in parameter space, including often some 
corresponding to the positions of atéms which do not 
scatter electrons strongly. The most valuable sort of 
combination is one which minimizes the area of the 
microwave sheet included by the diffraction limit-of- 
error surface ‘and the fraction of the volume bounded 
by this limit-of-error surface which is allowed by the 
microwave sheet. For particular arbitrary parameters 
the total range of allowed variation may be minimized 
under circumstances which do not correspond to this 
criterion. In any case, the situation for a certain mole- 
cule will not be a matter of choice unless the possibility 
of using only some of the accessible isotopic species is 
under consideration. 

In trifluoromethyl acetylene there is a fortunate 
combination of methods. Two parameters of direct 
interest (C—H and C=C), neither one well deter- 
mined by electron diffraction, are accurately deter- 
mined by the microwave data, and the fifth, the sole 
remaining one, being easily found from electron 
diffraction. 
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The adsorption isotherms and heat capacities of helium on TiO, in the rutile crystalline form have been 
obtained. On the basis of the observed shift in lambda-point with coverage, the behavior of the adsorbed 
phase has been correlated with the behavior of the bulk liquid and solid under pressure. 





I. INTRODUCTION 


ATA obtained at Leiden’? on the adsorption 
isotherms and heat capacities of helium adsorbed 
on jewelers’ rouge between 1.0°K and 3.0°K indicate 
an anomalously dense first layer with no lambda-point 
but with lambda-points in the higher layers. The 
lambda-points of the higher layers were shifted to lower 
temperatures by amounts decreasing with increasing 
coverage. The shift in the lambda-point with coverage 
has been attributed to a change in the surface pressure 
of the film.? This idea was extended to explain the 
anomalously high density of the first layer. The ab- 
sence of any pronounced lambda-point in this layer 
and its low heat capacity'*:» indicate that the film is 
essentially solid. 
Figure 1 reproduces the experimental ,specific heats 
(open circles) in cal per g of adsorbed helium obtained 
at Leiden!” for a film having 12.86 cc of liquid helium 





0.8 







































































0.7 
0.6 
oe 
8 os 
7 
os 
oO 
a 
g 0.4 
a3) — 
a 
Y 0.3 
0.2 a 
@ PENN. STATE DATA 
& CALCULATED AS IN TEXT 
0.1 
0 
1.6 1.7 1.8 1.9 2.0 24 2.2 2.3 2.4 T°K 


Fic. 1. Specific heat of adsorbed helium compared with liquid and 
solid in bulk (adsorbent: high surface area TiO2). 


* This research was carried out under Contract N6ONR, 
Task Order X, of the ONR. 

t DuPont Fellow (1949-50). Partial fulfillment of degree of 
Doctor of Philosophy. Present address, The Barrett Division, 
Allied Chemical and Dye Corporation, Philadelphia, Penn- 
sylvania. 

la H. P. R. Frederikse, Physica 15, No. 10, 860 (1949). 

1b H. P. R. Frederikse, thesis submitted in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy at 
the University of Leiden. 

2S. V. R. Mastrangelo, J. Chem. Phys. 18, 896 (1950). 
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on 4430 m? of jewelers’ rouge.!» This film is estimated 
to consist of three solid layers and four liquid layers. 
This estimate was made as follows. It has been shown 
that? the ordinary Brunauer, Emmett, and Teller’ 
theory predicts the practically simultaneous comple- 
tion of layers or groups of layers (one, two, or three) 
if each layer has an adsorption energy greater than the 
liquid. When there are two or more such layers, they 
will act like an ordinary B.E.T. monolayer. Such a 
“multilayer” will therefore appear to have an anoma- 
lous density if it be treated as a monolayer. The data 
of Frederikse!” shows that, between 1.3 and 2.0°K, the 
first ordinary B.E.T. “layer” consists of exactly three 
layers with solid density; this amount corresponds to 
4.96 cc out of a total of 12.86 cc of liquid helium, leaving 
7.90 cc of liquid helium to form four layers, with liquid 
density, above the three solid layers. The relative 
pressure of this coverage amounts to 0.82 at 2.0635°K. 

On the same graph are included experimental points 
(filled circles) obtained on TiOz with surface area of 
230 m?/g in this laboratory. While this coverage cor- 
responds to 17.9 cc of liquid helium on 9075 m? of sur- 
face or 8.75 cc on 4430 m?, the relative pressure is 0.82 
at 2.0635°K, i.e., the same as that above. However, the 
adsorption isotherms on this system, when treated by 
the modified version® of the Brunauer, Emmett, and 
Teller method, indicate that only the first two layers 
are solid and that two-and-one-half layers are liquid, 
so that the coincidence of the heat capacities with those 
above must be fortuitous. Our data do however, indi- 
cate a definite lambda-point shift and confirm the 
Leiden finding that the lambda-point of the adsorbed 
phase is lowered. 

On the same graph are also included the values of 
the heat capacity curves computed for an amount of 
helium adsorbed on jewelers’ rouge corresponding to 
that at Leiden. These points were computed as follows. 
The lambda-points obtained by Frederikse!? were 
plotted as a function of coverage; and the average 
lambda-point for each layer was obtained, assuming 
that the lambda-point of the outermost layer occurs 


3 J. G. Aston and S. V. R. Mastrangelo, J. Chem. Phys. 19, 
1067 (1951). 

4Brunauer, Emmett, and Teller, J. Am. Chem. Soc. 60, 30? 
(1938). 

5 These points were obtained as part of an investigation now In 
progress to obtain the complete thermodynamic data on such 
films at many different coverages. 
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ADSORBED HELIUM 


at the maximum in the heat capacity curve of the entire 
film. From the data of Keesom and Keesom® on the 
specific heats of liquid helium under pressure, specific 
heat curves with lambda-points corresponding to those 
of the four liquid layers were interpolated. These four 
curves were used to obtain values of the total heat 
capacity of each of the layers at various temperatures. 
Regions near the lambda-points of the layer were 
avoided because of the uncertainty caused by the dis- 
continuity. The values thus obtained for each of the 
four liquid layers and the contributions of the three 
solid layers obtained from data on bulk solid helium’ 
(which is very small compared with the liquid) were 
added at each of the temperatures. The result was 
divided by the weight of helium to obtain the specific 
heat. These are the points plotted as triangles in Fig. 1. 

In a preliminary way this indicates the qualitative 
correctness of the explanation of the anomalously 
dense “‘first”’ layer and the lambda-point shift. With 
such high surface areas, part of the adsorbed phase 
could be held by capillary condensation at points where 
small particles had aggregated. It therefore was de- 
sirable to obtain data on low surface areas where 
capillary condensation would be greatly reduced. 

In the present investigation a sample of TiO: (rutile) 
having a surface area of 10.2 m?/g, used previously® 
was chosen. The increased dead space correction in- 
evitably reduced the accuracy of the results so that 
their significance is little more than qualitative, for 
reasons discussed below. However, they do show the 
drift in lambda-point with coverage and qualitatively 
verify Frederikse’s results. 


II. EXPERIMENTAL 


The apparatus used in making this study has a 
cryostat with a built-in helium liquefier employing the 
Simon®*: method of adiabatic expansion. A description 
of the apparatus has been given in a previous publica- 
tion.!” The sample of rutile (10.2 m?*/g) weighed 116.2 g. 

The pressures above 3.5 mm were read on a manom- 
eter of diameter 12.5 mm, in a copper case with a plate 
glass window, using a Société Génévoise comparison 
cathetometer, with two telescopes equipped with mi- 
crometer eyepieces sensitive to 0.005 mm, to compare 
with a standard meter. The lower pressures were read 
ona McLeod gauge whose “capillary” had a diameter 
of 4 mm so that the meniscus height corrections could 
be made according to the data of Kistemaker." This 
was also in a copper case with a plate glass window. 
The mercury levels of the McLeod gauge were read 


by comparison with a calibrated scale on a Goertner 
LS 


*W. H. Keesom and A. P. Keesom, Comm. Leiden, No. 235d. 

'W. H. Keesom and A. P. Keesom, Comm. Leiden, No. 240b. 

*J. A. Morrison and G. J. Szasz, J. Chem. Phys. 16, 280 (1948). 

*F. Simon, Z. ges. Kalte-Ind. 39, 816 (1933). 

ae: Simon, Physik. Z. 34, 232 (1933). 

* Aston, Metlay, and Mastrangelo, Rev. Sci. Instr., submitted 
for publication. 

"J. Kistemaker, Comm. Leiden, No. 268d. 


TABLE I. Specific heats of helium films (rutile) 
(surface area 10.2 m? per g). 








Calculated 
cal/g 


Specific heat 
cal/g 


Coverage g 
He 


T°K 





A. 0.956 cc/m? at S.T.P. at 1.841°K 


1.740 0.208 0.40 
1.793 0.205 0.54 
1.922 0.197 . 0.23 
2.035 0.191 ’ 0.20 
2.155 0.184 0.21 
2.255 0.178 0.22 

0.23 


2.364 0.172 


B. 1.157 cc/m? at S.T.P. at 1.865°K 


1.973 0.235 
2.033 0.228 
2.096 0.220 


C. 1.362 cc/m? at S.T.P. at 1.927°K 


1.799 0.306 
1.855 0.299 
1.927 0.288 
2.007 0.276 
2.094 0.261 
2.179 0.250 
2.286 0.235 
2.421 0.209 


0.50 
0.27 
0.27 


BES 


0.50 
0.57 
0.61 
0.72 
0.42 
0.26 
0.25 
0.26 
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cathetometer with two telescopes equipped with mi- 
crometer eyepieces, sensitive to 0.01 mm. In calculating 
the pressure from the McLeod gauge readings, the 
temperature of all parts of the system was carefully 
taken into account. 

The temperatures are based on the 1937 vapor pres- 
sure scale” of liquid helium above 1.6°K. No measure- 
ments were obtained below this temperature. A con- 
stantan thermometer was calibrated against the helium 
vapor pressures during each run at several tempera- 
tures, and the linear relationship obtained between 
temperature and resistance was used to obtain in- 
terpolated temperatures. To our surprise, the resistance 
thermometer maintained its calibration at the normal 
boiling point of helium within 0.004° in spite of warm- 
ing many times to room temperature over a period of 
several months, during which time about 15 runs were 
made. 

The corrections for both the thermal and mass effect 
of evaporation into the dead space of the system were 
made using the virial coefficients calculated by de Boer 
and Michels® according to the equation given by 
Bleaney and Simon.“ The variation of mass of ad- 
sorbed helium with temperature and coverage is shown 
in column 2 of Table I. Thermomolecular pressure cor- 
rections were made according to the data of Weber and 
Schmidt,'® and a second-order correction for the vol- 
ume of the adsorbed phase in the calorimeter dead 


2 W. H. Keesom, Helium (Elsevior Publishing Company, Inc., 
New York, 1942), p. 196. 

13 J. de Boer and A. Michels, Physica ’s Grav. 6, 409 (1939). 

4B. Bleaney and F. Simon, Trans. Faraday Soc. 35, No. 221, 
Part 9, 1205 (1939). 

18S. Weber and G. Schmidt, Comm. Leiden, No. 246c. 
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Fic. 2. Specific heat of adsorbed helium compared with liquid and 
solid in bulk (adsorbent: low surface area TiO2). 


space was made according to the data of Keesom and 
Keesom.!®:> 

The experimental technique used is essentially that 
of Morrison and Szasz.® 


III. RESULTS 


The results of the heat capacity data uncorrected to 
constant coverage are shown in Table I. Column 1 
gives the temperature, column 2 the amount of helium 
on the titanium dioxide at this temperature, and 
column 3 the specific heat. Figure 2 shows the same 
specific heat data, uncorrected to constant coverage, 
plotted against the temperature. The tabulated data 
have been corrected for evaporation of helium into the 
dead spaces and for the heat capacity of the calorimeter 
filled with gas at the corresponding temperatures and 
pressures. Certain points on the 1.157 cc/m? at S.T.P. 
coverage have been omitted because of abnormal drifts 
and small rises observed in the lower region and un- 
certainty in the isosteric heats used in correcting the 
points in the higher temperature region for evaporation 
of helium into the dead spaces. These isosteric heats 
were obtained from our own isotherms. The values 
calculated at 2.41°K are shown in Table II. 

In the last column of Table ITI are given values com- 


TABLE II. Isosteric heat of adsorption for helium on TiOs, 
10.2 m?/g at 2.41°K. 











Coverage cc/m? Isosteric heat 
at S.T.P. cal/mole 
0.757 28.6 
0.800 27.9 
0.841 i fe 
0.886 27.1 
0.927 25.7. 
0.971 24.0 
1.021 23.9 
1.052 23.6 
1.093 24.0 
1.138 24.4 
1.178 24.6 
1.220 24.6 
1.262 24.6 








16a W. H. Keesom and A. P. Keesom, Proc. Roy. Acad. Amster- 
dam 36, 483 (1933). 

16b W. H. Keesom and A. P. Keesom, Proc. Roy. Acad. Amster- 
dam 36, 612 (1933). 
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puted as for the high surface area TiO: for the coverages 
shown in the second column which were computed 
from the equilibrium pressures and temperatures along 
with the dead space volumes and the total helium in 
the system. The points are shown by crosses in Fig. 2. 
The shape of .the experimental curves constitutes a 
semiquantitative agreement with the conclusion reached 
from the results obtained at Leiden'*:» and on high 
surface area TiO» in this laboratory that there is a shift 
in the lambda-point of the adsorbed phase. The agree- 
ment of the calculated heat capacities with experi- 
mental ones, although poor at the higher temperatures, 







































in no way conflicts with the idea that the shift in fF to 
lambda-point is a result of the increased density re- F ar 
sulting from some sort of pressure effect in the film. Wi 
The position of the lambda-point of each layer could F be 
also be determined by means of the equilibrium pres- F isc 
sures observed during the heat capacity measurements. fF at 
Plots were made of the log of the equilibrium pressure fir 
against the reciprocal of the temperature for the sys- — act 
tems having a constant number of moles of helium dis- — th 
tributed between the adsorbent and calorimeter dead § of 
space and filling line; i.e., the data are not corrected — mi 
to constant coverage. Each consists of two straight lines f lay 
which intersect at the lambda-point of the film as ! 
shown in Fig. 3 for the 1.157 coverage. The intersection f S.1 
of the lines for each coverage agrees with the position J beg 
of the peak in the heat capacity curve and serves to tha 
check these data. plac 
Because they are not constant coverage, these curves f &xp 
have no actual significance. The curves can be cor- f valt 
rected to constant coverage as follows. of tl 
Let P=P(T, V;), where P is the equilibrium pres- — and 
sure, T is the equilibrium temperature, and V, is the in t 
coverage in cc at S.T.P. Then, we have F atm 
d InP/d(1/T)=[@ InP/a(1/T) Ip, lam 
+(@InP/aV.)rdV./a(1/T), () 
where dlnP/d(1/T) is the slope of the curve uncor Fs. 
rected to constant coverage, [0 InP/d(1/T) ]v, is the F yoy) 
slope of the curve corrected to constant coverage, & hyn 
(0 nP/dV,)r is the slope of the reduced pressure iso- F th 
therm at temperature T and coverage V,, and dV,/ vest} 
d(1/T) is the slope of the curve of V, plotted against “ dt 
1/T. In order to compute [0 InP/d(1/T)]v., it 8 : 
necessary to obtain values for the other terms. The f h 
value at dV,/d(1/T) was found to be constant belov orm 
and above the lambda-point of the film with the dis 
continuity where the two straight lines intersected, 
(9InP/dV,)r was obtained from our isotherm #™ Ay 
2.41°K, and this was assumed to be constant. This ff obser 
assumption is valid only if the reduced pressure ist ff over: 
therms do not change shape with temperature and # J th 
therefore an approximation with only qualitative just: ff shift i 
fication. The value of dInP/d(1/T) was obtained, ” & The f, 
course, from the slope of the curves uncorrected 0 If of the 
constant coverage shown by the open circles in Fig. 4 ay 
H.. 





The dashed curve shown in Fig. 3 is the curve © 
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rected to constant coverage by the above method. The TABLE III. The isotherm of helium on titanium dioxide 






























































rages : 

yuted | break in this curve could easily be a result of the in- wstocndlines 

along — accuracies in the method of correction and may be no ieiciiaeeiedia dale 

1m in — more evident in the properly corrected isotherms for Temperature pressure 

‘ig. 2. [| helium on this sample of TiO2, on jewelers’ rouge at ‘nate (ereent) (percent) Sie 

tes a [| Leiden” or on high surface area TiO, in this laboratory April 17, 1950, points—circles 

ached | than for bulk helium. The breaks in the uncorrected 0.2 0 11.0 475.7 

high [} curve are then due to the difference in the equilibrium 2.48 0 8.70 704.8 

1 shift [| pressure relations of the adsorbed helium on either side a oa os 

agree- | of the lambda-point as they affect the correction with 23.83 0.09 0.50 1048.8 

xperi- [| this particular dead space. 33.24 2.04 0.25 1162.1 

tures, The isotherm at 2.41°K has been obtained with a — _ ° _— 

ift in — total of about 35 points. The curve is shown in Fig. 4 April 26, 1950, points—triangles 

ty re- [| and the data are listed in Table II. The surface area yo ; ry ae 

lm. was obtained from a nitrogen isotherm at the normal 12.79 0 1.30 903.4 

-could — boiling point? using the B.E.T.‘ theory. The helium ao ; P a oe 

1 pres- — isotherm shows two inflections, a weak one at a point 60.35 0.6 0 9122.9 

ments. — at about 3 mm agreeing with the completion of the 63.26 0.7 0 2721.9 

ressure | first B.E.T. layer for helium to within the experimental May 25, 1950, points—shaded half-circles 

1e sys- — accuracy of 0.5 percent. It would seem, from this, that 5.28 0 3.30 783.1 

im dis- — the B.E.T. theory yields the correct point of completion 7.40 0 2.30 823.7 

r dead & of the first layer and hence that the surface area deter- May 31, 1950, points—squares _ 

rrected | mined using nitrogen is correct. The density of this 5.37 0 3.40 773.5 

ht lines | layer is V,=0.62 cc/m? at S.T.P. o aa ae 

film as Another inflection occurs at V,=0.94 cc/m? at 8 33 0 0.35 1095.7 

section | S.T.P. The second inflection probably indicates the 31.23 0 0.25 1123.1 

yosition f beginning of a third layer. It should be emphasized arte ; yo ros 

rves to | that to draw any other curve without the inflection 36.72 0 0.07 1237.6 
places about six points off the curve by ten times our 39.57 0 0.03 1290.8 

. curves J ¢xperimental error. The difference between the two pore ” oats 

be cor- § Values of V, is 0.32 cc/m? at S.T.P. This is the density 47.86 0 0 1475.6 
of the second layer and, according to the data of Keesom aan ; ; pterd 

m pres: § and Keesom,®*> corresponds to the He—He spacing 62.40 0 0 2580.6 

's is the B in the liquid when it is subjected to a pressure of 25 Cabos 12, 000k, ectite-~ees eens ei 
atmospheres. The surface pressure calculated by the 31.21 0 0.25 1132.6 
lambda-point shift and the P,7T phase diagram of 32.56 0 0.17 1168.4 

r), (1) liquid helium is also 25 atmospheres for this layer. or . oe soci 

The density of the first layer, V,=0.62 cc/m? at 

> uncer § S.T.P., is anomalously high and, if it is a single layer, can then be ascribed to this change of pressure on the 

7, is the B would correspond to the solid under a pressure of several layers of —1.3 atmospheres over a range in equilibrium 

overag® § hundred atmospheres. Anomalous values of the density pressure of 10.00 mm. 

oy of the first layer have also been obtained by other in- 

nd Vy Vestigators. A summary of these is given by Frederikse 

L agains! and Gorter? 

v,, it 5 ; ‘ is _— 1.4 

veel The This anomalous density is taken to indicate the 

at below formation of solid multilayers as discussed above. 

the dis IV. DISCUSSION OF RESULTS : 

ersected, - 

herm «tf A plot of the pressure on bulk He II to produce the S 1.0 

int. This served shift in the lambda-point was made against 

ssure ist ‘overage. The difference between the pressure acting 0.8 

re and 8} the second and on the third layers, based on the 

‘ive just shift in \-point, was thus found to be —1.3 atmospheres. “ 

ined, “The formation of the third layer begins in the region ‘040 «= 045—s—«é. SO 055 060 065 

ected {0 of the second inflection in the isotherm. The inflection als 

in Fig. 5 — Fic. 3. Log of equilibrium versus reciprocal temperature in °K 

urve C0 H. P. R. Frederikse and C. J. Gorter, Physica 16, 403 (1950). at 1.157 cc/m? at S.T.P. 
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Fic. 4. Isotherm of helium on TiO at 2.41°K. Circles: April 17, 1950. Triangles: April 26, 1950. Shaded half-circles: May 25, 1950. 


Squares: May 31, 1950. Squares open at bottom: October 17, 1950. 


The isotherm is reasonably straight for about 15-mm 
change in equilibrium pressure below and 5 mm above 
the second inflection and has about the same slope. It 
is therefore reasonable to assume that 


(0P/dV.)o,= constant, (2) 


where P is the equilibrium pressure of helium, V, is 
the coverage, and p, is the surface density of the film. 
Let P= P(V., ps); then, we have 


5P=(8P/8V.)os5V s+ (OP/Ap.) v,8ps, (3) 


where (0P/0V,)p, is the reciprocal of the slope of the 
isotherm which is constant in the region of the second 
inflection according to Eq. (2) and (0P/dp,) v,6p; is the 
change in equilibrium pressure caused by a change in 
surface density of dp,. 

It proved difficult to calculate (@P/dp,)v, alone; 
however, (0P/dp,)5P, was obtained over the region of 
the second inflection by substituting in Eq. (3) the 
total change in equilibrium pressure, P, for an incre- 
ment of gas adsorbed over this region and using the 
slope of the isotherm to calculate (@P/dV,)p,. For this 
computation 6V, was taken as 167 cc at S.T.P. and 
the total change in pressure 6P is then 10.00 mm for 
this increment of gas. The slope of the isotherm is 





11.5 cc per mm and (dP/dV,)o,=0.087 mm per cc. 
Substituting these quantities in Eq. (3), the value ob- 
tained for (0P/dp,)V.6p; is —4.6 mm. 

In order to calculate the change in surface pressure 
necessary to cause this change in equilibrium pressure 
of —4.6 mm, the Gibbs equation 


dy=1/cRTd |nP (4) 
was used with the relationship 
P’=ny, (5) 


where P’ is the three-dimensional analog of the surface 
pressure and corresponds to the pressure causing the 
shift in the lambda-point, is the number of surface 
layers per centimeter depth of film, dy is the change in 
surface tension in dynes per centimeter caused by 4 
change in the logarithm of the equilibrium pressure, 
P, and o the molar surface area of the film in square 
centimeters. Using Eq. (4), the change in y caused by 
a change in equilibrium pressure of —4.6 mm is —4./5 
X10- dyne/cm, and, assuming hexagonal packing in 
the liquid, n= 3X10" layers/cm, as calculated from the 
density of the second layer. The value calculated for 
AP’ by Eq. (5) is —1.42X10® dynes/cm? or —14 
atmospheres. Thus, a change in equilibrium pressure 
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of —1.4 atmospheres. Naturally, the value for AP’ 
calculated using the formula for the change in vapor 
pressure with applied pressure, 


dP/dP'’=V'/V (6) 


(where P is the equilibrium pressure above a liquid on 
which a pressure P’ is exerted, while V and V’ are, 
respectively, the molar volumes of vapor and liquid), 
is also —1.40 atmospheres. This is obvious, since Eq. 
(4) is the two-dimensional analog of Eq. (6). Both of 
these values are in excellent agreement with the value 
of —1.3 atmospheres calculated from the shift in 
lambda-point of bulk helium. The inflection in the iso- 
therm appears, therefore, as a result of a rather abrupt 
change in surface density on going from the second to 
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the third layer as calculated by means of the lambda- 
point shift. 

This last result is given as evidence for the conten- 
tion that the first few layers tend to complete them- 
selves before starting to build new layers. It assumes 
that the effective density of the film is equal to that of 
the completed films. This means that the film consists 
largely of regions of the surface completely filled as 
predicted by Halsey.'® 
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I. The accurate expression for the individual frequencies of a linear crystal of any number of particles 


is derived. 


II. It is shown that, for an isotropic three-dimensional array of uniform masses, the root-mean-square 
frequency is easily evaluated and the maximum square must always be less, but not much less, than twice 
the mean square. For two commonly studied simple cubic systems, the maximum square is evaluated and 
shown to be twice the mean square. The Debye expression for the frequencies in terms of standing wave 
components is modified empirically to give the correct maximum and mean squares by substituting linear 
crystal frequencies for the components and introducing a second force constant. 

The resulting expression, a simplified form of the factored secular equation, should yield a more realistic 
and probably therefore a more widely useful distribution function than the Debye equation. 


I. 


N connection with the normal frequency distribution 

in solids, it has proved to be useful and instructive 
to examine the frequencies of a so-called one-dimen- 
sional crystal. This has been done by Born and von 
Karman! and is discussed by Mayer and Mayer. For 
V point masses m with a restoring force k for unit 
relative displacement of neighbors, the th normal fre- 
quency is given by the equation 


Vn=(k/m?m)! sin[nr/2(N—1)]; (1e@nZN—2). (1) 


Since the equation expresses N—2 frequencies for a 
model which must have V—1 vibrations, the result is 
an approximation which is claimed to approach ac- 
curacy only for large values of NV. 

The accurate solution, with this restriction removed, 
is readily obtained. As might be expected, the correc- 
tion, for large NV, is negligible; but the effect of the 
——__ 

'M. Born and Th. von Karman, Physik. Z. 13, 297 (1912). 


*J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1946), p. 248. 


approximation is exactly evaluated, and the new result 
is valid for all NV down to the diatomic molecule and 
may find application in future studies of limited chains 
of particles. 

For the model, as described, the kinetic energy is 
m>_X 2/2 and the potential energy is k>>(X;— X;_1)?/2. 
With the substitution, u(=42’v?m/k)—2, the secular 
equation takes the form 


u+1 1 
1 ui 
1 @... 
Dy= ! =0, (2) 
a 
1 u il 
1 ut+i1iy 








with NV denoting the number of rows or columns in 
the determinant. 
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The translation, u+2=0, can be factored “out. Let 
En be defined as 


u 1 
1 u il 
1 4 
Ey= 1 | (3) 
uw 1 
1 uw il 
1 uly 








Then, by means of expansion by minors, we obtain 


Dy=(u+1)*Ew_-2—2(u+1)En-3+ En-s 
= (u?+2u)Ey_2— (u+2)Ey-3=(u+2)Ey-1. (4) 


From Eq. (4) it is seen that the normal frequencies for 
the N-particle chain are the roots of the equation 
Ey-1=0. To factor this equation it is assumed that 
Eq. (1) has the correct form except that the angle may 
be wrong. The frequency is then taken to be (k/x?m)}! 
sin@/2, so that (42?v?m/k)—2=—2(1—2 sin?6/2), lead- 
ing to the substitution «= —2 cosé. 

For N=2, E,=—2cos#=—sin26/sin#, and, for 
N=3, E.=4 cos’?@—1=sin36/sind. Now, through ex- 
pansion by minors, 


sindE;= —2 cosé@ sin30+sin26 
= —2 cos@ sin36+sin38 cos@—cos3@ sin 
= —sin3@ cosé—cos30 sind = —sin46 


and 


sindE,= 2 cos@ sin4é—sin30 
=2 cos@ sin46@—sin46@ cosé-+-cos4é sin@ 


=sin46 cosé-+-cos4@ sind=sin5é. (5) 


Since this operation can be extended indefinitely with 
increasing values of NV, the general secular equation for 
the internal motions takes the form, for NV particles, 


Ey_-1= (—1)** sinN6/sind=0. (6) 


As an alternative, it is readily shown that if Ey_1 
=+sinNV6/siné and Ey=¥sin(V+1)6/sin@, then Ey +1 
=-+sin(N+2)6/sin@, which, in conjunction with the 
known values of E; and Eo, leads to the same conclusion. 

Equation (6) is satisfied when sinN@=0 and siné~0, 
for which the condition is that 0=n/N, where x must 
not be zero nor a multiple of V. Although the number 
of such angles is infinite, they yield only V—1 values 
of u, which lie between —2 and +2 and are all en- 
countered in the range 0<0<z, for which 1@n< N—1. 
Since the secular equation Ey.1=0 can have only 
N-—1 roots, there are no other values of u, real or 
imaginary, which will satisfy it. It follows from the 
definition of 6 that the mth frequency is 


vn=(k/2?m)! sin(nr/2N). (7) 
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Evidently, the approximation involved in deriving 
Eq. (1), namely, the arbitrary restriction of the ter- 
minal masses to zero amplitude, has given an equation 
for the N-particle chain which is actually correct for 
N—1 particles. In the same way, if, instead of factoring 
out the translation, the end corrections of Eq. (2) had 
been neglected by replacing each element u-+1 by 4, 
the resulting frequency distribution would be correct 
for V-+-1 instead of NV particles. Since, for V sufficiently 
large, the distribution function is independent of the 
chain length, it is evident that under this condition 
the end corrections are negligible. It is reasonable, 
then, to assume that they will also be negligible in 
two- and three-dimensional systems. 

In deriving Eq. (7), no end corrections have been 
neglected, nor have any approximations other than 
those implied in the potential energy function been 
introduced. Consequently, Eq. (7) must yield correctly 
the frequency of a symmetrical diatomic molecule, for 
which »=1 and N=2. The frequency becomes v= (k/ 
am)? sin/4 or (1/27)(2k/m)}, which is the familiar ex- 
pression for this case. By Eq. (1), as well as by inspec- 
tion, this is also the frequency for a single mass m con- 
nected to two fixed points by bonds of force constant k. 


II. 


In solving for the distribution of lattice frequencies 
in a solid, it is necessary to work with a particular 
model involving a defined distribution of atoms and an 
assumed potential energy function. The formidable 
features of the derivation may lead to approximations 
which widen the gap between the model and physical 
reality. 

When the problem has been solved for a particular 
model, it is of interest to ask if the result is applicable 
to other models as well, that is, if the distributions of a 
representative set of models are similar enough to per- 
mit the substitution of one for another. To obtain an 
adequate number of derived distributions to resolve 
this question appears at present to be too difficult, 
but the general usefulness of a particular distribution 
can be judged by the number and variety of solid sub- 
stances for which the thermal properties can be calcu- 
lated successfully. 

Frequency distributions, or partial descriptions of 
the distribution, have been proposed by Debye,’ Born 
and von K4rmén,! Blackman,' Houston,® Leighton,’ 
Montroll,’ and others. Of these, the relatively simple 
Debye description has been most widely tested and used. 
The Debye theory stands out from the others because 
of the highly simplified model, an isotropic continuum 
which can represent reality only in the limit for very 
low frequencies. Since the Debye distribution canno! 


’P. P. Debye, Ann. Physik 39, 789 (1912). 

4M. Blackman, Proc. Roy. Soc. (London) A159, 416 (1937). 
5 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 

6 R. B. Leighton, Revs. Modern Phys. 20, 165 (1948). 

7E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 
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be accurate in the higher frequency range, the use of 
his equations to predict thermal properties at higher 
temperatures must be regarded as empirical. Each of 
the other distributions is likewise a property of a par- 
ticular model. Most of the available distributions are 
incomplete because of difficulties of computation, but 
the application of a complete accurate one to the pre- 
diction of thermal properties of other models would, 
like the Debye theory, have to be made upon an em- 
pirical basis. 

It would seem, therefore, that, for success in pre- 
dicting thermal properties, it makes little difference 
whether the distribution is merely set down empirically 
or is arrived at in some more elegant and complicated 
fashion. In either case, a proposal that the function is 
generally usable must be validated empirically. 

That the frequency distribution, for the calculation 
of thermal properties, does not have to be accurate 
throughout the range is evident from the success of the 
Debye theory in predicting the entire heat capacity 
curve for some simple crystals with fair accuracy in 
spite of the unreal model upon which the theory is based. 

It is further evident, from the Einstein function, the 
Nernst-Lindemann equation, and the recent calcula- 
tions of Raman® and his collaborators, that consider- 
able success is possible even with a severely over- 
simplified function. The sensitivity of the thermal 
properties to the frequency distribution has been 
analyzed in detail by Katz.° 

The present purpose is to modify the Debye dis- 


_ tribution empirically in the direction indicated by the 


study of more realistic models than the Debye con- 
tinuum. To effect an improvement, it is necessary only 
to make changes in the right directions and clearly 
unnecessary to include specific features of any par- 
ticular distribution, such as, for example, the “in- 
finities’” of the Montroll function. 

For a cubic Debye model, three sets of standing waves 
which can be set up parallel to the edges of the cube 
are recognized. The propagation vector of a character- 
istic standing wave of the model is taken to be the sum 
of three component propagation vectors, one taken from 
each of the sets parallel to the edges. The components 
are combined in all possible ways. Since the propaga- 
tion vector is proportional to the frequency, the char- 
acteristic frequencies can be expressed by the vector 
summation 


P=ve+y/+v7, (8) 


in which y,, etc., are the frequencies of the component 
standing waves. Equation (8) defines spherical sur- 
faces of constant frequency and sets the number of fre- 
quencies between v and v+dy proportional to the vol- 
ume of a spherical shell of radius ». If this 


proportionality is assumed to persist all the way to an 
— 

*C. V. Raman and others, J. Indian Acad. Sci. Al4 (1941); 
AIS (1942). 
*E. Katz, J. Chem. Phys. 19, 488 (1951). 
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arbitrarily imposed maximum frequency w, the distri- 
bution function z becomes 


2=9N r'dv/»?, (9) 


which is the original Debye relation, used subsequently 
without change in most published discussions. 

In this form, however, the function does not properly 
represent the model. The assumption of a maximum 
frequency requires, for the vector additions, that each 
component be limited to a maximum value. All of the 
vectors of Eq. (8) must then terminate within a cube 
and the number of frequencies in the interval v to »+dy 
will be proportional to the part of the area of a spherical 
shell which lies within the cube. Equation (9) can be 
valid only for frequencies less than the maximum com- 
ponent. The distribution function should contain two 
discontinuities, at (4)'v) and (3)#m, with the function 
diminishing to zero at the maximum frequency. These 
features have been discussed in detail by Slater,!° along 
with related interpretations. It is surprising that they 
have been rather generally ignored in publications of 
later date than Slater’s discussion. 

The use of the simple Debye distribution over the 
whole range sets the mean frequency too high by neg- 
lecting the discontinuities and consequently including 
a large number of extraneous high frequencies. The 
well-known success of the function in certain cases 
must then mean that at least one compensating factor 
has been included which tends to lower the mean fre- 
quency. The nature of this second factor can be in- 
ferred from a comparison of the linear crystal distribu- 
tion with that of a continuous rod. In the continuous 
one-dimensional model, the standing wave frequencies 
are equally spaced, with the numerical mean at half 
the maximum and the root mean square at »(max)/Vv3. 
In the linear crystal, by Eq. (7), for each frequency 
proportional to sin(mr/2N) there is always another 
proportional to sin|(N—2)x/2N ] or cos(nr/2N), un- 
less n= N/2, which is trivial. The sum of the squares 
of these two frequencies is the square of the maximum 
frequency, the mean square is half the maximum square, 
and the root mean square is »(max)/V2, showing that 
the mean frequency of the continuous model is too low. 
This property will certainly appear in the continuous 
two- or three-dimensional model, at least to some de- 
gree, and will account qualitatively for a cancellation 
of inadequacies in the Debye distribution in favorable 
cases. 

In deference to the considerable success of the Debye 
equation, it seems to be in order to retain the form of 
Eq. (8), but to attempt to find a set of components vz, 
etc., which will give a more realistic mean frequency. 
Equation (8) represents a factored form of the secular 
equation which is undoubtedly severely oversimplified, 
since in certain cases the secular equation has been 
reduced to a cubic in »’ which is not readily factored 


10 J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 


Book Company, Inc., New York, 1939), pp. 225 ff. 
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in any general way to give the individual frequencies 
explicitly. It could still be true, however, that Eq. (8) 
with the right set of components would give a distribu- 
tion which could be used for more than one model. 

At this point, it will be useful to examine the secular 
equation for an isotropic array of uniform masses. In 
any such array, if end corrections are neglected, each 
particle is symmetrically surrounded by neighbors, and 
the restoring force for unit displacement of a single 
particle when the entire model is motionless will be 
independent of the direction of the displacement. With 
any specified potential energy function and any chosen 
cartesian coordinates, the secular determinant must 
contain the unknown squared frequency in a uniform 
element which appears at every point on the principal 
diagonal. For any reasonable potential energy function, 
it should always be easy to express this diagonal ele- 
ment. All other elements of the determinant will be 
potential constants. If every element is divided by the 
principal force constant k, the diagonal element will be 
u=(49’v’m/k)—A, in which A is a dimensionless 
quantity made up of the sum of ratios of potential 
constants. The secular equation has the degree n=3N 
for N particles and the first term in the polynomial 
form is wu”. There can be no term in #”~, however, 
since in a term by term expansion it is not permissible 
to accept at any time two elements from the same row 
or column and the selection of u, (n—1) times, blocks 
out all elements except the remaining w. 

As a consequence the sum of the roots u; is zero, the 
mean value of \,/(42’v2m/k) is A and the average 
squared frequency is kA/4n’m. This evidently gives 
the frequency with which a single particle would vibrate 
if the rest of the model was motionless. 

There are some models in which it is possible to vi- 
brate all the particles simultaneously in this same 
manner against the same set of forces. If the displace- 
ment has a component directed toward a neighbor, 
the neighbor will have a like component directed back 
toward the particle. If, however, there is no component 
toward a particular neighbor, the two can move in the 
same direction. Evidently, all the relative displace- 
ments are twice as large as they were when the particle 
was moving alone, and the restoring force must also 
have been doubled for unit displacement of the particle. 
Consequently, the squared frequency of the general 
motion is twice that of the individual particle which 
has been evaluated from the diagonal element. For such 
models, then, the squared maximum frequency is twice 
the numerical mean square. 

Two simple cubic models which have been studied 
extensively fulfill this condition. In Houston’s® model, 
a unit relative displacement of neighbors along their 
line of centers is resisted by a force k, while a displace- 
ment perpendicular to the connecting line sets up a 
force ka, where a is a fraction. The two squared fre- 
quencies, by inspection, are \’(mean)=2+4a and 
\’(max) = 4+ 8a. Each row of particles, at the maximum 
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frequency, executes the highest frequency motion of — } 
the linear crystal, but any two neighboring rows are § sg, 
always out of phase. For the central force model in- — qd 
troduced by Born and von Karman! and used by Black- — y 
man‘ and Montroll,’ a restoring force & is assigned to d 
the unit displacement toward a nearest neighbor, and § cc 
a force ka to the displacement toward a second neighbor — ch 
across the diagonal of a square. Here again, by inspec- J by 
tion, the squared frequencies are \’(mean)=2+4a and F qi 
\’(max)=4+8a; but, for motion parallel to an edge — m 
of the cubical model, while each row again executes the J se 
motion of maximum frequency of the linear crystal, 
the rows are now all in phase when the frequency is at J to 
the maximum. it 
If only forces between nearest neighbors were im- § on 
portant, it would be generally true that the mean §— wo 
square is half the maximum square, and it should always § to 
be true that the contribution of the principal force J fur 
constant to the mean square frequency is half its con- § bri 
tribution to the maximum square in an isotropic array. J qui 
Every force constant must contribute to the mean § sin 
square, but there will be second and more distant — ma 
neighbors in some models which suffer no relative dis- § rey 
placement in the highest frequency motion. This can 
be seen by examining the linear crystal with an addi- 
tional force ka introduced for the relative displacement § wit 
of second neighbors, resulting in \’(mean)=2+-2a and I 
\’(max)=4. It is concluded, for isotropic arrays, that ff tior 
the mean square frequency is at least half the maxi- § mo: 
mum square and may be larger, but not much larger. mal 
With a reasonable potential energy function, it will § be 
always be possible to write the diagonal element of the vari 
secular determinant which evaluates the root mean § imp 
square frequency, and it will usually also be possible § moc 
to find the maximum frequency. An acceptable dis- § prel 
tribution function and simplified secular equation should & of t] 
express these two frequencies with reasonable accuracy § but 
in a nearly correct ratio. achi 
In the first approximation the maximum square is Ti 






twice the mean square. A wide variety of distributions 
will meet this condition, from something like the linear 
crystal distribution at one extreme to a heavy concet- 
tration about two principal frequencies at the other. 
The latter extreme is suggested by Montroll’s’ “in- 
finities,’ but the former, intuitively, seems more in 
line with the widely variable situations presumably 
represented by the normal coordinates. It is possible 
that the distributions for real systems may vary al 
the way from one extreme to the other, and still pos 
sible also that the representation of thermal properties 
may not be sensitive to the particular distribution 
chosen within the prescribed limits. 

The limiting value of the required ratio can be im 
posed upon the Debye distribution by interpreting the 
components of Eq. (8) as linear crystal frequencies 
according to Eq. (7). Since the one-dimensional fre 
quencies are arranged in complementary pairs which 
meet the requirement, it is obvious that the sums ©! 
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be arranged as similar complementary pairs. At the 
same time the expected discontinuities appear in the 
distribution. The vector additions still outline a cube 
whose geometry requires the discontinuities, but the 
density of frequencies within the cube is no longer 
constant, but instead varies with the coordinates. This 
change alone should effect an improvement in the De- 
bye distribution by introducing some features re- 
quired of a real system, and the resulting distribution 
might very well fit the thermal properties of a wider 
selection of models without further modification. 

In this form, however, Eq. (8) as an approximation 
to the secular equation is too highly simplified, since 
it implies a potential energy function with only the 
one constant introduced through Eq. (7), and no one 
would attempt to describe a reasonable approximation 
to a real system without at least two constants. A 
further modification is therefore suggested, in order to 
bring Eq. (8) into line with the common maximum fre- 
quency of the Houston® and central force models of the 
simple cubic system without altering the ratio of the 
maximum to the mean square. This can be done by 
rewriting Eq. (8) in the form 


P=v2+a(v,?+v/) 


with the components still taken from Eq. (7). 
Equation (9) is still an oversimplified secular equa- 
tion in respect to real systems and presumably also 
most mathematical models, but it should now be 
markedly better than the Debye equation and should 
be usable to express the thermal properties of a wide 
variety of isotropic models adequately. The equation 
implies a potential energy function, and therefore a 
model, without specifying what they are. There are 
preliminary indications that Eq. (9) is the exact form 
of the factored secular equation for Houston’s® model; 
but the proof requires further development, and, if 
achieved, will be reported at a later date. 
To obtain all the normal frequencies, Eq. (9) must 
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be applied three times, once with each set of compo- 
nents in the leading term. For a cube of N* particles, 
there will be V* vector additions each time, leading to 
the correct total of 3N* frequencies. The first set of fre- 
quencies is obtained by adding the vectors v,, a/v, and 
aéy,. All of the vectors must terminate within a rec- 
tangular parallelipiped of square cross section, a con- 
struction which will introduce four discontinuities into 
the distribution curve, at aty,(max), (2a)!v,(max), 
vz(max) and (1i+a)*v,(max). The density of frequencies 
within the parallelipiped increases with the distance from 
each of the coordinate reference planes. Surfaces of con- 
stant frequency are still spherical, with the pertinent sur- 
face area increasing rapidly up to the first discontinuity, 
more slowly from the first to the second, than decreas- 
ing slightly from the second to the third, decreasing 
more sharply between the third and the fourth, and 
dropping rapidly to zero between the fourth discon- 
tinuity and the maximum frequency. Such a distribu- 
tion has more acute discontinuities than the Debye 
distribution, but will not show the extreme “‘infinities”’ 
indicated by Montroll’s analysis. The result deviates 
from the Debye distribution in the direction of the 
Montroll type of curve and should be an improvement 
over the Debye function which is probably about as 
near as one can expect to come to a general function 
for isotropic crystals. 

At very low frequencies, and therefore for thermal 
properties at very low temperatures, with the com- 
ponents vz, etc., in the region where 6=sin{, it is evi- 
dent from Eq. (7) that the distribution follows the 
Debye quadratic form. How low the temperature must 
be, however, depends upon the value of a which, if 
small enough, would lead to a linear crystal distribu- 
tion in the limit. Such a distribution appears at present 
to be extremely unlikely for any real system. Conse- 
quently, no change in the commonly used method of 
extrapolating low temperature thermal data has been 
suggested. 
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A correlation function as introduced by Debye in the case of light scattering is used to characterize the 
inhomogeneities in liquid argon for those cases showing excessive small-angle x-ray scattering. This method 


of characterizing the inhomogeneities is compared with the method of characterizing the inhomogeneities as 


droplets. Curves showing the correlation functions for the various cases are also presented. 





INTRODUCTION 


IGNIFICANT among the features of the x-ray 
scattering by liquid argon! has been the excessive 
small-angle scattering in the neighborhood of the critical 
temperature. More recently, a careful series of measure- 
ments has been made of the x-ray scattering of liquid 
nitrogen’ at various pressures and temperatures.in the 
general region of the critical point. Here, too, the scat- 
tering at small angles is quite large. In both cases, a 
theory of small-angle x-ray scattering by amorphous 
substances by Vineyard’ has been applied to this small- 
angle scattering. 

In this theory,‘ the small-angle scattering from an 
amorphous substance is ascribed to widely separated 
macroscopic regions of inhomogeneities, such as clumps 
of molecules, pockets, or foreign inclusions. In particu- 
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Fic. 1. P-T diagram for argon with datum points 
corresponding to x-ray scattering patterns. 


* Part of this work is from a thesis submitted to the Missouri 
School of Mines and Metallurgy by Walter Graham towards the 
M.S. degree. 

1 A. Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 

2R. L. Wild, J. Chem. Phys. 18, 1627 (1950). 

3G. H. Vineyard, Phys. Rev. 74, 1076 (1948). 

4 See reference }3. 
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lar, in the application of the theory to the cases of 
small-angle scattering of liquid argon and nitrogen, a 
physical model of spherical droplets of vapor in the 
liquid or of liquid in the vapor has been used to char- 
acterize the inhomogeneities. Ascribing the intensity 
from zero angle (extrapolated) to the first minimum on 
the intensity curve as the small-angle scattering from 
the droplets, it is possible by the usual method of par- 
ticle size determination® to calculate the radius of the 
droplet. This droplet radius has turned out to be quite 
small; too small, in fact, for one to attribute to the 
droplets the properties of a distinct phase. The con- 
jecture,® however, has been made that the inhomo- 
geneities need not be so sharply delineated and that the 
inhomogeneities are perhaps equally well described 
physically by a temporary, dynamic association of the 
molecules into various irregular ways of clumping. 

In what follows, the inhomogeneities responsible for 
the small-angle scattering from liquid argon have been 
characterized by a “correlation function” as introduced 
by Debye’ and the essential similarity as well as a 
difference of this method to that of Vineyard’s con- 
sidered. 


METHOD OF CALCULATION 


Let us take the average electron density of the 
liquid (or vapor) to be po upon which is superimposed 
a small fluctuation A which may, especially in the 
neighborhood of the critical temperature, be considered 
to a rapidly varying function of position. Taking the 
electron fluctuation at point 1; multiplying by the 
fluctuation at point 2 a distance r away and moving the 
two points 1 and 2 throughout the liquid with fixed 1, 
we obtain a large number of these products, A:4:, 
which we can designate as (A;A2)~. Now, as in the case 
of scattering of light by an inhomogeneous solid, we can 
define a correlation function y(r)* through the relation 
(A;A2)w= A*y(r) where y(r) ranges from unity at r=! 
to zero for large r. The function y(r) obviously provides 
a way of characterizing the average extension of the 
inhomogeneities. 

Suppose the sample to be irradiated by a collimated, 


5A. Guinier, Radiocrystallographie (Dunod, Paris, France, 
1945), Chapter XII. 

6 See reference 3. 

7 P. Debye and A. M. Bueche, J. Appl. Phys. 20, 518 (1949). 

8 See reference 7. 
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Fic. 2. Subdivision of intensity into large-angle 
and small-angle components. 


monochromatic beam of x-rays having the direction of 
the unit vector So. The coherent part of the electric 
field scattered in the direction of the unit vector § by 
the volume V may easily be shown to be proportional 
to the average of the square of the following: 


E= f (po Aet**'do, (1) 
V 


where k= 27/A(S— Sp), is the wavelength of the x-rays, 
26 is the angle between S and Sy, r’ is a vector from a 
fixed origin and the magnitude of k=(4z/A) sind. We may 
then write that the scattered intensity is proportional to 


R T Qr 
[ srteterar f f | f (po+-A1) (pot As)do 
0 0 0 


1 
X— sinddédy,” (2) 
re 


where the second volume element has been replaced by 
the corresponding spherical volume element, R is the 
largest linear dimension of the sample, and r=r,/—r,’ 
is the vector connecting the two points 1 and 2. Now 
remembering the way the correlation function is for- 
mulated, one has, if the integral in the curly brackets 
is performed first, followed by the integrations over 
§and » 


R 


R 
4arr’pte**-tdr+ A? f Anr*y(r)e*-*dr, (3) 
0 


J 
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where the integrations over the volume of Apo and Aspo 
will yield zero if the fluctuations A are purely random. 
No special orientation will be discernable so one may 
average the result over all possible directions of k to 
obtain an average intensity 





9 sinkr _ f® sinkr 
I(k)~ f Amr? p,? dr+- A? f 4mr*y(r)——dr. (4) 
0 kr 0 kr 


Now the first term, for any sample of macroscopic size, 
may be shown to contribute to the scattering at an 
angle so small as to be physically insignificant for the 
case considered here. Further, since y(r) will go to zero 
for values of r which are very small compared to the 
size of the sample, we may replace the upper limit in 
the second integral by infinity and we will have 


sinkr 





I(k)~2? f “dar(7) dr. (5) 


r 


The last may be rewritten through the aid of a fourier 
transform theorem as 


ry(r)~ J “HI (k)sinkrdk. (6) 


The last relation has been applied in what follows to 
a number of the argon x-ray scattering curves® showing 
a large small-angle scattering for a determination of 
the correlation function y(r). 
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Fic. 3. Correlation functions corresponding to datum 
points 5, 6, and 25. 


® See reference 1. 
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CORRELATION FUNCTION 
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Fic. 4. Correlation functions corresponding to 
datum points 7, 8, and 9. 


DISCUSSION 


The x-ray scattering curves examined are those cor- 
responding to datum points 5, 6, 7, 8, 9, and 25 in 
Fig. 1 on the liquid-vapor transition curve. These 
scattering curves, all showing excessive small-angle 
scattering, permit examination of the correlation func- 
tions as one approaches the critical temperature from 
the liquid and vapor sides of the liquid-vapor transition 
curve. One datum point, 25, corresponding to the 
gaseous state, is also included. The scattering due to 
the inhomogeneities here also is taken to be that from 
zero angle (extrapolated) to the first minimum of the 
scattering curve (see Fig. 2). This division of the in- 
tensity into large and small angle components is, of 
course, an arbitrary one. However, both components 
of the intensity curve have zero slopes at zero angle 
and hence a horizontal extrapolation of the large- 
angle component is not unreasonable. Using this small- 
angle intensity corresponding to a particular datum 
point, the integral in (6) may be evaluated in steps of 
r of 4A and the resulting y(7) normalized to unity at 
r=0. The resulting correlation functions are shown in 


TABLE I. Extension of inhomogeneities (argon). 








724(A) Droplet radius (A) 


6.85 
8.51 
6.03 
6.61 
6.45 
7.15 


Datum point 
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Figs. 3 and 4. To characterize the average extension of 
the inhomogeneities obtained here, an average 7” has 
been calculated from 


jiu ( f “rar()r) / ( f “4e74()r) (7) 


for each correlation function and r shown in Table I 
along with the spherical droplet radii obtained by 
Vineyard.” 

It is seen that 7 compares favorably with the 
droplet radii. The correlation functions, however, sen- 
sibly vanish at distances about twice that of the 
droplet radii in each case. It might be noted that all 
the correlation functions have nearly the same shape 
except that corresponding to curve 6 which lies nearest 
the critical temperature in the liquid state. Its some- 
what anomalous shape might be attributed to its 
proximity to the critical temperature. 

It seems clear that so far as the average size of the 
inhomogeneities is concerned both methods give essen- 
tially the same result. It is, however, perhaps interesting 
to notice the way the two methods of characterizing the 
inhomogeneities differ in their physical models. If one 
imagines the inhomogeneities occurring in the liquid or 
vapor to be-truly droplets the small-angle scattering 
formula attributed to a droplet may be obtained from 
(4) by taking A everywhere zero in a sphere of radius 
equal to the droplet radius and extending the integra- 
tion over the volume of the droplet. One is left with the 
first term where this term may, of course, not now be 
neglected. The scattering of V independently scattering 
droplets is then obtained by multiplying the single 
droplet intensity by V. The function po’, involving the 
radius of the sphere, may be calculated and hence a 
fitting of this term to the small-angle scattering, enables 
the droplet size to be calculated." Similarly, if one be- 
gins with the droplet model and takes the droplet to 
be large (essentially infinite), it is necessary to intro- 
duce a fluctuation of electron density within the sphere 
since one does not have now a true droplet. Since the 
spheres effectively overlap the integration may be ex- 
tended over the whole volume and the final result is 
(4) where the first term is neglected as before. 

Although either model may be used to characterize 
the average size of the inhomogeneities, the small 
droplet size obtained in the cases of liquid argon and 
nitrogen does not lead to the droplet model as being 4 
particularly tenable physical model. The correlation 
functions obtained here are consistent with the notion 
of regions of inhomogeneities, less sharply defined than 
the droplet model, somewhat larger, and which merge 
more or less continuously into one another. The corre- 
lation function thus appears to be a more physically 
reasonable way of characterizing the inhomogeneities. 


10 See reference 3. 
The same procedure would hold for the case of N inde 
pendently scattering particles such as in colloidal solutions. 
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Rotational line intensity distributions in emission and absorption of the 0<>0 band of the 22<> “II transi- 
tion of OH have been measured in methane-air flames. The number of electronically excited OH radicals in 
the inner cone greatly exceeds the equilibrium concentration, and the intensity distribution of the high 
quantum numbers gives a temperature of 5200°K. However, OH radicals in the ground state were in thermal 
equilibrium at 2000°K. A break in the intensity distribution indicates a two stage combustion reaction. It 
is suggested that the excessive amount of excited OH is due to its formation in the intermediate reaction 
steps. Line reversal temperatures using Na, Hg, and OH have been measured in the same flame for pur- 
poses of comparison. Also the rotational temperature of excited OH in a methane-oxygen flame was 


measured. 





1. INTRODUCTION 


URRENT expansion in the use of power units 

driven by hot gases has stimulated in physicists 
and chemists a renewed interest in flame phenomena. 
One of the major obstacles to a complete understanding 
of the operation of gas turbines, jet engines, and rockets 
is the lack of an adequate theory of flame propagation. 
Furthermore, limitations of conventional immersion 
type pyrometric devices and radiation pyrometers have 
hindered the development and practical use of such 
propulsion units. Because of the promise appearing in 
research methods involving optical spectroscopic analy- 
sis of burning regions, many laboratories have under- 
taken programs of spectroscopic studies of flames. Such 
studies have contributed greatly to the present knowl- 
edge of intermediate particles within the flame zone, 
and also have led to various methods for determining 
temperatures in burning gases. Although quantitative 
measurements of intensities in both emission and ab- 
sorption are necessary to an understanding of the 
relative importance of excited and unexcited inter- 
mediate particles of the chemical reactions within the 
flame zone, only a small number of absorption studies 
have been made because of the many experimental 
difficulties inherent in such work. 

Since neither thermal nor chemical equilibrium exists 
in a flame region, there is not a flame temperature be- 
cause, in a strict thermodynamic sense, temperature 
applies only to an equilibrium state. However, less pre- 
cise use of the word temperature has become commonly 
accepted in order to simplify discussions concerning the 
measurement of radiation intensities from hot gases. 
The temperature of a flame generally depends upon the 
technique of measurement and, therefore, it is common 
practice to use a modifying adjective or phrase de- 
scriptive of the method by which the number associated 
with the temperature was obtained. For example “OH 
rotational temperature” refers to the temperature ob- 
tained from the distribution of intensity among the 
various rotational states of an OH band. This paper 


*This work was done under the sponsorship of the Navy, 
Bureau of Aeronautics. 


reports investigations of the rotational energy dis- 
tribution of the 00 band of the *2<*II transition 
(between 3064 and 3133 angstrom units) of the hy- 
droxyl radical in absorption and emission in flames at 
atmospheric pressure of methane pre-mixed with air 
and oxygen. 

The OH radical was selected for initial studies of 
radiation from flames for the following reasons: 


1. It occurs strongly in most hydrocarbon flames; 

2. It is an important intermediate in reaction chains; 

3. There is evidence! that in some flames, the OH 
produced is chemiluminescent ; 

4. Its electronic transition is in a convenient region 
to observe spectroscopically ; 

5. Its spectrum? is well known; 

6. Experimental ‘‘f numbers’* have been measured; 
and 

7. The rotation distribution is in a relatively narrow 
wavelength interval, but the lines are separated suffi- 
ciently for temperature determinations. 


The band specified above, which is degraded to the 
red and which has a head at 3064 angstrom units is 
not only the most intense band of the OH electronic 
transition but also is very prominent in the ultraviolet 
spectra of hydrocarbon flames. For temperature meas- 
urements, the R2 branch is the most usable of the 12 
branches since it has many lines which do not overlap 
in a small region (22 A.U.). A spectrograph of fairly 
high dispersion is required both to separate these lines 
and to measure absorption coefficients. 

A search of the literature has revealed no information 
on rotational intensity distributions in absorption by 
OH in a flame. Failure to apply this technique to com- 
bustion studies is probably the result of the difficulties 
of bringing together the appropriate apparatus. One 

1 A. G. Gaydon and H. G. Wolfhard, Third Symposium on Com- 
bustion Flame and Explosion Phenomena (Williams end Wilkins, 
1949), pp. 504-508. 

? G. H. Dieke and H. M. Crosswhite, The Ulira-Violet Bands of 
OH, Bumblebee Series, Report No. 87 (Bur. Ord., USN, 1948). 

30. Oldenberg and F. F. Rieke, J. Chem. Phys. 6, 439, 779 


(ieee O. Oldenberg and R. J. Dwyer, J. Chem. Phys. 12, 351 
1944). 
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major problem is the need of an intense source of con- 
tinuum that is steady with time, and has no super- 
imposed emission or absorption lines. Another out- 
standing need is a sensitive detecting instrument of 
high resolution. Since no continuum source of the 
intensity and uniformity required for studies with 
oxygen flames was available, it was necessary to cool 
the flame with nitrogen (i.e., by using air), so that a 
tungsten lamp could be used. A direct reading mono- 
chromator with high resolution capable of detecting 
absorption of 1 percent with relative ease served as 
the needed detector. 

In addition to the determination of the OH rota- 
tional temperatures in emission and absorption, three 
separate line reversal temperatures have been measured 



























Fic. 1. Flame of stoichiometric mixture of methane and air 
burning above a 3-inch nozzle. 


by comparing the emission from added sodium, from 
added mercury and from rotational lines of OH with a 
calibrated tungsten strip lamp. Analysis of the data 
indicates that thermal equilibrium exists in the outer 
cone and that, in the inner cone, there is a two stage 
reaction in which OH is formed in an excited electronic 
state. 


2. METHOD AND EXPERIMENTAL RESULTS 
2.1 Apparatus 


Figure 1 is a photograph of the flame used in these 
studies. A homogeneous mixture of dried air and meth- 
ane (99.6 percent purity) flowing upward through 1 
meter of steel tube 38 mm in diameter, is burned above 
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an accelerating nozzle having a throat diameter of 
12.7 mm. A more complete description of the apparatus 
for controlling the flame has been given elsewhere.! 
This flame differs from the conventional Bunsen flame 
burning above a tube in that the gas emerges from the 
nozzle with a uniform velocity rather than with a 
parabolic velocity distribution. A more nearly conical 
burning zone results from this uniform velocity pattern. 
It is of interest to note that the visible region begins 
about 0.6 mm above the nozzle and has a diameter 
greater than the throat of the nozzle by about 2.5 mm. 
Both emission and absorption measurements were 
made along the side of the inner cone where the in- 
tensity is greatest, and near the base where the effects 
of the surrounding outer cone are least. Measurements 
on the outer cone were made about one cm above the 
tip of the inner cone. 

The portion of the flame to be studied was focused 
by a quartz lens having a magnification of two, upon 
the entrance slit (6 mm high) of a direct reading 
monochromator.’;| The desired spectral region is 
scanned by rotating the grating. Radiation is detected 
by a 1P28 photomultiplier tube behind the exit slit, 
and intensity is recorded directly as a function of wave- 
length. Although this monochromator has a resolving 
power of 55,000, the full resolution could not be used 
because the weak intensity of this flame (due to the 
cooling by the nitrogen in the air) made it necessary 
to use relatively wide slits (0.015 mm). For absorption 
spectra, radiation from a tungsten strip lamp was fo- 
cused by either a spherical mirror or a quartz lens on 
the region of the flame being studied. A quartz lens 
focused both the flame and the image of the lamp on 
the slit of the monochromator. 


2.2 Rotational Distribution of OH 


If there is thermal equilibrium in a flame, the in- 
tensity distribution of an emission or absorption band 
of a molecular species can be used to determine tem- 
perature.® For a fixed electronic and vibrational transi- 
tion of the molecule, the intensity 7x41 of an emitted 
line depends only upon the number of molecules Nx 
in the Kth rotational level of the excited state and upon 
the transition probability Ax z. Thus 


Ix4t=constantXKAcrXNx. (1) 


Although the constant term is linear with frequency, 
the change in frequency over a small frequency range 
is negligible and need not be considered. The equ 
librium number of molecules in an excited state with 





4 Caldwell, Broida, Dover, and Fiock, “Symposium on com 
bustion cemistry,” Cleveland (April 12, 1951). 

5 W. Fastie, J. Opt. Soc. Am. 40, 800(A) (1950). 

t This instrument was constructed by the research departmet! 
of Leeds and Northrup Company and was loaned to the National 
Bureau of Standards on a field trial basis. 

6G. Herzberg, Molecular Spectra and Molecular Structure l 
(D. Van Nostrand Company, Inc., 1950), second edition, pp. 124, 
204. 
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Fic. 2. Absorption and emission spectra of OH from a stoichiometric methane-air flame. 
Upper curve is absorption. The resolved branches are marked. 


an energy Ex is determined by the Maxwell-Boltzmann 
distribution and is given by 


Nx=N,(2K+1) exp(—Ex/kT) 
= Nog exp(—Ex/kT). (2) 


Where & is the Boltzmann constant, T is the absolute 
temperature, and Np is the total number of molecules. 
Equations (1) and (2) can be combined and written in 
an experimentally useful form as 


logio(Ix1/gA xr) =constant—(Ex/kT)logiwe. (3) 


Thus a plot of logio(7x41/gAxz) as a function of Ex 
can be made from the known transition probabilities 
and measured intensities. This is a straight line, the 
slope of which is proportional to 1/7. When experi- 
mental errors have been eliminated, a lack of linearity 
of this plot may be an indication of non-equilibrium. 
Equation (3) for absorption differs from that in emission 
only in that the transition depends upon the number 
of molecules Vz in the energy level Ez in the unexcited 
or ground state. There is also a difference in the con- 
stant term but this is unimportant for temperature 
measurement over a narrow wavelength interval. 
Figure 2 is a 10 angstrom region of the OH spectrum, 
in both emission and absorption, from the inner cone 
of a stoichiometric methane-air flame. The lower curve 
shows the intensities of emitted radiation, and the 
upper curve shows the absorption of the strip lamp 
continuum by the flame. The absorption curve was 
obtained with less amplification than the emission curve. 
The resolved lines of the three branches in this region 
are marked; the satellite lines of the Q; branch are 
not shown. It will be noticed that transitions from the 
higher rotational levels are not observable in absorp- 
tion even though transitions from the lower levels are 
of an intensity comparable to that of emission. This 
telative weakness of lines from the higher rotational 


levels is a clear indication that in the ground state, 
the OH is at a much lower rotational temperature than 
the excited state. 

A quantitative measure of this difference can be ob- 
tained from the logarithmic plot suggested by Eq. (3). 
Figure 3 shows the results of intensity measurements 
of the R: branch of OH emitted from the inner cone of 
a stoichiometric mixture of methane and air. The ob- 
served points lie on two distinct straight lines; one 
line corresponds to the intensities from the lower rota- 
tional states and the other line of completely different 
slope corresponds to the intensities from the higher 
states. From the slopes of the two lines ‘“‘temperatures” 
of 2350°K and 5200°K are found for the lower and 
higher states, respectively. Repeated measurements 
show a precision in each of these “temperatures” of 
approximately +5 percent. The line marked 1550°K will 
be discussed later. 

An analysis of possible experimental errors that 
might have caused a break in the logarithmic plot in- 
dicated that the break was real and is characteristic 
of the flame itself. No error was introduced by the small 
amount of emitted continuum, since intensities were 
measured directly as heights above this continuous 
background. Although there was only small self-ab- 
sorption (of the order of 5 percent) by the weak methane- 
air flame, a correction factor for this type of error was 
easily obtained from the absorption measurements of 
the continuum from the strip lamp. Such corrections 
did not change the characteristics of lines and did not 
affect the slopes by as much as the experimental error. 
Although there was some overlapping of lines, a weak 
line only 0.2 A.U. removed from a line 6 times as strong 
was still resolved, and a sufficient number of lines were re- 
solved and measured so that the lack of resolving power 
was of no consequence. Circles in Fig. 3 represent lines 
completely resolved and the squares represent lines 
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that either are not completely resolved or which have 
weak superimposed lines. The straight lines are drawn 
to best fit the circles. 

Another manner of illustrating the non-equilibrium 
is by using the iso-intensity method developed by 
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Fic. 3. A plot of log(/x/Axx) vs Ex for the R2 branch of the 
(0<0) band of OH(?2<I1) in the inner cone of a stoichiometric 
methane-air flame. 


Dieke and Crosswhite.? This method has the advantage 
that for lines of equal intensity, the effect by self- 
absorption will cancel out in the first approximation. 
Shuler’ has shown for lines of equal intensity and small 
difference in wavelength that 


Ax'/Ax=exp[(Ex’—Ex)/kT]. (4) 


A plot of Ex-—Ex vs log(Ax’/Ax) will be a straight 
line going through the origin for an equilibrium rota- 
tional distribution. Figure 4 shows such a plot for the 
emission from the methane-air inner cone. Since a 
straight line cannot be drawn through the experimental 
points and the origin, a non-equilibrium is indicated. 
The persistence of a non-equilibrium distribution as 
indicated by Figs. 3 and 4 can be interpreted as showing 
that the large number of collisions which the OH radical 
undergoes during its lifetime are not sufficient to bring 
about rotational equilibrium. Since the radiative life- 
time of electronically excited OH is of the order of 
10-* second’ and the time between collisions at atmos- 
pheric pressure is of the order of 10~ second (10 
collisions per second), the observed non-equilibrium 


7K. E. Shuler, J. Chem. Phys. 11, 1466 (1950). 
¥ 8A. G. Gaydon, Spectroscopy and Combustion Theory (Chapman 
and Hall, Ltd., London,§1948),”second edition, pp. 138-141. 
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rotational temperature would mean that 10,000 colli- 
sions per lifetime of the excited OH are not very effective 
for bringing about thermal equilibrium. Such a lag in 
the equipartition of rotational energy with other forms 
of energy is consistent with the observation of Olden- 
berg? that OH radicals show an abnormal rotational 
intensity distribution in electric discharges through 
water vapor. 

Breaks in logarithmic curves similar to Fig. 3 have 
been observed in flames with other gases, particularly 
by Gaydon and Wolfhard,! but the cause is unexplained 
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Fic. 4. A plot of Ex’—Ex vs log(Ax’/Ax) for the Re branch 
of the (0<>0) band of OH in the inner cone of a stoichiometric 
mixture. 


when experimental errors have been eliminated. Con- 
tinuous temperature gradients in the flame would not 
be expected to cause such an abrupt change in the in- 
tensity distribution but Dr. Henry Crosswhite (by 
private communication) of the Johns Hopkins Uni- 
versity has suggested that such a distribution would be 
expected from two distinct temperature regions. As- 
suming that there are two temperature regions, it is 
possible to separate the effect of the intensity of the 
“cold” region from that of the “‘hot.’’ When the straight 
line for the higher rotational states of Fig. 3 is extra- 
polated to the lower states, and these extrapolated in- 
tensities are subtracted from the measured values, the 
intensity of the “cold” region alone (lower curve on the 
left side of Fig. 3) is found to correspond to a tempera- 
ture of 1500°K. 

It might be expected that this “cold” region would 
be associated with the cooler outer cone, but the in- 
tensity of emitted radiation in the outer cone was of 


90. Oldenberg, Phys. Rev. 46, 210 (1934). 
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the order of 1/25 of that in the inner cone. Conse- 
quently its effect on the distribution would not be ob- 
served. This extremely low intensity of emission made 
it impossible to obtain a meaningful intensity distribu- 
tion in the outer cone since even the intensity from the 
inner cone was so weak that thermal noise from the 
first surface of the photomultiplier tube was trouble- 
some. The entire measured radiation must come from 
the inner cone, since the radiation from the outer cone 
alone was too weak to be observed on the background 
of the more intense emission from the inner cone. Con- 
sequently, it seems reasonable to assume that the two 
temperature regions are evidence of a two-stage com- 
bustion process occuring within the narrow region of 
the inner cone. A two-stage reaction is known to occur 
in compression-ignition engines!® and under some 
conditions a ‘‘pre-flame” reaction appears to be com- 
pleted before the final burning occurs. In flames of 
ether mixed with air, Powling" has separated the “cool 
flame” from the ordinary “hot” flame. Although there 
is no evidence from low temperature reaction studies® 
of methane-air mixtures that a two stage process exists, 
it is known that acetylene is formed in a methane flame. 
The formation of these larger molecules might lead to 
conditions under which a two stage reaction could take 
place. Another possibility which exists for the forma- 
tion of a two temperature region, and which would 
account for the experimental facts, is the existence of 
two different intermediate reactions giving rise to ex- 
cited OH with separate rotational distributions. Until 
more experimental evidence is available, it is not 
possible to consider and eliminate all reasonable possi- 
bilities for the two temperatures. 

For the purpose of discussion, let the reaction pro- 
ducing excited OH with a rotational distribution corre- 
sponding to 1550°K be called reaction @ and that 
producing radicals with a rotational distribution corre- 
sponding to 5200°K be called reaction 6. The relative 
numbers of radicals formed in these two reactions can 
be calculated from the experimental results if it is 
assumed that the only loss of excited OH is by radiation 
to the ground state. Following the approximation of 
Herzberg® which is sufficiently good at the high tempera- 
tures found in this flame, it is possible to find the total 
number of radicals, V, from the rotational state sum, 


Q,, and the number of radicals, Vx, in some particular 
level, K. 


- xQ, 


N= ; exp(Ex/kT) 





K(K+1)Nx 


= —————-FKT exp(Ex/kT). (5 
(2K+1)Ex hein, 


According to Eq. (1), Vx is proportional to Ix/Axzand 


0 J. Levedahl and F. Howard, J. Research Natl. Bur. Standards 
46, 301 (1951). 
"J. Powling, Fuel 28, 25 (1949). 
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therefore the intersection in Fig. 3 of the curves for 
the two reactions gives the energy, E;, at which the 
reactions form the same number of radicals. E; is the 
rotational contribution to the energy, whereas, Fig. 3 
shows the total energy. The ratio of the number of 
OH radicals formed in reaction a to the number formed 
in reaction b is 


N./Nv= (T./T>) exp E;/k(1/Ta— 1/T>) J 
= (1550/5200) exp[(163/0.695) (1/1550 
_ 1/5200) ]= 0.3. (6) 


Thus for every OH radical formed by reaction a, three 
are formed by reaction b. 

Absorption measurements in the inner and outer 
cone of the same stoichiometric flame gave a rota- 
tional temperature of 2000+100°K in both cones, as 
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Fic. 5. Plots of log(Iz/Axxr) vs Ex for the Rz branch in ab- 
sorption of the (0¢>0) band of OH(?#2<"II) in the inner and outer 
cones of a stoichiometric methane-air flame. 


shown by the representative results in Fig. 5. The un- 
certainty of +100°K is estimated from data of over 30 
measurements of the inner and outer cones. Since the 
same temperatures were observed in the inner and 
outer cones, the rotational states of unexcited OH ‘are 
probably in thermal equilibrium in both regions. 

In addition to giving the temperature of the ground 
state, absorption measurements can be used to deter- 
mine the concentration of the absorbing molecules. 
Following the approximation given by Gaydon® for 
the integrated absorption coefficient, the number of 
OH radicals per cubic centimeter, in the Lth state 
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N 1, is given in terms of the observable quantities as 


ue I abs/ Io 
rae 
2e*f Ax 

uw and e are respectively the mass and charge of an elec- 
tron; c is the speed of light; J.,;/Jo is the fraction of 
light absorbed at the center of a spectral line of half- 
width Av by an absorbing region of thickness Ax; and 
f is the “f-number” of the absorbed line. Neglecting 
the change of temperature within the hot gases and 
using the edge of the visible cone as the extent of the 
absorbing region, Ax of the outer cone was approxi- 
mately 2 cm. For the R2 (3) line, the measured values 
of Av and J,,;/Io were of the order of 0.8 cm and 0.06, 
respectively. Using the corrected ‘“f-number,” 4.6 
X10-, of Oldenberg and Dwyer’ for this line, V3 is 
found to be 0.910" OH radicals per cm*. The total 
number of OH radicals per cm* in the ground state as 
calculated from Eq. 5 is 8X 10". This value is in reason- 
able agreement with that of 210" given in the tables 
calculated from thermodynamic data by Hottel, 
Williams, and Satterfield” for the equilibrium con- 
centration at 2000°K. 

It is difficult to estimate with any certainty the 
accuracy of the calculated concentration, because of 
the numerous possible sources of error. In addition to 
the errors inherent in the assumptions used in deriving 
Eqs. (5) and (7), the largest uncertainties are: in lack 
of knowledge of the temperature and its distribution in 
the hot region; in the measurements of the half-width 
of the spectral line; and in the fraction of radiation 
absorbed at the center of the line. The effect of the 
latter appears to be negligible, because it was found 
that the monochromator slit could be increased to 
more than double its optimum width for maximum 
resolution before the overlapping of radiation from 
adjacent wavelengths reduced the absorption notice- 
ably. The resultant of all these errors is not likely to 
cause the measured concentration to be in error by 
more than a factor of five. 

It is difficult to determine quantitatively the dif- 
ference in concentrations of OH in the inner and outer 
cones because the inner cone cannot be observed except 
through a region of the outer cone. However, the rela- 
tive absorption intensity in the two regions indicate 
that the concentration of OH in the inner cone is 
greater by a factor of at least 2.5. This value was 
estimated from measurements which show that in- 
tensities of absorption lines in the inner cone were 25 
percent greater than those in the outer cone. The thick- 
ness of the outer cone surrounding the inner cone was 
about 3 that of the outer cone above the tip of the inner 
cone. At atmospheric pressure the visible region of the 
inner is about 0.2 mm thick. 

It will be noticed that the experimental value for the 





2 Hottel, Williams, and Satterfield, Thermodynamic Charts for 
Combustion Processes (John Wiley and Sons, Inc., New York, 1949). 
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first absorption lines in the inner cone (lower curve of 
Fig. 5) do not lie on the straight line through the other 
points, but are somewhat higher. Although the separa- 
tion of these points from the straight line is only 
slightly greater than the experimental error, the effect 
was found only for the inner cone and never for the 
outer cone alone. These facts show that there are more 
OH radicals in the first (and possibly other lower levels) 
than is to be expected from a maxwellian distribution 
of the radicals among the energy states. An average of 
six measurements showed an excessive absorption of 
the first state of about 30 percent. This extra population 
of the first state in the inner cone may be due to the 
superposition of two temperature regions, as has been 
postulated for the excited state. Also it is possible that 
this extra population may come about as a result of 
the type of phenomena that would be expected from 
Golden’s* quantum-mechanical theory of reaction rates. 

Measurements made with methane-air mixtures vary- 
ing from 0.75 to 1.25 of stoichiometric fuel gave results 
similar to those made on stoichiometric mixtures, and 
need not be presented here. 


2.3 Line Reversal Temperatures 


The line reversal method" of measuring gas tempera- 
ture is probably used more widely than any other spec- 
troscopic means because of the relative simplicity of 
the apparatus and of interpreting the measured quan- 
tities. Essentially the method consists of comparing 
the intensity of monochromatic radiation emitted by 
the hot gases with the intensity of light of the same 
wavelength emitted by a continuum source at a known 
temperature. This method gives the excitation tem- 
perature of the atoms or molecules whose radiation is 
being observed. For gases in equilibrium, this tempera- 
ture is equal to the thermodynamic temperature. Al- 
though various reversal temperatures of methane-air 
flames were determined, the procedure for making such 
measurements is so well known that the method need 
not be described in detail. 

A large number of careful determinations of tempera- 
ture were made using a flame totally colored with 
sodium (5890, 5896 A.U.). The sodium was introduced 
into the air stream as sodium-chloride vapor. These 
measurements showed that the measured temperature 
depended upon the region of the flame that was ob- 
served. The maximum temperature was found about 
3 mm above the tip of the inner cone. Care was taken 
with the optical alignment and apertures of the lenses 
so that no errors from these sources would enter. For 
a stoichiometric mixture of methane and air, this 
measured maximum temperature was 2075+ 10°K. The 
uncertainty of 10°K is the accidental error in the meas- 
ured temperature of a given flame, and does not include 
the unknown systematic errors of the method of meas- 

13S, Golden, J. Chem. Phys. 17, 630 (1949). 


4 For example, see E. Griffith and J. H. Awberry, Proc. Roy: 
Soc. (London), 123A, 401 (1929). 
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urement. Determinations made through the inner cone 
yielded temperatures about 35°C less than the maxi- 
mum. This is probably due to a lack of thermal equi- 
librium between the newly formed sodium atoms and 
the hot gases. The measured temperature is some 125°C 
lower than that calculated from specific heat data. This 
difference is probably the result of the cooling of the 
gases by the surrounding atmosphere. 

Mercury was introduced into the flame by allowing 
the air to bubble through liquid mercury; and by a 
mercury line reversal method (at 2537 A.U.) the tem- 
perature in the inner cone was observed to be 2500°K. 
This value may include an error by as much as 10 
percent because of the uncertainty in the value of the 
reflectivity at this wavelength of the concave aluminum 
mirror used to focus the image of the strip lamp on the 
flame. Because of the large amount of cold mercury 
within the inner cone, it was expected that the measured 
temperature might be much lower than the theoretical 
flame temperature. However the high measured value 
is another indication of excess energy in some energy 
states within the reaction zone. The non-equilibrium 
amount of emitted mercury radiation might be caused 
by collisions of the second kind between mercury atoms 
and highly excited molecules. It is also possible that 
the mercury may actually enter into the chemical 
reactions. 

Using an OH line, the reversal temperature was 
found to be 2300°K, a high value that might be ex- 
pected from the excessive radiation already mentioned. 
There was also a measurable difference in temperature 
depending upon the OH rotational level observed, the 
temperature being higher for higher energy levels. For 
example, the temperature determined from the R» (9) 
transition was 20° higher than that determined from 
the Q; (6) line. This difference is not significant as a 
temperature but emphasizes the lack of meaning of the 
measured value when thermal equilibrium has not been 
attained. 

A study of the line reversal method is being under- 
taken at this laboratory and further details will be 
published in the future. 


2.4 Methane-Oxygen 


As a check upon the emission from methane-air 
flames, measurements were made of the rotational dis- 
tribution of the OH band in a stoichiometric methane- 
oxygen flame burning above an acetylene torch having 
a port diameter of 1.6 mm. Although there is a small 
amount of self-absorption of the intense lines of the 
R, branch, the iso-intensity method? shows that the 
temperatures of the inner and outer cone were re- 
spectively 3000°K and 2700°K. The temperature in the 
outer cone is in good agreement with the rotation tem- 
perature of approximately 2600°K measured by Shuler’? 
in a similar flame. The lower temperature of the outer 
cone probably is a result of the cooling by the sur- 
rounding atmosphere. No indication of abnormal dis- 
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tribution was found in this flame. Absorption measure- 
ments were not made on the flame of methane and 
oxygen because no appropriate light source with a 
brightness temperature greater than 3000°K was 
available. 

Gaydon and Wolfhard® report that rotational tem- 
peratures of OH at low and high energy levels are 
2800°K and 7500°K, respectively, in flames of methane 
and oxygen at low pressure. The values reported here 
for flames at atmospheric pressure agree well with the 
low energy value, but no evidence of abnormal in- 
tensity at higher levels was noticed, even though the 
R: branch was measured to the 27th line. 

The various temperatures of the stoichiometric mix- 
tures are summarized in Table I. All the measured 
temperatures are affected by the averaging over the 
cooler regions surrounding the hotter core of the flame. 


3. DISCUSSION AND CONCLUSIONS 


In methane-air flames, the emission of OH is stronger 
in the inner cone than in the outer cone. This phe- 


TABLE I. Temperatures in methane-air flames. 








Temperatures 
Inner cone Outer cone 
OH rotational distribution °K 





Emission 
Low quantum numbers 1550 
High quantum numbers 5200 
Absorption 2000 2000 
Reversal 
Na (5890, 5896) 2040 2075 
Hg (2537) 2600 
OH (3089) 2400 
Calculated (methane-air)!” 


2200 (max) 
Calculated (methane-oxygen)” 


3050 (max) 








nomenon and the abnormally high rotational tempera- 
ture of the higher energy state may be due to chemi- 
luminescence. Gaydon and Wolfhard! have suggested 
that OH may be formed in the electronically excited 
state as a result of the strongly exothermic reaction 


CH+0;-0H’+CO. (8) 


Although this suggestion is reasonable, a mechanism 
to account for a distribution of energy states that will 
lead to the straight lines shown in Fig. 3 is difficult to 
conceive. Perhaps this distribution can be explained by 
Eq. (8) and calculations of the type that Golden and 
Peiser used to predict an abnormal rotational dis- 
tribution of HBr produced by the reaction between 
atomic bromine and molecular hydrogen at 500°C. The 
HBr is predicted to have a temperature below that of 
the ambient temperature, whereas in methane-air 
flames the abnormal temperature is greater than the 
equilibrium value. This might be due to the formation 
of OH in an exothermic reaction. In the hotter methane- 
oxygen flame at atmospheric pressure the intensity of 








emission from OH in thermal equilibrium is probably 
sufficiently high to mask the weaker chemiluminescence. 
This does not rule out the possibility of detecting such 
abnormal distribution at low pressures, where the 
number of OH radicals produced thermally is much 
smaller. 

Although absorption measurements show thermal 
equilibrium so far as the rotational energy of the ground 
state of OH is concerned, the non-equilibrium number 
of unexcited radicals in the inner cone indicates that 
OH is not in chemical equilibrium within the burning 
zone. This increased amount of unexcited OH in the 
inner cone might be caused by the transition of radicals 
from the excessive number in the excited state. The 
radicals in the ground state may reach thermal equi- 
librium by collisions before being consumed in chemical 
reactions. The excessive absorption of the first rota- 
tional level in the inner cone again can be considered 
as evidence of a two stage combustion or it might come 
about from the lack of time to reach thermal equilibrium. 

The available experimental evidence does not permit 
a firm choice among the various possible explanations 
that can be advanced for the observed abnormal con- 
ditions. However, one consistent and plausible explana- 
tion of the experimental facts is as follows. Electronic- 
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ally excited OH may be formed in two reactions, occur- 
ring simultaneously within the flame. Both reactions 
may form OH with a Boltzmann distribution of rota- 
tional energy in the excited state. One reaction may form 
OH with a rotational distribution equivalent to 5200°K, 
while the other reaction may form OH with a rotational 
distribution in the neighborhood of 1550°K. The ex- 
cited OH may radiate before reacting with other 
particles in the flame zone and before the excess rota- 
tional energy is distributed among the other modes of 
energy by collision. In the ground state, OH reacts 
with the other molecules and except for the lowest 
rotational states, assumes an equilibrium rotational 
energy distribution. 

Until both the intermediate reaction steps and the 
energy distribution of products from these steps are 
known, it will be difficult to interpret fully the com- 
plicated conditions within a flame region. However, 
attempts to interpret spectra of flames may prove to 
be an important step in the development of tenable 
theories of flame propagation. Experimental studies 
using fuels that are simpler than methane may yield 
data which are less involved, and thus lead to more 
rapid progress. Such studies with hydrogen are now in 
progress at the National Bureau of Standards. 
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The hamiltonian for systems isoelectronic with neon is treated by perturbation methods. The energy of 
ionization of such systems is represented by a four-term expression (i.e., to third order of perturbation) ; the 
two leading terms are calculated, spectroscopic data for isoelectronic systems are used to evaluate the 
constants in the two remaining terms. The electron affinity of fluorine is estimated to be 7343 kcal/g atom. 
The corresponding dissociation energy of fluorine, as inferred by the Born-Haber cycle, is estimated to be 18 
kcal/mole, to an accuracy believed better than +12 kcal/mole. 





PRINCIPLE OF THE CALCULATION! 


HOOSING as the unit of mass the reduced mass of 

an electron with respect to its atomic system, and 

taking the electronic charge to be of unit magnitude, 

then the hamiltonian for the relative motion of n point 

electrons, about a point nucleus of charge Z, may be 
written as H+ H’ where 


H=): [2p?-(Z—-S)r7] 
H’= Dies ii — fi pj J-—Di Sr. 


Herein ¢e denotes the reciprocal of the atomic mass, and 
the shielding constant S is a separation artifice. H’ is 
regarded as a perturbation on the exactly soluble 
system. Setting Planck’s constant equal to 27, and 
adopting the second as the unit of time, completes the 
definition of units. 

Let u;(z) denote the unperturbed wave function of the 
jth electron having quantum numbers n‘, /', m’, and s*. 

Let 


and 


ui(a) +++ u,(a) 


7 nalmlc) +++ unlc) 
¢(A)=(n!)-3 nd) 2. wed)" 
ui(n) +++ Up(n) 


Let 


6(B)= (ny, 


and suppose that several rows of ¢(B) appear also in 
¢(A), though they need not be corresponding rows. By 
¢(B’) is denoted the expression derived by permuting 
the rows of ¢(B) so that rows common to ¢(B) and ¢(A) 
are in corresponding positions. 








Thus 
ui(a) +++ tn(a) 
HB I= (HD ED) 
u(n) «++ uU,(n) 


* Extract from dissertation submitted to Leland Stanford, Jr., 
University, in partial fulfillment of requirement for degree of 
Doctor of Philosophy. 

} The writer is indebted to his employer, The Defence Research 
Board of Canada, for generous financial support without which his 
studies at Stanford University would have been impossible. 
Present address : Experimental Station, Suffield, Alberta, Canada. 

‘ Development follows as closely as possible notation of E. U. 
Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge 
University Press, Cambridge, England, 1935). 
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which is row for row identical with (A), except that 
rOWS 1;(y)***Un(y), 1(6)-+-un(6), etc., differ from 
ui(c)-+-un(c), ui(d)---u,(d), etc., as they must since 
they pertain to quantum numbers not common to ¢(B) 
and $(A). Clearly, 


¢(B) = (—1)‘9(B’), 
where ¢ denotes the number of interchanges required to 
bring ¢(B) to $(B’). 
The perturbation is seen to consist of terms of type 


G=)> ic; gi; and of type F=)°; f;. Slater’s treatment! 
shows that? 


(A/G/B)=> -<a[(cd/g/cd) — (cd/g/dc) | if ¢(B’) = (A) 
=(—1)'d). [(cd/g/cé)—(cd/g/dc)] if (B’) 
and (A) differ by one row (6#d) 
= (—1)[(cd/g/76)—(cd/g/5y)] if ¢(B’) and 
¢(A) differ by two rows (y¥c; 6¥d) 
=0 if ¢(B’) and ¢(A) differ by more than two 
rows. 
(A/F/B)=)¢ (c/f/c) if o(B’)=9(A) 
= (—1)‘(d/f/6) if ¢(B’) and ¢(A) differ by one 
row (6d) 
=0 if ¢(B’) and ¢(A) differ by more than one 


row. 


Since L,, L*, S,,and S? commute with the hamiltonian, 
the wave functions may be chosen to be single expres- 
sions of the type ¢(A). 

The energy of the ground state is given (to third 
order of Rayleigh-Schroedinger perturbation) by 


Held 
EH wt+Hw' +>.’ ——— 
® Ho— Hx 

Hox’ Hin’ H no 





+ / / 
x " (Hoo— Hix) (Hoo—H nn) 
ee 
—Ho' >> a | (1) 
® (Hoo— Hix)? 


where the subscript » refers to the ground state, while 


*(4/G/B)= f'--- { @*(A)G$(B)dry-+-drn and (cd/g/78) 


=Ds, Lse SISS SS ui*(n°, 1*, m°, s°)us*(n4, 14, m4, s4) 


X gi2tta(n7, LY, m7, s7)uo(n®, 1°, m®, s®)dridre etc., after the Dirac 
notation. 
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subscripts ;, and , refer to excited states. It is proposed 
to estimate the difference in energies between systems in 
the 1s°2s°2p*, 1So state, and the corresponding systems 
with an electron removed, in the 15°2s°2p°, 2P; state, by 
use of this expression. (The configurations 1s?2s?2p° and 
15°2s2p* are degenerate in the unperturbed system; this 
leads to no complication, however, since these con- 
figurations are of opposite parity, while H’ is of even 
parity.) The summations are assumed to converge. 
Since «1, contributions from the term € >> i<; pi- pj are 
neglected. 

For all members of an isoelectronic sequence the 
various terms in the Rayleigh-Schroedinger expression 
(1) will differ only by powers of the scale factor (Z—5S). 
Specifically, the energy of any member of an isoelectronic 
sequence, having nuclear charge Z, is given by an ex- 
pression of the form, 


E(Z)=A(Z—S)+ B(Z—S)+C+D(Z—S)*, (2) 


where A, B, C, and D (all of which, of course, pertain to 
the same specific electronic configuration) are finite and 
independent of Z, and pertain to perturbation contribu- 
tions of orders zero through three, respectively. 

In the simplest of variation treatments, the energy of 
an atomic system is estimated using, as trial function, an 
antisymmetric function composed of products of hydro- 
genic functions for the individual electrons; and the 
nuclear charge is regarded as the parameter of variation. 
The first-order perturbation treatment of this paper, 
with optimum choice of S, is equivalent to such a 
variation calculation. In the variation calculation of the 
energy of the ground state, the optimum screening con- 
stant S is such that the decrease in the estimate of the 
binding energy of the system, due to first-order terms in 
the interelectronic repulsion is 2A(Z—.S)5S. (This latter 
term being the increase in binding energy associated 
with the increase of nuclear charge from the unper- 
turbed (Z—S) to the actual Z, treating this increase of 
nuclear charge as an infinitesimal.) But S so determined, 
is optimum for the estimation of the energy of the 
entire system; in a neon-like structure the 1s electrons 
will experience a field greater than that due to a nuclear 
charge (Z—S), while the 29 electrons will be less tightly 
bound. 

To obtain the S appropriate to the estimation of the 
ionization potential, the energies of the interactions of 
the six 2 electrons with the 1s and the 2s electrons and 
with one another are calculated; one-sixth of the sum 
gives an average energy of repulsion per 29 electron. S 
is so chosen that the perturbation of the nuclear charge 
increases the binding energy of each 2 electron to 
cancel exactly this average energy of repulsion, S again 
being treated as an infinitesimal. The fact that the field 
from a nuclear charge (Z—S) fails to approximate 
closely that experienced by the 1s and 2s electrons is of 
minor consequence, since terms not involving the 2p 
electrons will not appear in the expression for the 
ionization energy. 
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S is chosen the same for the fluorine configuration as 
for the neon-like structure, then termwise subtraction of 
expressions of type (2) appropriate to the 15°2s?2° and 
to the 1s°2s°2p* configurations yields an estimate of the 
ionization energy [(Z): 


I(Z)Xa(Z—S)2+b(Z—S)+c+d(Z—S). (3) 


Define 
Q(2Z)=1(Z)—a(Z—S)?—b(Z—S) 
and 
Q0'(Z)=c+d(Z—S). 


I(Z) is known from spectroscopic data for systems 
isoelectronic with the ground state of neon for Z>10; 
hence, Q(Z) is known for Z>10. The constants c and d 
are evaluated by setting Q’(10)=Q(10) and Q’(11) 
=(Q(11). Using the values of ¢ and d so determined, 
Q’(12) and Q’(13) are calculated; it is found that these 
approximate Q(12) and Q(13) so closely that one sets 
Q’(9)0(9) with considerable confidence. The estimate 
of the electron affinity of fluorine is then determined 
from 


I(9)=0'(9)+-a(9—S)?+4(9—S). 


The spin-orbit interaction is excluded from the 
hamiltonian deliberately—for when this is present the 
contribution to the mth order of perturbation is no 
longer proportional to (Z—S)*-". To compensate for 
this omission the spectroscopic term values must be 
referred to the center of gravity of the multiplet, for 
purpose of determining /(Z). 


DETAILS OF CALCULATION 


From the theory of the hydrogen atom it is evident 
that 
a=0.125000. 


It is readily seen that 6 must satisfy 


b(Z—S) = —2J (2p, 1s)—2(2p, 2s) —4] (2p 2p) 
—J(2p,, 2p.)+ K(2p, 1s)+K (2p, 2s) 
+2K (2p 2, 2p2)+S(2p./r'/2p:); 


where J(29, 1s) denotes the direct integral (29, 1s/r;j7/ 
2p, 1s) and K(2p, 1s) denotes the exchange integral 
(2p, 1s/r;j+/1s, 2p) etc. Substituting termwise, we have 


b= —2(0.242798) —2(0.162109) —4(0.174609) 
—0.195703-+-0.017070+-0.029297 
+2(0.010547)+0.250000S. 


Similarly, S is determined from 
12J(2p, 1s)+-12J (2p, 2s)+-12I(2p2, 2p:) 
+3J(2p2, 2p2)— 6K (2p, 1s)—6K (29, 2s) 
—6K(2p., 2p.) —6S(2p,/r-1/2p.) =0, 
i.€., 
12(0.242798)+ 12(0.162109)-+ 12(0.174609) 


+-3(0.195703) — 6(0.017070) — 6(0.029297) 
— 6(0.010547) — 1.500000S =0. 
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From these one finds 


S=4.799878, 
b= —0.436522. 


To convert from term values to the unit of energy 
herein employed one has only to divide the term value 
by twice the Rydberg constant appropriate to the 
system. The spectroscopic term values of the 15?2s?2p°, 
'So state with respect to the 1s?2s’2p5, *P; state for 
various Z values are tabulated in Table I; also tabulated 
is one third of the 15°2s?2p5(?P;—*P;) separation.’ These 
must be added to give the term value from which J(Z) 
is obtained. 

By substituting for a, b, S, and 7(Z), the value of Q(Z) 
is determined. Table II presents the details of the 
calculation ; Q’(Z) is identified with Q(Z) at Z=10 and 
11; Q’(12) and Q’(13) are included for comparison with 
Q(12) and Q(13). Q(12) and Q(13) straddle the Q’(Z) line 
and the agreement is within the accuracy of the term 
values used to evaluate Q(12) and Q(13). 

Estimating from column (Z=9), (9)=0.11679. Con- 
verting this to wave numbers, and subtracting one third 
of the doublet separation in F spectrum, one obtains a 
term value corresponding to 72.86 kcal/g atom for the 
electron affinity of fluorine. 

It is not a straightforward matter to assign a probable 
error to this estimate. It will be noted that, in estimating 
the electron affinity, relativistic effects have been 
ignored. The Thomas term has, of course, been taken 
into account in referring the term value to the center of 
gravity of the multiplet. The term in 0¢/0r of the Dirac 
hamiltonian affects the energy levels of the s states only, 
for first-order perturbation of a coulomb potential. 
Consequently, the only neglected term is that corre- 
sponding to the relativistic mass correction. Inclusion of 
this term as a perturbation, increases the estimate of the 
affinity of fluorine by less than 1 kcal/g atom. If any 
systematic error is anticipated, surely this will be a 
tendency to overestimate the electron affinity, since the 
extrapolation formula is singular at Z=4.799878. The 
writer believes the electron affinity of fluorine to be 
73+3 kcal/g atom.! 


THE INFERRED DISSOCIATION ENERGY 
OF FLUORINE 


Mayer and Helmholz® have applied the Born-Haber 
cycle to the estimation of electron affinities of the 
halogens. They assert that their calculated values of 


3 Taken from R. F. Bacher and S. Goudsmit, Atomic Energy 
States (McGraw-Hill Book Company, Inc., New York, 1932), and 
from Annual Tables of Physical Constants and Numerical Data 
(Frick Chemical Laboratory, Princeton, New Jersey, 1942). This 
latter source contains a typographical error in that the term values 
for Na II are stated to be with respect to *P; state of Na III, while 
in fact they are referred to the *P3 ground state of Na III, as is 
apparent from a paper by J. E. Mack and R. A. Sawyer, Phys. 
Rev. 35, 299 (1930). 

* Discussed more fully in writer’s dissertation, “On the Electron 
Affinity of Fluorine—an Estimate of the Electron Affinity with a 
Discussion of the Inferred Dissociation Energy,” Stanford Uni- 
versity, 1951. 

5 J. E. Mayer and L. Helmholz, Z. Physik. 75, 19 (1932). 
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TABLE I. Spectroscopic data for the determination of J(Z). 











4 (1S9 —2P3/2) cm=1 $(2?P 3/2 —2P 1/2) cm=1 I(Z) 
9 135 

10 173930 261 0.793694 

11 381528 455 1.740483 

12 646364 742 2.948497 

13 967783 1147 4.414860 








TABLE II. Parameters in Eq. (3) for isoelectronic series. 











Z=9 Z=10 Z=i11 Z=12 Z=13 
I(Z) ? 0.79369 1.74048 2.94850 4.41486 
—a(Z—S)? —2.20513 —3.38016  —4.80519  —6.48022  —8.40525 
—b(Z —S) 1.83345 2.26997 2.70649 3.14301 3.57953 
—0.31650  —0.35822 —0.38871 —0.41086 
Q’(Z)* —0.25489 -—0.31650  —0.35822 —0.38838  —0.41117 








* ¢ = —0.57527; d =1.34563. 


lattice energies are reliable to +3 kcal/mole; since the 
principal source of error in the thermochemical cycle 
lies in the lattice energy this is probably the error that 
should be assigned to the cycle. The excellent agreement 
between the directly measured affinities of chlorine,® 
bromine,’ and iodine® and the estimates by Mayer and 
Helmholz suggest that this is indeed the case. 

Accepting this accuracy, and assuming the electron 
affinity of fluorine to be 733 kcal/g atom, the inferred 
dissociation energy of fluorine would be about 18+12 
kcal/mole. 

An excellent review of the existing state of confusion 
on the thermochemistry of fluorine and related com- 
pounds as they affect the estimation of the dissociation 
energy of fluorine is due to Evans e¢ al.? They conclude 
“that the experimental data at present available as a 
whole indicate strongly a value for D(F:) of about 37 
kcals g mole, certainly not greater than about 45 
kcals g mole.” Their recommendation of 37+8 kcal/ 
mole is barely compatible with the estimate of this 
paper. 

More recently Schumacher" has reported that, on the 
assumption that the complete dissociation of fluorine 
oxide requires approximately twice the energy of dis- 
sociation of one fluorine atom, the energy for complete 
dissociation of fluorine oxide is 81-6 kcal/mole. The 
heat of formation of fluorine oxide he gives as —7+2 
kcal/mole. The inferred dissociation energy of fluorine is 
30+8 kcal/mole. 

Note added in proof:—In a letter to this Journal (J. Chem. Phys. 
19, 1070 (1951), Doescher reports an experimental determination 
of the heat of dissociation of fluorine. His results indicate that the 
error in the calculated lattice energy for alkali fluorides together 
with the error in the writer’s estimate of the electron affinity of 


fluorine must be about 10 kcal/mole rather than 6 kcal/mole as 
the writer had estimated. 


6 McCallum and Mayer, J. Chem. Phys. 11, 56 (1943). 

7Weissblatt, dissertation, The Johns Hopkins University, 
Baltimore, Maryland, 1938. 

8 Sutton and Mayer, J. Chem. Phys. 3, 20 (1935). 

® Evans, Warhurst, and Whittle, J. Chem. Soc., 1524 (June 
1950). 

10H. J. Schumacher, Chem. Abstracts 45, 2300° (1951). 
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The absorption of gaseous diazoethane begins at about 5400A, increases to a broad maximum of e=3.5 


at 4500A and falls to a minimum of e=0.15 at 3200A. At wavelengths shorter than 3000A a second region 
of rapidly increasing absorption is found. The absorption curve of diazomethane is similar in general shape 
to this curve but shifted somewhat toward shorter wavelengths. The absorption of diazoethane is con- 
tinuous over its entire region while in the visible region diazomethane shows a number of broad and very 
diffuse bands from about 4300A to 3200A which probably overlie a continuum. The presence of 2-butene in 
the photolysis products of diazoethane is explained by the combination of ethylidine radicals formed by 
the primary photochemical process 


CH3;CHN2+/v~>CH;CH+Nz. 





DETERMINATION of the gaseous ultraviolet 
and visible absorption spectra of diazomethane 
and diazoethane has been made as a preliminary to the 
investigation of the photolysis of diazoethane. The 
quantitative evaluation of the spectra was carried out 
similar to the method employed by Blacet, Young, and 
Roof.! A Bausch and Lomb large littrow spectrograph 
with interchangeable glass and quartz optics was used 
to take nine photographic plates covering the room 
temperature (about 27°C) absorption of the two com- 
pounds from 2500 to 6000A. The diazoalkanes were 
introduced into a silica cell with plane parallel windows 
which was in the almost parallel light beam from a 
Beckman hydrogen discharge or an incandescent lamp. 
Cell lengths of 25 cm and 56 cm and diazoalkane pres- 
sures from 5 mm to 200 mm of mercury were used. 
Each plate was calibrated by recording a series of ex- 
posures in which the source intensity was reduced to 
different fraction transmissions with moving calibrated 
screens interposed in the light path. A reference spec- 
trum from a mercury arc was used for wavelength 
calibration. Tracings made by a Henson? recording 
microphotometer of both the intensity calibrations and 
the absorption spectra were used to calculate the mole- 
cular extinction coefficients from the equation 
e= 1/cl logiolo/T, 

where c is expressed in moles/liter and / in cm. These 
coefficients are plotted as a function of wave number 
in Fig. 1. 

The similar spectra of the two compounds consisting 
of a visible region of moderate absorption followed by 
an ultraviolet region of rapidly increasing absorption 
compare well in general form to the gaseous diazo- 
methane spectrum determined by Kirkbride and Nor- 
rish* and the absorption of both compounds in cyclo- 
hexane solution given by Adamson and Kenner.‘ 

1 Blacet, Young, and Roof, J. Am. Chem. Soc. 59, 608 (1937). 

2 Leighton, Smith, and Henson, Rev. Sci. Instr. 5, 431 (1934). 


3 F, W. Kirkbride and R. G. W. Norrish, J. Chem. Soc. 1933, 


119 (1933). 
4D. W. Adamson and J. Kenner, J. Chem. Soc. 1937, 1551 


(1937). 
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The absorption of diazoethane was continuous in 
both the visible and ultraviolet regions. Atlhough care- 
ful observation of the diazomethane spectrographic 
plates seemed to indicate continuous absorption also, 
the microphotometer tracings showed a number of 
very weak, broad, and diffuse bands between 4300 and 
3200A which appeared to overlie a continuum. The 
series of eight diffuse bands found by Kirkbride and 
Norrish between 4710 and 4250A could not be de- 
tected by either careful visual inspection of the plates 
or from the microphotometer tracings. In addition, the 
extinction coefficients given by Kirkbride and Norrish 
are about double those determined in the present study. 
It is believed that these differences could possibly be 
explained by the presence of impurities in the diazo- 
methane used by Kirkbride and Norrish. In our study 
the diazoethane prepared by the action of sodium cyclo- 
hexoxide on N-nitroso-6-ethylaminoisobutyl methy] ke- 
tone in cyclohexanol solvent' had to be carefully purified 
by repeated distillation in order to remove impurities 
which caused significant differences in the absorption 
curve. Diazomethane prepared by reacting aqueous 
sodium hydroxide and nitrosomethy] urea‘ in di-z-buty] 
ether solvent seemed to contain negligible amounts of 
impurities. 

The presence of radicals in the low temperature 
pyrolysis® and the ultraviolet photolysis’ of diazo- 
ethane has been indicated by the removal of metallic 
mirrors. The similarity of the absorption of diazoethane 
and diazomethane could well indicate that the primary 
photochemical reactions of the two compounds are 


CH.No+ hv—CH_+ No (1) 
CH;CHN.+ hyv—CH;CH+ No. (2) 


5 Newer Methods of Preparative Organic Chemistry (Inter- 
science Publishers, Inc., New York, 1948), p. 564. 

6 Barrow, Pearson, and Purcell, Trans. Faraday Soc. 35, 880 
(1935). e 

7 Volman, Leighton, Blacet, and Brinton, J. Chem. Phys. 18, 
203 (1950). 
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Study*:*® of the reaction kinetics and the ultimate 
products from the first of these reactions seems to 
establish the occurrence of methylene radicals of appre- 
ciable stability. If the radicals causing the mirror re- 
moval observed in the diazoethane photolysis are 
ethylidine radicals of some stability, the reaction 
products should include compounds resulting from 
combination of this radical 


2CH;CH->CH;CHCHCH; (3) 


or reactions of ethylidine with other molecules in the 
mixture. 

Several gas phase photolyses of diazoethane at about 
200 mm pressure were run almost to completion, The 
unfiltered light of a Hanovia-Type A medium pressure 
arc was used to irradiate the gas in a cylindrical silica 
cell. The gaseous reaction products obtained were 
analyzed by a Consolidated Mass Spectrometer. A 
typical analysis obtained on basis of nitrogen as 1.00 is 
N= 1.00, C;H,=0.61, CH; CHCHCH;=0.06, H2=0.08, 
and C,.H.= 0.06. 

The presence of 2-butene in the products is best ex- 
plained by the formation and combination of ethylidine 
radical by reaction (2) and (3). The large amount of 
ethylene may indicate that a fast rearrangement of 
this radical occurs 


CH;CH—C,H, (4) 
to give ethylene or that a second primary process 
CH3;CHNeo+ hv—-C2Hyt+ No (5) 


§ Norrish, Crone, and Saltmarsh, J. Chem. Soc. 1933, 1533 
(1933). 

°G. B. Kistiakowsky and N. W. Rosenberg, J. Am. Chem. Soc. 
72, 321 (1950). 
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Fic. 1. Absorption spectra of diazoethane and diazomethane. 


produces the major products by a direct intramolecular 
decomposition. The formation of hydrogen and acety- 
lene is probably the result of some related process but 
more study is needed in order to clarify the actual 
mechanism. 

Further investigation of the photolysis of diazoethane 
was discontinued because of the hazard from frequent 
detonations of gas itself and also the liquid even at 
— 180°C. Samples containing impurity were generally 
stable but the danger of explosion seemed to increase 
as the purity was enhanced. 

The authors wish to express their appreciation to 
Dr. J. E. Eastmond of the Western Regional Labora- 
tory for the use of the Henson microphotometer, to 
Dr. Amos Newton and Mr. Laurin Tolman of the 
Radiation Laboratory, Berkeley, for assistance in the 
mass spectrometric analyses, and to the Research Cor- 
poration for financial aid. 
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The solution of the quantum-mechanical eigenvalue problem is discussed for cases when a series of approxi- 
mate eigenfunctions is known. If these “unperturbed” states are divided into two classes, a perturbation 
formula is derived giving the influence of one class of states on the other in the final solution. The formula 
contains as special cases: (i) the Schrédinger-Brillouin formula for the eigenvalue of a nondegenerate state, 
(ii) a new simple formula for treating a class of degenerate states, and (iii) the splitting of the secular equa- 
tion in cases where the system naturally consists of two independent parts in mutual interaction. 





1. INTRODUCTION 


NE of the most important tools for treating the 
fundamental quantum-mechanical eigenvalue 
problem 


Hy= Gp (1) 


is the perturbation method due to Schrédinger.! In its 
conventional form, the operator H has the form 
H=H)+V, and, for the derivation of the perturbation 
formulas, it is usually assumed? that V can be expressed 
as a power series in a perturbation parameter A. An- 
other type of derivation of these formulas has been 
given by Lennard-Jones*® and by Brillouin,* who used 
the secular equation and the theory of bordered deter- 
minants. Here we will show that a still simpler treat- 
ment of the perturbation theory can be given by using 
the system of linear equations® corresponding to the 
secular equation. Dividing the given “unperturbed” 
states into two classes, we will derive a formula which 
explicitly gives the influence of one class of states on 
the other in the final solution of (1). As special cases we 
will obtain the Schrédinger-Brillouin formula‘ for the 
eigenvalue of a nondegenerate state, a new formula for 
the treatment of a class of degenerate states, and finally 
a formula for the splitting of the secular equation for a 
system which naturally consists of two independent 
parts in mutual interaction. Even if these formulas are 
here derived mainly for the application in the theory 
of molecules, they may be useful in other parts of 
quantum mechanics. 


* Work supported by the ONR, under Contract N6ori-107, 
Task Order I, with Duke University. 

{¢ Permanent address: Institute of Mechanics and Mathe- 
matical Physics, University of Uppsala, Uppsala, Sweden. 

1E. Schrédinger, Ann. Physik (4) 80, 437 (1926). 

2 See, for instance, Pauling and Wilson, Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1935) ; 
Kemble, Principles of Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1937); Mott and Sneddon, Wave 
M ~ ae and its Applications (Oxford University Press, Oxford, 
1948). 

a oda) E. Lennard-Jones, Proc. Roy. Soc. (London) 129, 604 
0). 

4L. Brillouin, J. Phys. radium (7) 3, 373 (1932). See also E. Wig- 
ner, Math. naturw. Anz. ungar. Akad. Wiss. 53, 477 (1935). 

5 This idea has previously been used for special purposes by 
E. Gora, Z. Physik 120, 121 (1942-43) and by H. Feshbach, 
Phys. Rev. 74, 1548 (L), (1948). 
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2. THE VARIATIONAL PRINCIPLE 


Here we will not restrict the Hermitian operator H 
to having any special form, and we will only assume 
that we know a system of orthonormalized functions 
vn (n=1,2,---N), which are approximate eigen- 
functions of H. This system may be finite or infinite, 
but it must not necessarily be complete.* We will then 
investigate the best eigenfunctions of H which can be 
formed by linear combinations of the given functions: 


N 
Y= Cn. (2) 


n=1 


For this purpose we introduce the matrix elements of 
the total operator H with respect to the given set: 


Ann= [ve © Ay, dr. (3) 


The coefficients c,, can now be determined by the varia- 
tional principle, which says that the integral 


E= J v*Hypdr / J v*ydr 


2 mala Hala!) mata Casln (4) 


gives an approximate value of ©, and that the best 
approximation is obtained when 6E=0. If E=A/B, 
we have 6E= (6A —E6B)/B, which, for the coefficients 
Cn, gives the system of linear equations: 


N 
> (Amn— Ebmn)Cn=0, m=1, 2---N. (5) 


n=1 


The condition for the existence of a non-trivial solution 
of (5) is Det(Hmn—Eémn)=0, an equation previously 
used by Lennard-Jones* and by Brillouin.‘ Here we will 
instead base our treatment directly on the linear 
system (5). 


6 This is of special importance in the theory of molecules, where, 
for instance in the MO-LCAO-method, we usually know only 4 
few approximate wave functions. 
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PERTURBATION THEORY 


3. A PERTURBATION FORMULA FOR THE MUTUAL 
INFLUENCE OF TWO CLASSES OF STATES 


Let us assume that, in some definite way, we have 
divided the series of indices 1 of ¥, into two classes, 
(A) and (B). Let us for a moment be mainly interested 
in the class (A), and let us try to derive a formula by 
means of which we can treat the influence of the states 
in (B) as a perturbation. The system (5) can be written 


A B 
(E— Hinm)Cm= >, Binn' Cn +>, } ae (6) 


if the sign ’ on a matrix means that we omit all diagonal 
elements, so that Hinn’=Hmn(1—8mn). Using the no- 
tation 


Itimn= Hmn/(E— Hmm), (7) 


we get then 


A B 
Cu™= >, Nimn' Cn +>, a (8) 


We will now eliminate the states in the class (B) by a 
process of iteration, expressing the coefficients c in all 
sums exclusively over B by the formula (8) itself. In 
this way we obtain the formal expansion 


A B B 
Cm= Do Coma’ +2 hima han’ +2, Itima’ Nap’ hen’ + noe *)en. (9) 
n a af 


Introducing the new notation 


B Bt Maa’ 
Umn4 = Hinn +>, ——— 
@ E— Hae 


B Hina’ H op'H an! 





+5 tes (10) 
” (E—Haa)(E— Hep) 
we get 
A Uan4A— Hanban 
Cau™=>, Cn- (11) 





n E— Ham 


For the two cases of m in (A) or (B), we have, therefore, 
the two basic formulas 


A 
|ECant— Biden m in (A). (12) 





A Una" 
Cn => Cus m in (B). (13) 
4 E— Him 


The first formula is formally identical to (5), but it is 
limited only to the class (A). This gives the theorem: 


An eigenvalue problem (5) with respect to a system of 
states belonging to two classes, (A) and (B), can be 
reduced only to the class (A), if the matrix elements 
Hn» are replaced by the elements Umn4, where the in- 
fluence of the class (B) is taken into account by ex- 
pansion (10). 
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When the coefficients c, belonging to (A) have been 
determined, we get the coefficients c, belonging to (B) 
according to (13). 

We note that series (10) is here only formally de- 
rived and that, when the series is interrupted after a 
finite number of terms, there is a remainder containing 
sums exclusively over (B). A necessary condition for 
the validity of (10) is therefore that, for the value of E 
under consideration and for m and n in (B), the matrix 
elements /,’ are small in comparison to the unity: 


| Inn’ /(E— Hmm) | <1. (14) 


The problem of the convergency of (10) remains still 
to be investigated. 

Matrix elements of the type (10), where the summa- 
tion is carried out only over a restricted number of 
states, have previously been considered by Feenberg’ 
in his perturbation formulas without repetitive ele- 
ments. It may be noted that even his formulas can 
simply be derived by using (5), as has been shown by 
Feshbach.® Here we will now consider some special 
cases of (10), (12), and (13) in greater detail. 


(i) (A) =Single Nondegenerate State k 


In the case the whole class (A) consists of a single 
nondegenerate state, the whole system (5) is reduced 
to a single term, and the secular equation takes the form 


Uinx.*— E=0. (15) 


According to (10) this gives for our approximate eigen- 
value E= E;, 


Ha’ Har’ 
E= Ux" = Airt>d a¢k——— 
E—Haee 

Ha’ Hap’ Hex’ 


(E—Haa)(E—Hps) 





+2 a. Bek (16) 


This formula was first derived in another way by 
Brillouin, and we note that E can be computed by 
iteration. If we introduce the conventional form 
H=H,+V, we have 


inn + r for m=n 
Hnn= (17) 
Fon for mn. 


Putting these expressions into (16), using iteration, 
and developing the right-hand member in a power- 
series in Vinn, we obtain the well-known perturbation 
formulas first given by Schrédinger.’ In this way not 
only the first- and second-order terms but even the third- 
and fourth-order terms® can be easily derived. How- 
ever, we note that in general it has been recommended 


7E. Feenberg, Phys. Rev. 74, 206, 664 (1948). 

8 The explicit form of the third- and fourth-order terms in 
Schrédingers theory may be found, e.g., in K. F. Niessen, Phys. 
Rev. 34, 253 (1929). 
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to use formula (16) instead of the original Schrédinger 
‘ formula, since (16) is simpler and seems to have better 
convergence properties. Equation (13) gives directly 
the best form of the corresponding eigenfunction. 


(ii) (A) =Class of Degenerate States 


Let us now consider the case that the eigenvalue 
problem (1) shows a degeneracy. This means here that 
a class of diagonal elements H;,; are exactly or almost 
the same, i.e., 

H kk™ E A (18) 


but for quantities of the first or higher orders. In the 
conventional theory it is recommended to treat the de- 
generacy by performing linear transformations of the 
approximate wave functions y,, in such a way that 
the matrix H becomes diagonal with respect to the 
class of degenerate states, whereafter the ordinary 
perturbation formulas can be applied. This means that 


ZY 














Fic. 1. Form of the matrix. 


one first removes the degeneracy and then treats the 
perturbation problem. This theoretically simple pro- 
cedure can often be rather complicated in the applica- 
tions,? and considerable simplifications have therefore 
been worked out by Van Vleck.” 

The general process described in this paper gives 
another method of treating the degeneracy in a very 
simple and natural way. It takes things in the reverse 
order: first the perturbation problem, i.e., the influence 
of the states not belonging to the degenerate class under 
consideration, is treated according to formula (10), and 
then the degeneracy is removed by solving the secular 
equation corresponding to the system (12). For the 
latter step only algebraic methods are, in general, 
available. The coefficients c, for the states in (A) are 

® For a detailed description see, for instance, Kemble, Principles 
of Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1937). 


10 J. H. Van Vleck, Phys. Rev. 33, 467 (1929); O. M. Jordahl, 
Phys. Rev. 45, 87,(1934). 
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determined from the linear system (12), and, finally, 
the remaining coefficients are found by using (13). 

The second-order approximation takes a particularly 
simple form in the method given here. According to 
(18) we have E~Ea4, but for quantities of the first 
and higher orders, and in the second-order approxima- 
tion, (10) gives therefore 


B |, my 
Unnt= matl, EH. (19) 
= A~ fl aa 


Since all these matrix elements are numerically given, 
the secular equation corresponding to (12) can be 
directly solved without any iterations. We have applied 
this method to the treatment of the one-electron wave 
functions in the MO-LCAO-theory of conjugated or- 
ganic compounds; the results will be published else- 
where. 


(iii) (A) =Class of Arbitrary States 


Let us for a moment assume that the system has 
naturally or arbitrarily been divided into two classes, 
(A) and (B), and that & is a nondegenerate state in 
(A). According to (10) we can first eliminate the sys- 
tem (B), and using (16) we can then solve the per- 
turbation problem (12). For the approximate eigen- 
value E= E; we get in this way 


A Oina*0 a* 
E=0y4+2, —————_ 


atk H— Uaat 





A Ure*UapU pu 
+> ++++, (20) 
ab+k (E— Vea*)(E— Use“) 


Since the result must be the same as in (16), formula 
(20) gives one of the possible ways of regrouping the 
terms in (16); compare reference 7. 

Finally we will treat the case that our system natu- 
rally consists of two independent parts (A) and (B) in 
mutual interaction. We will assume that the wave 
functions y,, have been chosen in such a way that 
the matrix H is diagonal with respect to (A) and (8), 
respectively (see Fig. 1). Since the elements Hag’, for 
a and 8 both in (B), are then vanishing, the expansion 
(10) reduces exactly to its first two terms: 


B Ha Han’ 
Umn4=HmntDd E H ° (21) 


It is also easily checked that the remainder in (9) 
vanishes. 

As an application we will consider a problem in the 
MO-LCAO-theory of conjugated compounds, let us say 
a mono-substituted benzene. Let H be the one-electron 
Hamiltonian for the z-electrons and let y be the MO 
formed by LCAO from the six benzene z-orbitals 
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Yi, wo, +--+, and the z-orbital ¥; of the 
substituent. The matrix H has then the form: 








SA? acne | Hi 
0 Hoe . | Hoz 
Bs Han 

Sen a ¢ 
‘Hea |He 
Ms. Be. Me-a ie 


The secular equation has been treated. in the first 
approximation in the wave functions by Sklar" and by 
Herzfeld,” and recently Matsen," using conventional 
perturbation theory, has shown that, for instance, E; 
is given by: 


6 |x|? 
E;=H7+>, ———_. (22) 


=1 H7,— Hi; 


This perturbation theory breaks down when Hy is 
close in value to any of the H;;."4 

However, if we here apply formula (10) to a class 
(A) consisting of the only state 7, we get directly with- 
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out any approximation: 





E=Hnt+>——, (23) 


a formula which holds even when (22) breaks down. 
The energy E can be found by iteration, and we note 
that even the derivatives of E, which are of importance, 
e.g., in calculating the charge distribution, can be found 
by implicit derivation. This example shows that the 
methods developed here may be useful in the theory of 
molecules. 

Since Eq. (23) must be exactly contained in the 
secular equation Det(Hnn—Eémn)=0, there must exist 
a more elementary way of finding this relation from 
the determinant itself. This problem will be treated in 
the next section. 


4. THE CONNECTION WITH THE THEORY OF 
BORDERED DETERMINANTS 

In the previous section we have treated problems 
which are closely connected with the theory of bordered 
determinants. Recently Dewar" has given some useful 
transformations of determinants Det(H—E-1) when H 
has the same form as in Fig. 1. However, the general 
formula for the expansion of a bordered determinant 
was given already 1896 by Arnaldi.'® According to this 
formula,!’ we obtain directly 

















|\Hy—E |, n+1° °° A, n+p 
| H»—E | Ho, n+1° °° >, n+p 
| , 
| | Tere ee ee ee 
| A+B 
Han—E| Hp, n+1 Ba n+p =_ II (H ;;—E) 
Se Oras er eee 
hl dilated de ial | 
- 
|\Hnsp 1 |. ron * A nip n | Hara atp— E 
| Anys,\H 152 2 
4 A B | HH, | 3 A B Hros;H 1989 
1-EE +z - 
Ye (E—H,,) (E—H,;) T1T2 8182 (E— 77) (E— Hrore) (E- Hss;) (E-— H.s989) 





+ i> 





1A. L. Sklar, J. Chem. Phys. 7, 984 (1939). 

” K. F. Herzfeld, Chem. Rev. 41, 233 (1947). 

'’ F. A. Matsen, J. Am. Chem. Soc. 72, 5243 (1950). 

4 See reference 13, footnote 9. 
'°M. J. S. Dewar, Proc. Cambridge Phil. Soc. 45, 638 (1949). 
‘6M. Arnaldi, Giornale di Mat. Battaglini 34, 209 (1896). 
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"See, for instance, G. Kowalewski, Determinantentheorie (Leipzig, 1909), pp. 89-99, or T. Muir, Theory of Determinants (Lon- 


don, 1923), IV, p. 432, 
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Fic. 2. Schematic diagram of singly or tightly linked 
molecule parts. 


























with r1<re<-+-<ryp and s1<so<-+++<s,y. Formula 
(24) is given for p<n, and the sign || || means that we 
take the absolute value of a determinant. This relation 
can also be easily derived by using Laplace’s expansion 
theorem with respect to the first 7 rows of the given 
determinant. We note that our formula (23) is con- 
tained as a special case for p=1; compare also Dewar.”* 
Putting the second factor in (24) equal to zero and 
multiplying the relation with the factor (E—Hx), we 
get again a formula analogous to (16) and (20) but this 
time containing only a finite number of terms. 

If our system is a molecule, the linkage between its 
two parts is of special interest. Let us as an example 
consider the one-electron wave functions. The MO y is, 
according to Dewar’s terminology, formed by LCMO 
(=linear combination of molecular orbitals) from the 
given MO y,,, which again are formed by LCAO from 
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the given atomic orbitals ¢,: 


Vn = Vo Pulm (25) 
Introducing the matrix elements of H with respect to 
this AO, 


Ou= f ¢u*Hydr (26) 
we get directly 
Ban™>, ptngtDprOon (27) 
or 
H=aj{Ha. (28) 


The last relation gives the MO-matrix H expressed in 
the AO-matrix . 

With respect to the atoms, the molecule may now con- 
sist of two natural parts (2[) and (%), which may be 
separated or which may have atoms in common (see 
Fig. 2). From the AO in (2) we will build up the MO 
in class (A) in such a way that the operator H will be 
diagonalized ; from the AO in (%) we will then form the 
MO in class (B) in the same way.f We will further in- 
troduce linkage classes La and Lg by the definition 
that an AO ¢, in (2) belongs to La if, for at least one 
AO g, in (%), the matrix element §,, in (26) is essen- 
tially different from zero; the class Ze is defined 
analogously. 

Using a well-known theorem, we can now expand the 
determinants in (24) in sums of products of deter- 
minants of the three factors in (27): 


Hrs; Hrys9° ih Hrs; . 
Hros1 Hroso* a Hros;, 
HArys, Hrys2° odie Arysx 
Qryuit Aryu2t° sil Oryuxt Durwr Duy" se Durwe Gvjsy Avysg*** =v 8k 
Ly LY 
= ws Zz Grourt Grouat * = Grouxt Huo Due: : Duo Qvos, Avosg"** Avosk |, (29) 
OR TT ee 
Orkurt Arkuey Orkuxt Hux & Lkv2 Durrk Qvpsy Aveso*** Avgsy 


where py<po<-++ <p, and y<m<:: 





-vz. The terms in (24) can now be factorized, and, introducing the notations 


Qyy'rk || Qrimif = Aryuot- 


Orkut Orkuot*** Ariukt 





Opy’rk 
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(E— Hs s;)(E— Hos) nb es (E— Hsy,s,) 


we can write the determinant D in the left-hand side of (24) in the form 


Tt We note that the MO in the total system (A+B) must be chosen in such a way that they are linearly independent. 
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If the linkage between (2{) and (%) is of a simple type, 
this expansion will reduce to a few terms. Formula (31) 
may be considered as a generalization of the formulas 
given by Dewar.” We note that if the coefficients c, for 
the class (A) have been determined, we get directly the 
coefficients for the class (B) according to (13) and (21): 


A Hymn 
Ca > emma o (32) 
n E— Hum 


The example treated here is concerned with the one- 
electron wave functions, but we wish to emphasize 
that the general perturbation theory, contained in the 
formulas (10), (12), and (13), even can be applied to 
the molecular wave functions. 

In conclusion, we wish to remark that, even if the 
methods described here were partly known previously 
in connection with special problems, for instance in 
the radiation theory given by Gora,® a general treat- 
ment has not yet been published. We have given not 
only a simple derivation of the conventional perturba- 
tion theory, but also a new treatment of the problem 
of degeneracy and of the general problem of splitting 
the secular equation. 
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APPENDIX. SYMBOLIC DERIVATION OF THE 
BASIC FORMULAS 


_ The right-hand member of (9) is simply a geometrical series 
in the matrix h’ belonging to the class (B), and it is therefore easy 
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to give a sufficient condition for its convergency.'* The form of 
the series also indicates that there might exist another simple 
derivation, and here we will therefore try to give a more direct 
derivation of (9) by using operator calculus and symbolic ex- 
pansions.!9 . 

In order to separate the secular equation Hc= Ec into two parts, 
we write the quadratic matrix H and the column matrix ¢ in the 


form 
[i 3 fh 


and then we obtain 











Aa+ b= Ea, 
{ (34) 
6*a+Bb= Eb. 
Solving } from the latter equation, we get 
1 * 
b= 6a, (35) 
and 
1 * 
(4 +b )o= Ea. (36) 
If we confine the indices of U4 to the class (A), we have therefore ° 
U4Aa= Ea, (37) 
1 
Jam, ‘ = 
UA=A+6-—8 (38) 


It is now immediately seen how the geometrical series in (9) 
arises. Dividing B in its diagonal and nondiagonal parts, Bg and 
B’, and expanding (E—B,—B’)™ in a power series in B’, we 
obtain 





1 —_ 
, 8 eee 9 
EB E-~B; + ’ (3 ) 


which is nothing but (9). Equation (37) gives then (12), and Eq. 
(35) gives (13). In this way all our basic formulas are derived. 


1 
JA=/ 8: * 
vera 


18 See, for instance, Courant-Hilbert, Methoden der Mathe- 
matischen Physik, I (Verlag. Julius Springer, Berlin, 1931), p. 16, 
footnote 1. 

19 Compare Gora, reference 5. For the symbolic treatment given 
here, the author is indebted to a discussion with Dr. G. Goertzel, 
Columbia University. 
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Excluded Volume Effect in Polymer Chains. I* 
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The number of allowed configurations of a polymer chain is considered on the basis of a random walk 
on an arbitrary “regular” lattice. Upper and lower bounds for the number of nonoverlapping configurations 
in various lattices have been derived by means of a recursion formula method. The probability density func- 
tion and its moments for the “head-to-tail” distance for short-range nonoverlapping chains are shown to 
the calculable by the use of a generating function. The order of the logarithm of the number of nonsuper- 
posable ring polymer chains has been shown to be directly proportional to the number of segments com- 


posing the ring. 





INTRODUCTION 


HE elastic behavior of chain polymers and the 
theory of polymer solutions are strongly de- 
pendent on the geometrical configurations assumed by 
the polymer. The accepted theories of viscoelastic 
behavior and the theory of solutions of high polymers 
do not prohibit configurations in which several atoms 
exist concurrently in the same element of volume. This 
leads to a greater number of configurations and smaller 
root-mean-square lengths for such hypothetical poly- 
mer models than those of real polymers. 

This paper deals with statistical methods for the 
calculation of the average configurations of polymer 
chains on regular lattices first treated by Montroll.! 
The present discussion employs the usual random walk 
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Fic. 1. Vector representations in various lattices. 


* Part of the dissertation of H. L. Frisch submitted in partial 
fulfillment of the requirements for the degree of Doctor of Philos- 
ophy at the Polytechnic Institute of Brooklyn. 

t Dow Chemical Company Research Fellow, 1949-1950. 

+E. W. Montroll, J. Chem. Phys. 18, 734 (1950). 
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method of handling the configurations of V connected 
segments, and includes the added restriction that the 
segments may not overlap each other. Configurations 
of such chains on the planar square, the planar hex- 
agonal, and the diamond lattice have been studied. 
The calculation of the following quantities have been 
investigated: (a) The total number of allowed con- 
figurations satisfying the nonoverlap restriction for 
chains of V segments. (b) Root-mean-square ‘“‘head-to- 
tail’ distance of such chains. (c) The total number of 
allowed nonsuperposable configurations of simple ring 
polymers. 

A general method of calculation has been developed 
for the number of allowed configurations of NV seg- 
ments which do not overlap in any subsequence of M 
segments on any regular space lattice. This method 
has been used in the calculation of the number of con- 
figurations on the following lattices: (a) A square 
lattice with no overlaps in either four or twelve seg- 
ments, (b) a hexagonal lattice with no overlap in six 
segments, and (c) a diamond lattice with no overlap in 
six segments. In addition, a simple method of calcula- 
tion of a lower bound for the number of configurations 
of chains with no overlaps is presented. This lower 
bound may be used in connection with the calculation 
of the entropy of fusion of normal alkanes. 

A distribution function has been derived for the 
probability of a chain on a square lattice having a 
given “head-to-tail”? distance with no overlaps within 
fewer than a sequence of twelve segments. The method 
can be applied in principle to polymer chains which do 
not overlap throughout their length. 

Consider a regular lattice in space, i.e., a tessellation. 
Choose an arbitrary lattice point as origin, call it 0. 
Let all points a unit distance away from 0 be called 
“nearest neighbors.’’ Connect these points to the origin 
0 by directed line segments which we will denote by 
Qo, Q1, ***@p-1, respectively. Let w be the transforma- 
tion which carries ap into a1, -++, a@p—2 into ap, and 
Qp—1 into ay, i.e., 


Wao=1, ***, WAp-2=Ap-1, WAyp-1=—0 


Way = Aj44= 15 


1951 
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where j7-+k=l(modp). Let w— be the inverse to w, i.e., 


— = = 
Qo= Way, +*°, Ap»=W api, Ap1=W ao 


where ww'=w!w=I the identity transformation, 


la, =ay,1 =a. 
Hence, 


ajt+a.=apta,= wrao+ way = w*ao(1+ w*), 


By a path of m steps from a given origin is meant an 
open, or closed circuit (polygon), through the points 0, 
A;:++An_i where A; is a nearest neighbor of 0, --- and 
A,-1 a nearest neighbor of A,_2. Such a path is called 
open if all the A’s are distinct, and otherwise is desig- 
nated as closed or overlap. We can represent any such 
path P(m) by the sum 


n p-l 
P ™=2 2X €j04j 

where ¢;;==+1, 0, and ¢€,;+0 for only one value of 7. 
We shall stipulate that no path retrace its last step. 
In general for a lattice which has p unit vectors there 
are under the above restriction p(p—1)"— of the P(n)’s. 

A necessary and sufficient condition that the ith step 
of a path P(m) overlaps with the jth step that 


j p—l 
> 7 €,7a,;=0 


k= i e=1 
which is equal in turn to 


j p-l 
}» i e,jw'=0, 


k=i e=1 


since ap+0. In particular, we are interested in the 
following lattices (see Fig. 1): (1) square lattice on a 
plane, (2) hexagonal lattice on a plane, (3) diamond 
lattice in space. In the square lattice w is a rotation 
through 90° which is equivalent to multiplication by i. 
We will define two kinds of paths P(m) and P*(n), 


n p—l 
P(n)=X Dv €jjQj, 
i=1 j=1 
where j=0, 1, 2, 3=p—1, and ¢,;+0 for only one value 
of j, €;; is equal to one when i and j have the same 


parity, and zero otherwise. 
The P*() are defined by 


P*(n) ~¥ LX eij*ay, 


i=1 7 


Where €;;=€;;*, if j+2 and e€=O0 for all values of i. 
(See Fig. 2.) 

In the planar hexagonal lattice w is a rotation through 
120°, which is equivalent to multiplication by cube 
fot of unity (e**/*), We again define two kinds of 
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paths, P(m) and P*(n): 
P(n)=> d e:ja; where j=0, 1, 2. 
ij 


€;j= —1 for some j, if 7 is even, otherwise ¢;;=0. 
€;;=0 if €j-1, j= 1, 
€;;= —1 for some j, if 7 is odd, otherwise ¢;;=0. 
P*(n)=>> > €:;*a;, j=0, a 2 where 
;¢ 
€;;*= €;;, except when 7 is even and j=0 then e=0. 


In the diamond lattice in space w is a rotation through 
a solid tetrahedral angle. We again define two kinds of 


x, 
nate %, 
Xs 


A typical path, P (n) 
in a square lattice 


“, 
= oe 
Xs 
A typical path, P*(n) 


in a square lattice 


Fic. 2. Types of paths in the square lattice. 


paths P(m) and P*(n): 
P(n)=>> Dd €:;0; with 7=9, 1, 2, 3, 
ij 
€;;= —1 for some 7, when 7 is odd and 7=0, 1, 2, 3. 
€;;= — 1 for some j, when 7 is even and j=0, 1, 2, 3. 
€=0 if é_1, ;=1, and 
P*(n)=>> > «€;;*a;, where 
é gf 
€;;= €;;*, except when 7 is even and 7=0, 1. Then 
€;0=0 and €=0. 


It can be shown by an elementary argument that all 
the simple closed polygons in the square, hexagonal, 
and diamond lattices formed by P(m) or parts thereof 
have the following numbers of sides: (1) square=4, 12, 
16, ---, 41, ---, (2) hexagonal=6, 10, 12, 14, ---, 21, 
+++, and (3) diamond=6, 8, 10, 12, ---, 2/, ---. 

Furthermore, should we restrict ourselves to allowing 
only those paths in (1) a square lattice where we never 
take an a step, (2) a hexagonal lattice where we never 
take a —ap step, and (3) a diamond lattice where we 
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never take a —ap and —a,, step, then all these paths 
thus chosen contain no overlaps, and are identical 
with the P*(n). 

Let ®(n) be the total number of P(m) paths of n 
steps from an arbitrary origin of some regular lattice, 
and &*(n) be the number of P*(n)’s; then it is clear that 


@*(n) < O(n) for all n20. 


The lower bounding functions @*(m) are easily calcu- 
lated for the three lattices which concern us most. 


SQUARE LATTICE 


Let go() be the number of P*(m) which end in an 
ay step, and similarly define ¢:(”), g2(”), ¢3(n), 


B*(n) = (got vit got $3). 


For n odd go(n)=*(n), and for n even ®*(n) = ¢;(n) 
+ ¢3(n), by the definition of the P*(n). 





Whence we find 
go(2m—1) =2 go(2m—3)+ oi1(2m—3)+ yo2(2m—3) 
gi(2m—1)= yo(2m—3)+ ¢i(2m—3) 
e(2m—1)= g(2m—3)+ ga 2m—3). 


Setting (2m—1)=n and solving for ®*(n)=(g0t ¢1 
+) we find ©*(n)=36*(n—2); the solution of this 





Yo 1 


/™ f ™ 
G2 $3 $2 $3 
J 1 1 1 
YoPiPs YPovid2 Povies Po0Pvi¢e2 


Whence 
¢o(2m— 1) = 2 ¢0(2m—3) 

+2¢91(2m—3)+ g2(2m—3)+ o3(2m— 3) 
¢1(2m— 1) =2g0(2m—3) 

+29(2m—3)+ go(2m—3)+ o3(2m—3) 
go(2m—1)= go(2m—3) 

+ gi(2m—3)+ g2(2m— 3) 
¢3(2m—1)= yo(2m—3) 

+ ¢i(2m—3)+ 
Let 2m—1=n, solving for *() we find 
b*(n) =56*(n—2); 


¢3(2m— 3). 
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Consider the (2m—2)nd step; then, 


Yo (2m— 2) 
/™ 
1 $3 (2m—1) 
| | 
Po Po (2m). 


Whence ¢(2m)=2¢0(2m—2), let 2m=n; then *(n) 
=26*(n—2), the solution of this difference equation 
being 
$*(n) = A,(2')"+ B,(—23)” 
~C,(23)* ; C,> 0. 
HEXAGONAL LATTICE 


Let us define again go(7), vi(m), ¢2(m) as in the 
preceding example, where now ©*(n)= go(n)+ ¢;(n) 
+ y(n). Consider the 2m—3rd step: 


#0 #1 ¢2 (2m—3) 
f ™~ { | 
#1 $2 ¢2 $1 (2m— 2) 
/™ / f/f ™ f™ 
Po $2 Yo $1 Yo $1 $0 $2 (2m—1). 





difference equation being 
&*(n) = An(3!)"+ Bu(—3!)” 
~Cx(3')"; Cu>0. 
DIAMOND LATTICE 


Let as before ®*(n)= go(m)+ ¢1(m)+ 2(m)+ ¢a(n). 
Consider the 2m—3rd step, and from the definition of 
P*(n) we find: 


2 $3 (2m—3) 
| 1 
$3 $2 (2m— 2) 
| 1 

$oPi¢2 $0G1¥93 (2m— 1). 





the solution is given by 
®*(n) = Ap(S)"+ Bo(—5?)” 
~Cp(53)"; Cp>0. 


In general to find a better upper bound for ®(n) 
other than p(p—1)"", we proceed as follows. Let the 
Ist, ---, r—2nd, r—1st, rth--- simple overlap (simple 
closed polygon) in some regular lattice have a, --°, k, 
l, m--+ sides, respectively. We will consider all paths 
of n steps from an arbitrary origin which do not overlap 
in m steps. Let the number of such paths, P(n, m), be 
®,,(n) ;n>m. Then we have that 


Pa(n) 2 ++» 2Pn(n) 2 P(n), 


for all n>0. Construct all “basic” paths of m—1 steps 
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from a given origin 0 which have no overlaps in /, k, 
---@ steps; let us call these paths g;(m—1) where 
j=1, 2, ---L’. Here L’ is the number of such paths. 
For convenience in counting we need consider only 
1/p of these g;(m—1), namely, only those which start 
with an ap step, i.e., 


m—1 p—l m—1 p—1 
gi(m—1)=a+ > Dd €noxr=al1+>d YX wen], 


i=2 k=1 i=2 k=1 
j=1, 2, ---L; L=L'/P. 


Assume we have constructed all paths of n—1 steps 
which do not overlap in m, 1, k, ---a steps. Consider 
one such given by the sum 


€1sXs+ ware + €n—m, 104+ z=" + €n-1, why = €1sQs+ ~~ 


n—1 p—1 


ten—m, Wiooll+ LL ein /€n—m, wh‘). 
i=n—mt+1 k 


But by hypothesis, 
af 1+>- > a €;x/ €n—m, ewi-*] 
iiek 


is some g;(m—1), since 
€:/€n—m, t= 1. 
Let it be the jth. Then we define 
P(n—1, m)= ers + + ++ €n—m, W'Q;(m—1), 


where O<s, u, £< p—1. Let the number of P;(n—1, m) 
be 9;(n—1, m). We wish to find the number of P(n, m) 
formed from the P;(n—1, m) by the addition of another 
step, Say, €n, g@_ Such that P(m, m) does not overlap in 
m,l, k---a steps. On the mth step the path may do one 
and only one of the following: 

I. Overlap in m, 1, k---a steps corresponding to a 
rth, r—1st, ---1st overlap, respectively. (One and only 
one of these), II.(a) overlap in w, v, --- etc., steps, 
where m<w<v, +++, <m, (b) not overlap. This will 
depend on the choice of az. We can decide which case 
occurs by using the relation 


p—l 


> €xa,.=0 
k 


‘Ma 


=0 


for an overlap of the cth and dth step. Since we are 
concerned only with paths which do not overlap in m 
or less steps, we can group II(a) with II(b) and col- 
lectively call it II. For some path P;(n—1, m), let a,* 
be those a, which correspond to case I but not to case 
II. Then we may write 


Pin— 1, M)+ €ng&g= €1¢QAe+ ee 
+ €n—m, eW'g;(m—1)+ én, qq; 
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where a, is not a member of the set {a,‘*}. Then 


€15%s+ he + ena, eT he + En, g2@q> €1sQg+ wey 


n 


p—l 
+ €n—m4t, kW*aeo 1+ pm ) Eng/€n—m+1,kW* * | 


i=n—m+2 gq=1 
= P;(n, m) ; 
where 


n p—l 
qg(m—1)=[(1+ YD €ng/€n—m—1, nw? J. 


i=n—m+2 q=1 


Thus all P,(n,m) are obtained from one or more 
P;(n—1, m); j, i=1---L by a suitable mth step, the 
choice depending only on the nature of the m—1 step 
ending of P;(n—1,m), q;(n—1), and is completely 
independent of m. We have by induction 


gi(n, m)= 2 visei(n—1,m); i=1,---,L 


7 


where y;;=1 if some a, step exists which added 
P,(n—1,m) gives a P;(n,m), and otherwise y;;=0. 
Furthermore, 


ea(n)=¥ eine, 


since every P,(n, m) ends in some g;(m—1). The sys- 
tem of Z simultaneous first-order difference equations 
can be solved by considering the ¢;(n,m) to be the 
components of a vector ¢(, m). Thus we find 


g(n, m) = Ilyisll e(a— 1, m), 


where ||7;;|| is the matrix of y;,’s, i.e., 














TiA VLa° ° “FLL 


Assume a solution of form 
Bi 
g(n,m)=r" - |, 


Br 


substituting into the difference equation we find that 
\ must be one of the roots of the polynomial 


Yu—A, 712; e960 Fi 

21; Yoo—A, ***, Yon 
On| ° ‘ ‘ 

YL YL2, coo, WELT A 








If we are concerned with only an asymptotic solution 
for o(n, m) we find 


g(n, m)~ max)” {Bs}; 








1406 


and thus 
Dy, (2)~Cm(Amax)”- 


In practice it is usually easier to remove linear factors 
from the system of difference equations, to obtain a 
system of equations of higher order, but the deter- 
minant which specifies Amax will be of lower order. 
®(n) may by this method be calculated to any desired 
degree of accuracy; needless to say, as m increases so 
does the labor of the calculation. 

To illustrate the method we will consider the cal- 
culation of ®,(m) in the square lattice. The “basic” 
paths q;(3) are: 

(1+ w+ w') = (3) 
(1+- w+ w’) = 92(3) 
(1+ w+ w‘) =49;(3) 
(1+ w*+ w’) = q,(3) 


with w‘=1, we find 


0, 1, 1, 0 
lvl= 1 Oo 9 

, 1, 0, 0, 11) 
a, & @& se 


b] 


~~ 


where 
4 


gi(n, 4)= D0 visei(n—1, 4) 


j=l 
and max must satisfy 
—x, 1, ‘. 0 
nia 0, —A, 1, 0 
= 1, 0, —~, 1)’ 
i‘, 0, 0, —A 


which gives 
A4—)?— 2A—1=0= (A2—A—1) (A?+-A+1) 


and Amax=3+3(5)? and thus &4(7)~C,(1.62)" which 
agrees with the exact solution given by Montroll.! 

We have found by this method that (1) in the square 
lattice —&12(7) =C12(1.46)", (2) in the hexagonal lat- 
tice &g(7) =C,(1.81)”, and (3) calculations are in prog- 
ress for &¢(m) in the diamond lattice. 

We can summarize the results in the following 
manner: 


Square lattice: 
C42(1.46)"> &(2) > C5(1.41)", 
Hexagonal lattice: 
Co(1.81)"> (nm) > Cu (1.73)", 
Diamond lattice: 
> &(n) > Cp(2.24)". 


In the next few paragraphs we shall be concerned 
with the problem of determining the probability of 
reaching a given point in m steps without overlapping 
in a square lattice. Should we not be concerned with 
overlaps, the desired probability could be written for 
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sufficiently large m as 


2 
Pr°(r, n)X — expl—r*/2n]. 
™m 


It has been assumed in deriving this result that the 
probability of going a unit step to the right is equal to 
the probability of a unit step to the left; the same ap- 
plies for unit steps up or down. 

As a first approximation to the desired probability, 
let us calculate the probability of reaching a given point 
in ” steps, by paths which do not overlap in 4 steps, in 
the square lattice. 

Let «1, €2, «+, €n be a sequence of +1’s. Let a,, 
(k=1, 2, ---, 2), be the distance moved during the 
kth step. Then 7,=}>0x€x0x% is the point reached during 
some path of m steps. In the square lattice, we are 


interested in paths where a;=a3;=-+--=1 and as=ay 
on<ccmnd 
Define 
F(a, hs Qn) 
= >> exp[t(erart+---+ enon) |Pr(es, ---, én) 
paths 


where Pr (€1, «++, €n) is the desired probability, and the 
sum is taken over all paths which do not overlap in 4 
steps. / is a positive parameter. 

Call a path a “G-path” if €,=€n_2; otherwise, if 
€n= — €n_2, it is a “B-path.” 


Now let 
Gala, +++, an) 
= > exp| ¢(€;01+ ais + €na&n) |Pr(es, tidied” En) 
G-paths 
B,(a, eae Qn) 
— Zz exp[¢(e1a1+ al -+e€nan) |Pr(e, ais En); 
B-paths 
and note that 
F,=B,+Gn. 
Now, a “G-path” €, ++, €n where €n_2=€» Can come 
from either a “‘G-path” €, «++ €n_1, Where €n—1= €n—3 0 
from a “B-path” «©, +++, €n-1 where €,1=—€n-% 


However, a “B-path” of m steps must come from 4 
“G-path” of n—1 steps, otherwise we overlap in 4 steps. 
Hence, consider 


G,(a1, ari ae Qn) ; 
= > explt(eit:--+énan) |Pr(e, ---, €n) 
G-paths 
= > exp[t(erart-+-+6€n-10¢n-1) | 


G-paths 
Xexp[ten—2an |Pr(e, +++, €n) 
=} exp[t(€1a1+ ren + €n—10n-1) | 


G-paths 
n—1 steps 


Xexp[ten—2an |Pr(er, +++, €n—1) 
+ > explt(eait:--+€n-1an-1) | 


B-paths 
n—1 steps 


Xexplfenoan |Pr(e, --*, én-1) 











Fig 


and ; 
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Gr(ay, ***, An) =43Gn_1(Q1, +++, An—2t Qn, An—1) Also, there are inversion formulas for finding the proba- 
bility distribution from F,. Certain generalizations of 
Tt Bra(ar, ++"; Q@n2tOny @n1)- the equations here derived exist for higher overlaps; 
also it may be possible to generalize these characteristic 


























Similarly - " 
the y functions for any regular lattice. 
1 to B, (a1, +++, &n) Particular solutions for the recurrence relation satis- 
ap- fied by G are not too difficult to find. For let 
— z exp[t(€101+ ~ ‘+ €nan) |Pr(e, eis En) 
lity, B-paths G,=coshay, 
mnt = D explt(erait - +++ €n—14n-1) J sl. 
S, In B-paths then we find 
i aie Xexp[ —ten—2an |Pr(er, +++, €n) G2=cosha;t coshayl, 
, the => DL explt(eait:-++€n1@n-1) ] B.,=0, 
rin: G-patl 
ie n eg G3;=43 cosh/(a;+a3)coshayf, 
p= M4 Xexp[ —tén—2n |Pr(e, +++, €n-1) B;=% cosht(a;—a3)coshay, 
=3Gn_1(a1, +++, &n—2—Any An_-3). G,=4 cosht(a;+a3)cosht(a2+a,), 
+4 cosht(a;—a3)cosht(a2+ a4), 
a) En) ( By=} cosht(a;-+a3)cosht(az—ax), 
: G;=% cosht(a;+a3;+a;5)cosht(a2+ay) * 
dt A +} cosht(a;— a3— a5) cosht(a2+a,4) 
in 
P +} cosht(a;+a3-+as)cosht(a2,— ay), 
ise, if etc. Se . 
Substituting a2,1=1 and a2,=1, we find for Gi: 
3 G,=} cosh2¢ cos2/+3 cos2!, 
- A-PROCESS 
« 
<n 5 
o—_4 
' 3 
1 
n come Fic. 3. “A-Process” for generating a simple closed path of a larger B-PROCESS 
En—3 OF number of sides from one of a smaller number of sides. 
= En—3: < 
from 4 But then, 
4 steps. 5 
P B,_s(ay, ae An-2t Qn, Qn—1) 
=43Gn_2(a1, 2%, An—3—An-1, Qn-2tan), 
so that Fic. 4. “B-Process” for generating a simple closed path of a larger 
) Che a. dh 4 ) number of sides from one of a smaller number of sides. 
n ~°* "ys An a n—1 1, a” An-2 An; Qn-1 


+3Gn-2(a1, ***, An—3—Qn-1, An-gtan). and for By: 


act 
If this recursion formula is solved for G,(a1, «++, an), Bent cae 
then F(a, ++ -a@n) may be solved. and hence F4= By+G, is given by 
Consideri F function of ¢ h 
nsidering now F as a function of t, we have F,=} cosh2t(1-+c0s2/)-+4 cos2l, 


LOF/dt]-0.= E(rn), and hence 
2 2 = 2 
[°F /6t]-0= E(rx’), is given by 
and in general, [OF 4/dt |,0= E(r4) =0 
[d«F/dt¥].0= E(rn*). [PP 4/0? ),..= E(r2)= —1l, 


E(r,) and E(r?) 
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E(r,2) should not be confused with E[(Rer,)?+ (Imr,)* ] 
where Rer, is the real part of r, and Jmr, is the imagi- 
nary part of r,; E(r,”) is given by 


E(r,2) = EL (Rern)?— (Imrn)?+ 2i(Rern)(Imrn) ]. 


Further work on these methods is in progress. 

Again let us restrict ourselves to paths in a square 
lattice. Choosing an arbitrary origin we ask how many 
simple closed polygons can be formed by paths of 4y 
steps which cannot be superposed. Let the desired 
number be g(y) where y is any one of the following in- 


CONFIG. | 
BY} CONFIG. 2 


3 





C-PROCESS 





Fic. 5. “C-Process” for generating a simple closed path 
from one of the same number of sides. 


tegers 1, 3, 4, 5, ---. Clearly, if we have one such con- 
figuration, say 0A,A9:--Aay-10, we can obtain 4y 
more by starting from A; as origin rather than 0; 
these configurations may be superposed. Also, we can 
complete the circuit of vertices of the simple closed 
polygon in either a clockwise or counter clockwise 
direction; this gives us twice as many configurations 
which may be superposed. An upper bound is easily 











TABLE I. 
Number of Number of unit 
Process sides added areas added 
A 4 3 
B 8 4 
C 0 2 








found. Consider an unrestricted random walk which 
may take a unit step to left or right on every odd step, 
and a unit step up or down on every even numbered 
step. Since the walk is unrestricted, we can consider it 
as composed of two independent one-dimensional walks. 
We will be interested in the number of walks of 4y 
steps which terminate at the origin. The number is 


1 
w= (2y!)?/(y!)*~—2; -y> 10, 
wy 


FRISCH, COLLINS, AND FRIEDMAN 





and hence 


24(v-2) 








gy) <w/8y< * 
ry 


To find a lower bound for g(y) we construct a class of 
simple closed polygons g*(y) where 


q(y)2q*(y). 


We will build up these configurations by starting 
with a simple closed polygon of twelve steps; there is 
only one nonsuperposable isomer, by three processes : 

Process A: consists of deleting two sides of the con- 
figuration and adding six sides, along line 1. (See Fig. 3.) 
Notice that no overlaps can occur since line 4 divides 
the plane into two distinct regions, for only below and 
on this line can lie vertices of the original configuration. 

Process B: consists of deleting one side and adding 
nine new sides to the configuration along line 3. (See 
Figs. 3 and 4.) 

Process C: consists of deleting three sides from a con- 
figuration obtained by a B process and adding three 
sides. (See Fig. 5.) At least two new configurations can 
be obtained in this way. 

In Table I we summarize these processes: 

Any closed configuration produced by A, B, C of 4y 
sides can be thought to consist of 12—4« sides (« an 
integer), i.e., x=y—3. 

Thus the number of g*(x) is equal to the number of 
g*(x—1) which yield a g*(x) by an A-process plus the 
number of g*(x—2) which yield a g*(«) by a B-process. 
Furthermore, for every g*(x) produced by a B-process 
we can obtain two other configurations by a C-process. 

Hence 


q* (x) =q*(«—1)+3g*(x—2), 
where 
q*(0)=1 and g*(1)=1, 


q*(y)~R(1.52)4. 
We conclude that as y>+ 
kiy2 Ing(y) 2 kay; 
where k; and kz are positive constants. 


CONCLUSION 


The results obtained indicate that the sequence of 
numbers ®,(), ®(7), +++, ®m(n) converges fairly 














quickly to (7) in the two planar lattices considered, As 
as can be seen from the magnitude of the lower bounds BF “wk 
From the lower bound on the diamond lattice we have ., 
a fair estimate of the logarithmic order of (m) in that 

lattice. The method of generating functions has been B __ 


applied to the determination of the probability of *( 


reaching a given point in a square lattice without over ret 
lapping in 4 steps. Further work on this problem and NBC 
generalizations thereof will be presented later. A 10 
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estimate of the logarithmic order of the number of 
simple nonsuperposable closed polygons in the square 
lattice indicates that it varies with , the number of 
steps in the simple closed polygon. It is expected that 
this will hold true for the hexagonal planar lattice and 
the diamond space lattice. 
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The squares of the frequencies of isotopically related molecules obey certain simple sum rules. Whenever 
there exists a chemical exchange reaction involving only isotopic variations of a single type of molecule, such 
that the reaction is balanced at each atomic position of the molecule, then a relation of identical form exists 
between the sums of the squares of the frequencies. Thus 


2r*(H.0)+2r(D,0)=22(HDO) and Zy*(N“H;)+2y*(N8D;)=2Dr2(N“D;) +2Zr(N"H3). 
If, as in the latter example, the molecules all have the same symmetry, the sum rule may be applied sepa- 
rately to each factor of the secular equation. When forms of lower symmetry appear (as in the example in- 


volving the water molecule), symmetry factoring may or may not be possible. In such cases it is necessary 
to employ certain group-theoretical considerations; the possible factoring is not in general identical with 


that appropriate for the product rule. 


Examples of the application of the sum rule are given, involving the acetylene, water, methane, and 
hydrocyanic acid molecules. The existence of higher order isotope rules, intermediate between the sum and 


product rules, is pointed out. 


INTRODUCTION 


HE product rule! of Redlich and Teller, which re- 
lates the vibration frequencies of isotopic mole- 
cules, has proved very useful in confirming the assign- 
ments of the vibration frequencies to the various sym- 
metry species. In addition to the product rule, however, 
there exist certain sum rules, which are remarkably 
easy to apply, and which yield independent informa- 
tion. As in the case of the product rule, these sum rules 
apply exactly only when the frequencies have been 
corrected for anharmonicity. 
As an elementary example, consider the molecules 
HOH, DOD, and HOD. The rule states that the sums 
of the squares of the frequencies are related by 


> *(HOD)+> v°(DOH)=2>> »°(HOD) 
=> »(HOH)+> (DOD). (1) 


A second type of relation exists between isotopic mole- 
cules such as N*4H3, N“D;, N“H3, and N®D;, namely, 


© *(N“H;)+>. °(N“Ds) 
=> Y(N“H3)+> (N®D3). (2) 


* Oregon State College, Corvallis, Oregon. 

t Harvard University, Cambridge, Massachusetts. The work 
€rein reported was supported in part by the ONR under Contract 
N8 ONR 52010. 

*O. Redlich, Z. physik. Chem. B. 28, 371 (1935). E. Teller, 
quoted in W. R. Angus ef al., J. Chem. Soc., 1936, p. 971. 





Both types of relation can be incorporated in one 
rule. Number the atomic positions, distinguishing 
thereby between positions even if occupied by identical 
kinds of atoms. Thus the formula for ethane would be: 


C,C.H;H,H;H6H;Hs 


where the numerical subscripts have an agreed-upon 
geometric meaning. Then write the exchange reaction 
in the form 


> ata(C1C2H;HsHsHeH7H¢) = 0, (3) 


where the subscript a identifies an isotopic form with 
specified isotopic atoms in each of the identified atomic 
positions, %_ is an integer which is positive for re- 
actants and negative for products, and the whole ex- 
pression constitutes a chemical isotopic exchange re- 
action which is balanced at each atomic position sepa- 
rately. In many cases it will be necessary to include as 
separate terms molecules which differ only in orienta- 
tion, as HOD and DOH. The rule states that 


> altad_ kak = 0, (4) 


where the sum is over the molecular forms (a) and over 
the fundamental modes of vibration (k). Degenerate 
frequencies must be counted the appropriate number 
of times. 


There exists a certain set of symmetry operations 


common to every molecule in Eq. (3) (identified with 
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respect to the fixed numbering scheme for atomic posi- 
tions), which form a group K which is a subgroup of 
‘the point group fer the isotopic form of highest sym- 
metry. The transformations of molecular coordinates 
will form a representation of this group which can be re- 
duced by constructing suitable symmetry coordinates. 
If these coordinates occur in more than one symmetry 
species of the group K, the secular equation for each 
of the molecules can be factored into the same blocks 
or factors, involving the same symmetry coordinates. 
(Some of the molecules may factor further but this is 


H, H, D, F 
; / ‘. emeercmeett. * 


? \37 a rf ia 


| 
D, H, 
(a) (b) 


Fic. 1. Numbering scheme, geometry, and two isotopic 
forms for cyclopropane. 





irrelevant for the present purpose.) Then the above 
rule (4) can be applied separately to the normal modes 
of each of the species of the group K. 

For example, consider the exchange reaction 


CD;CH3;+ CH;CD es C.Hs— C2D.= 0. 


In this case, every molecule has at least the symmetry 
C3, so that C3,=K. The common symmetry, may 
however, be lower than that of any individual molecule. 





D C, C,, 
A 
! 
nr A, 
A, jet Fic. 2. Correlation be- 
' A tween species of Ds, and 
E 2 Cy; and between Coy and 
u 8 
A, 
Ny B. 
2 
" | a ti B 
2 


Thus in the exchange reaction, 
3(p— C.H.D2) —_ 2C.Hs— C.D.= 0, 


each of the dideuterobenzenes (with deuterium in the 
para positions) has the symmetry V;, but when the 
superposition is made, the deuteriums must succes- 
sively occupy the 1,4, the 2,5, and the 3,6 positions. 
Therefore the twofold axes lying in the molecular 
planes are not the same for all three orientations, and, 
in fact, the common operations constitute K = Coa. 

As a final example, consider the following exchange 
reaction for the cyclopropane species, in which the 


numbering is as in Fig. 1. 
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C,C2C3D,HsH¢D 7HgsHo+ C,C2C3H.D 5D s6H7HsHy 
+C,C.C;H.HsH«H;DsD)— 2C,C.C;H:H;H.H7HsHy 
—CiC2C3D4DsDsDzDsDy. (5) 


Each atom position is balanced; e.g., at position 6 the 
atoms are H+D+H—2H—D=0. Furthermore all five 
molecules display a plane of symmetry passing through 
atoms 1, 4, 7. The group K is thus C, and the sum rule 


y vi42(C3H4D2)+2 pm v.2(C3;HzHDHD) 
—2 bm vi2(C3Hs)— >, vi2(C3D5) =0 (6) 


can be applied separately to the modes symmetrical 
to the plane and antisymmetrical to the plane, these 
being the two species of the group C,. Note that the 
second two molecules in (5) are the same except for 
orientation, i.e., except for the numbering. Nevertheless 
they must be distinguished in determining the sym- 
metry operations common to all molecules, although 
they of course have the same frequencies. 


TABLE I. Application of the sum rule to C2H2, C2De, and C2HD. 











C2H2 C2De2 C:HD 
ks wk (cm) we2(106 cm) Wk wk? Wk wr? 
1 3373.7 11.38 2700.5 7.29 3334.8 11.12 
2 1973.8 3.90 1762.4 3.10 1851.2 3.42 
3 3287 10.80 2427 5.89 2584 6.69 
26.08 16.28 21.23 
(4)[o(CsH:)+-0(C2Dz)]=21.18 
5 611.8 0.3743 505 0.2550 518.8 0.2692 
6 729 0.5314 539.1 0.2906 683 0.4665 
0.9057 0.5456 0.7357 


(4) [o(C2H2)+o(C2D2) ]= 0.7256 













If it is known in which way the normal modes for 
each molecular form divide into symmetry species 
under the group for that form, the relation of these to 
the factoring under the subgroup K can be found from 
so-called correlation tables.? Thus in the above example 
the molecule C;Hs has symmetry D3, and its fre- 
quencies fall into the six species or irreducible repre- 
sentations A;’, As’, E’, Ay”, Ao”, E”. These flow into 
the two species A’ and A” of C, as shown in Fig. 2. 
Also shown is the correlation of C2, and C,, the former 
applying to C3HsDe. Then the frequencies of C3Hs of 
species A,’, E’ (counted once each), As” and E” 
(counted once each) will appear in the sum of species 
A’ of C,, while Ao’, E’ (once), Ay” and E” (once) will 
appear in A”. 

If all molecules are of the highest symmetry, as i0 
(2), the regular factoring for the group of highest 
symmetry can be used. In other cases, no factoring at 
all may be possible in the application of the sum rule. 


2 See for example G. Herzberg, Infrared and Raman Spectra of 
Polyatomic Molecules (D. Van Nostrand Company, Inc., New 
York, 1945), p. 237. 
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TaBLE II. Application of the sum rule to H,O, D.O, and HDO. 








H:0 D0 HDO 
wk(cm=!) wk2(106 cm~) Wk wk? Wk wk? 





3652 
1595 
3756 


13.337 
2.544 
14.108 


29.989 


2666 
1179 
2789 


7.108 
1.390 
7.779 13.360 


16.277 22.719 
(3)[e(H.0)+o(D,0) ]= 23.133 


7.393 
1.966 


2719 
1402 
3655 








® Calculated by product rule from H20. 


Thus this is true for 
4CH;D=3CH.+CD,. (7) 


When the four different orientations of CH;D which 
are required are examined, it is seen that they possess 
no common symmetry operation at all, except the 
identity operation. 


PROOF OF THE RULE 


The secular equation can be set up in terms of Car- 
tesian coordinates, S;, S2:--S3y in the form 


F \2/(mymz2)$ 
(F22/mze) —X 


(Fy,/m) —iX 
F2/(mem;)? 


(F3n3n/m 3y) —X 
=0 (8) 


in which the F’s are the force constants in terms of 
Cartesian coordinates, the m’s are the masses of the 
atoms associated with these coordinates, and \;,= 47°p,2. 
The sum o of the roots of such an equation is known 
to be 


Ta= Dorn =D iF j;/mj (9) 


in which the superscript (a) refers to the isotopic 
molecular form. Each index j is associated with a given 
atomic position. The sum rule, Eq. (4), can now be 


written 


4? Dad MaVak? => ad_kMarn™ 
=> 5Fi(Cata/m;)=0 (10) 


because }°a(i#./m;‘)=0 for every atomic position 7. 
The fact has been used that the force constants F;;“@ 
are independent of a, the isotopic form. 

Furthermore, if the coordinates S; are Cartesian 
symmetry coordinates which reduce the group K, all 
the above equations will apply to a single factor of the 
secular equation corresponding to a given species of K. 
Each position on the diagonal of the secular equation, 
for each isotopic form, is labelled by the same coor- 
dinate S;, has the same force constant Fj; (now in terms 
of symmetry coordinates), and has associated with it 
a mass m;‘~ which behaves in the required manner. 


SOME EXAMPLES OF APPLICATION 
OF THE SUM RULE 


At the outset, it must be emphasized that the sum 
rule as here stated{ can only be applied to three or 
more isotopic molecules, whereas the product rule can 
be applied to any pair. Table I shows the application to 
C2He, C2D2, and C2HD. The data for this and the 
succeeding examples (except DCN) have been taken 
from Herzberg.2 The summations are extended over 
two classes of frequencies, namely the motions parallel 
and perpendicular, respectively, to the axis. No attempt 
is made to correct for anharmonicity. 

The sum rule is applied in Table II to the molecules 
H,0, D.O, and HDO. According to Herzberg,’ the fre- 
quency w; of HDO has not been positively identified 
owing to overlapping by w; of H,O. By application of 
the product rule, a value of 3655 cm™ is found for w3 
of HDO, employing the frequencies of H,O. Had this 
same frequency been calculated by the sum rule, a 
result of 3711 cm™ would have been obtained. A more 
elaborate application, involving all the deuterated 
methanes, is given in Table III. The checks seem quite 


TABLE III. Application of the sum rule to CHy, CH;D, CH2D2, CHD;, and CD,. 








CHs CH3:D 


wk(cm=!) —we?(106 cm~2) Wk wk? Wk 


CHD: CHD: 


wh? Wk wk? 





2914.2 
1526 
1526 
3020.3 
3020.3 
3020.3 


8.491 2204.6 4.862 2139 
2.329 1476.7 2.182 1450 
2.329 1476.7 2.182 
9.120 2982.2 8.892 
9.120 3030.2 9.181 
9.120 3030.2 9.181 


3020 
2255 


1285.6 
2974.2 


4.575 2141.1 
2.103 1299.2 
1.654 1299.2 
8.845 2992.0 
9.120 2268.6 
5.085 2268.6 


1.687 


1306.2 
1306.2 
1306.2 


1.706 1306.4 1.706 
1.706 1156.0 1.336 1235.2 
1.706 1156.0 1.336 1090.2 


(3)o(CH,) + (4)o(CD,) = 40.480 

(4)0(CH,)+ (4)o(CD4) = 30.036 
CA= 01+ w2q"++-woy*+-w3q" + w4a" 
oB= wx wx? + wa? +o 
(2)oa(CH4)+(2)0a(CD,) = 18.317 
(3)on(CH,)+(2)o2(CDs) = 16.916 


1034.4 1.069 982 
1.525 1046 


1.188 1046 


o(CH;D) = 40.857 
o(CD;H) = 30.360 


e) will 





, as iD 
nighest 
ring at 


n rule. oa(CH2D2) = 18.245 


op(CH2D:2) = 16.919 
pectra of 
c., New 
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t However, see the special rule stated subsequently. 
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TABLE IV. Application of the sum rule to 
HC®N, DC®N, HC®N, and DCN. 








HC2N DC4N DC2YN HC®8N 
wk wr?(106 
(cm!) cm~) Wk wk? Wk we? wk wr? 





1 2089 4.364 1916 3.671 1928 3.717 2055" 4.221 

3 3312 10.969 2585 6.682 2629.3 6.913 3295 10.857 

15.333 10.353 10.630 15.078 
o(HC®N)+o(DC®N) = 25.686 
o(DC®N)+o(HC®N) = 25.708 








® Calculated from HCN by the product rule. 


reasonable, and, in particular, it would be quite hard 
to reassign the CH2D» frequencies and still satisfy the 
sum rule. 

As a final illustration® of the application of the sum 
rule, the stretching frequencies for the superposition 


(HC®N)+(DC#®N)=(DC®N)+(HC®N) = (13) 


are considered in Table IV. The frequency w; for HC*N 
has not been observed but was calculated from w, of 
HCN by the product rule. 


AN ADDITIONAL RULE 


It is apparent from the previous discussion that the 
sum of the roots for any isotopic form of less than the 
maximum symmetry can always be expressed in terms 
of the sums for molecules of the maximum symmetry 
(CH;D in terms of CH, and CD,, etc.). Since the sums 
for the latter types of molecules can be written 


d 
Dre = LiF ii/msi= DL Cems, (14) 
s=1 


where »,=1/m, and the summation over s is over the 
non-equivalent sets of atoms, it is apparent that if 
there are d such sets of atoms in the most symmetrical 
form of the molecule, then the sum of all roots for any 


3 W. S. Richardson, J. Chem. Phys. 19, 1213 (1951). 
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isotopic form whatsoever can be expressed in terms of 
the sums for d suitably chosen forms of the maximum 
symmetry. Suppose the sum }>°A, for the “unsubsti- 
tuted” molecule is designated as oo, that for the mole- 
cule in which the first equivalent set is entirely sub- 
stituted as o; (but no other set is changed), etc. Then 
from (14) 


Ci= (¢o—01)/(ui— mY’) 
C2= (¢o—02)/(u2— me’) 
Ca_-1= (00—oa-1)/(ua-1— Ma -1 ) 
Ca=[oo— (Cimit Comet: + -Ca-mea-1) |/ua, (15) 


where the unprimed reciprocal masses refer to the un- 
substituted molecule. Once the C, are known, the o 
for any other molecule of the maximum symmetry can 
be immediately calculated. In conclusion, there can 
be only d independent sums of roots. 

In the ammonia example, where the nitrogen and the 
three hydrogens constitute the d=2 distinct sets, it is 
therefore possible to express o for all forms in terms, 
say, of the o for NH; and N™Ds, instead of requiring 
all four isotopic species as employed in (2). 


HIGHER ORDER ISOTOPE RULES 


In addition to the sum rule and the product rule, 
there will exist connections between the frequencies of 
isotopic molecules based on other combinations of fre- 
quencies, such as the sum of the products of roots (Ax) 
by pairs. In the latter case, one obtains 


DVerdswAr= > A igs; (16) 


in which the A;; are independent of isotopic composi- 
tion because they depend only on the force constants 
and geometry. In simple cases, the number of inde- 
pendent A;,; may be sufficiently small so that enough 
isotopic forms are available to make possible their 
evaluation, but in most cases this will require an im- 
practical number of forms. These higher rules will not 
therefore be considered further here. 
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A Reduced Equation of State for Gases and Liquids* 


SmpNEY W. BENSON AND RosBeErt A. GOLDINGT 
Departments of Chemistry and Chemical Engineering University of Southern California, Los Angeles 7, California 
(Received May 8, 1951) 


An empirical, reduced equation of state is presented which holds with reasonable accuracy for both liquids 
and gases. Liquid densities of non-associated substances are predicted to within 4 percent, vapor pressures 
to within 25 percent, heats of vaporization to within 10 percent and gas isotherms reproduced to within 10 
percent. The values predicted for the coefficients of thermal expansion and compressibility are not better 
than 30 percent. With the exception of the latter which are incapable of good representation by any such 
reduced equation, the equation represents a marked improvement over the van der Waals and Berthelot 


equations. 





HAT there should exist a reduced equation of state 
capable of representing the properties of both 
gases and liquids seems evident from both theoretical 
considerations! and experimental data.? The present 
paper discusses such an equation which was developed 
empirically employing the following criteria: 

1. The equation must not contain more than 3 constants (in- 
cluding R). 

2. It must approach the ideal gas law at low densities. 

3. It should approximate to the following experimental data: 
(a) Trouton’s rule: Eyap/RT=9.5. (b) Critical ratio: 1/Z, 
=RT,/P-V-=3.70. (c) Liquid density rule: 1/¢,=2.72 (at the 
boiling point). (d) The coefficients of thermal expansion and 


compressibility at the normal boiling points were about 1.3 
X10-°/°K and 1.5X10~*/atmos respectively. 


Two algebraic forms were investigated : 
P=RT/(V—bV—T-*)—a/(V"T»), (1) 
P=RT/V+aT"/V"—6bT2/V», (2) 


TABLE I. Comparison of Van der Waals, Berthelot, 
and modified equations. 











Van der 
Meanexp. Modified Waals Berthelot 

Physical property value equation equation equation 
Critical ratio 1/Z 3.70 3.624 2.67 2.67 
Reduced limiting 0.26 0.29 0.33 0.33 
volume at high 
pressures* 
Trouton constant 10.5 10.95 5.0 16 
Hyvap/RT> at 
T,=0.625T, 
Reduced liquid 2.75 2.838 2.26 2.60 


density at 62=0.625 








* At very high pressures the limiting volume of gases approaches a value 
of about 0.26V- which is practically temperature independent. See J. P. 
Kuenen, Handbuch der Allgemeinen Chemie (Akademische Verlagsgesel- 
schaft, Leipzig, 1919), Vol. 3, p. 259. 





* Part of the contents of this paper are taken from the Master’s 
Thesis of Robert Golding presented to the Graduate School of the 
University of Southern California, August 1950. 

t Present address, Shell Chemical Company, California. 

‘J. deBoer and A. Michels, Physica 5, 945 (1938) ; K. S. Pitzer, 
J. Chem. Phys. 7, 583 (1939). 

*S. W. Benson, J. Phys. and Colloid Chem. 52, 1060 (1948). 

* These values show a spread of some 10-50 percent depending 
on the class of liquids investigated. They are not therefore a 
teliable guide. 
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in which the various exponents could be evaluated by 
fitting to the above requirements.‘ Only the first 
(Eq. (1)) will be discussed here.® 

The best choice of exponents is shown in the following, 


P=RT/(V—bV-')—a/V58T1, (3) 


where a=0.9099RT .5V .§; b=0.1567V,! and in reduced 
form: 


P/P.=1=3.624[0/(¢—0.1567¢-) —0.9099/ 45/598]. (4) 


Various physical quantities calculated from this equa- 
tion are listed in Table I along with corresponding 
values calculated from the Van der Waals and Berthelot 
equations. 

At temperatures near or below the normal boiling 
point, the pressure may be ignored compared to the 
other terms in the equation of state. This approximation 


32 
3-1 
3.0 
2.9 
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Fic. 1. Reduced liquid densities. 


4 Equation (1) was first reported by S. W. Benson (S. W. Benson 
and E. Gerjuoy, J. Chem. Phys. 18, 215 (1950)). 

5S. W. Benson made an extended investigation of the second 
form (Eq. (2)) and found that it will not represent the gas and 
liquid as well as Eq. (1). 





S. W. BENSON AND R. A. GOLDING 


TABLE II. Physical properties computed from modified equation. 














Reduced Reduced Reduced Reduced Reduced 
Reduced liquid Evap vapor coeff. of coeff. of liquid 
temperature density pressure therm. exp. comp. X10' Supersat. tensile 
0 Au RTe T aTe . ratios strengths 
0.400 3.182 9.06 9.23 10-6 0.364 2.09 —_ 18.8 
0.420 3.158 8.73 3.2 X10-5 0.385 2.43 — 17.3 
0.440 3.133 8.42 9.5 x10-5 0.407 2.81 350 (at 15.88 
0.460 3.107 8.13 1.4 x10 0.430 3.24 6=0.45) 14.7 
0.480 3.080 7.86 3.8 1074 0.454 3.73 — 13.6 
0.500 3.051 7.60 0.000750 0.480 4.28 88 12.9 
0.520 3.021 7.35 0.0014 0.508 4.92 — iA 
0.540 2.990 142 0.0025 0.537 5.64 30 10.2 
0.560 2.957 6.90 0.0037 0.569 6.47 (@=0.55) 9,2 
0.580 2.922 6.69 0.00638 0.605 7.43 —_ 8.3 
0.600 2.886 6.48 0.00940 0.644 8.55 13 7.548 
0.620 2.848 6.29 0.0139 0.687 9.84 — 6.80 
0.640 2.808 6.10 0.0202 0.734 11.4 135 6.12 
0.660 2.762 5.91 0.0252 0.787 a3.1 (@=0.65) 5.40 
0.680 vB a 5.73 0.0356 0.847 15.3 — 4.79 
0.700 2.673 5.56 0.0456 0.916 17.9 4.9 4,22 
0.720 2.623 5.39 0.0589 0.997 21.0 — 3.69 
0.740 2.568 5.21 0.074 1.093 25.0 3.4 3.16 
0.760 2.510 5.04 0.090 1.207 30.0 (6=0.75) 2.66 
0.780 2.447 4.88 0.101 1.353 36.7 a 2.23 
0.800 2.378 4.70 0.133 1.533 45.4 = 1.81 











Eyap/RT = 2.275/(66)}. 


permits great simplification of calculation in this 
region.® 

The following equations were derived from Eq. (1) by 
means of this approximation : 


A. Liquid Density: (by numerical solution of re- 
sulting equation). 
B. Energy of Vaporization: 


(5) 


C. Vapor Pressure :’ 


Lnw= —1—1.446/059¢3— Ln[3.403/0"/9g39], (6) 


D. Coefficient of Thermal Expansion: 


a=5/3T [(0¢)!/(1.365—2.1676°/*¢3) J. 


E. Coefficient of Compressibility : 
B= 6395/3 /3.297P[1.365/0°*¢i—2.167}". (8) 


TABLE III. Comparison of vapor isotherms.* 


(7) 














Pressure Reduced Oxygen Ethane Carbon dioxide Water 
atmos. temp. Raw Pber ~ eqs obs eqs Pods eqs obs eqs obs 
1 6=1.1 145 145 194 186 188 195 287 298 904 1030 
5 28.5 28.6 36.8 36.5 35.7 38.2 55 59.7 162 206 
10 13.9 14.0 17.6 17.7 17.0 18.7 26.9 29.8 83 102 
50 2.01 2.21 2.43 2.57 2.32 2.74 4.19 4.84 15.2 19.5 
100 0.673 0.805 0.750 0.765 0.730 0.765 1.42 1.59 6.94 9.13 
150 0.578 0.630 0.576 0.590 0.570 0.630 0.735 0.810 4.15 5.62 
200 0.537 0.569 0.517 0.520 0.513 0.583 0.603 0.671 2.79 3.82 
500 — — — ~~ 0.409 0.484 0.449 0.516 _— ad 
1 6=1.5 199 199 268 255 260 266 392 407 1180 1410 
5 39.7 39.8 52 50.6 51 53.2 77 81.4 234 249 
10 19.5 19.8 26.9 25.1 25.8 26.2 38.6 40.7 117 141 
50 3.55 3.84 4.55 4.65 4.42 4.88 7.00 7.65 22.8 26.4 
100 1.58 1.90 2.10 2.13 2.01 2.26 3.23 3.62 10.8 13.6 
150 0.99 1.28 1.33 1.35 1.30 1.45 2.05 2.34 6.98 8.94 
200 0.78 1.00 0.980 1.03 0.95 1.09 1.47 1.70 5.07 6.46 
500 oe on _ aca 0.521 0.627 0.646 0.780 — oe 














® Values listed are reduced vapor volumes. 


6S. W. Benson and E. Gerjuoy, J. Chem. Phys. 17, 914 (1949). 
7 The vapor pressure equation was derived from the condition that +(¢,—¢1)= f ae which is equivalent to equating the 
chemical potentials of gas and liquid. Ignored terms become important for #2 0.800. 
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Fic. 2. Energies of vaporization. 


In addition, it was possible to calculate exactly, from 
the maximum and minimum in each isotherm, super- 
saturation ratios‘ and liquid tensile strengths. As a 
severe check on the behavior of the equation in the 
vapor region, gas isotherms were calculated for @=1.1 
and 1.5. These calculations together with others made 
from the above equations are shown in Tables II and III. 

A comparison of the present equation, with the Van 
der Waals and the Berthelot equations with respect to 
liquid densities is shown in Fig. 1. Some comparisons of 
energies of vaporization are made in Fig. 2 and some 
typical vapor pressures are shown in Fig. 3. 

The coefficients of thermal expansion predicted by 
Eq. (1) are about 20 percent lower than the experimental 
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Fic. 3. Reduced vapor pressures. 


values. They tend to be nearly correct for the alcohols 
and too high for the strongly bonded liquids such as 
water. The calculated coefficients of compressibility 
tend to be high by anywhere from 40-50 percent for the 
paraffins, 10 percent high for the aromatics and halides 
and are low by some 10-30 percent for alcohols and 
acids. It is clear that these coefficients show much 
greater variation than other liquid properties. 

The superiority of the present equation to other 
reduced equations holds also in the gas and vapor 
regions. Table III compares the vapor volumes pre- 
dicted by the various equations with some observed 
values. The Van der Waals and Berthelot values are 
shown only for oxygen, values in the other cases showing 
the same agreement or worse. 


8It is actually impossible to make a choice of exponents in 
Eas. (1) or (2) that will meet the requirements listed and simultane- 
ously give good values for the coefficients of compressibility and 
thermal expansion. In fact the form of these equations is such that 
it is impossible to get good values for both the coefficients of 
compressibility and thermal expansion at the same time. The 
choice made here was to obtain better values for the latter. It is 
not surprising that there is so much difficulty in fitting these 
coefficients. They constitute a very sensitive test for any equation 
of state. 
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The Use of Single-Crystal Neutron Diffraction Data for Crystal Structure Determination* 


S. W. PETERSON AND HENRI A. LEvy 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received August 30, 1951) 


Intensities of neutron reflections from single crystal specimens of several substances have yielded structure 
factors in close agreement with calculation and with those measured by the usual powder method. Specimens 
whose dimensions were in the millimeter range were used. Three materials yielded low results, probably 
because of extinction in the single crystal specimens. The use of single crystal neutron reflections for crystal 
structure determination appears practical in many cases. 





EUTRON diffraction has in recent years become 

a valuable supplement to x-ray diffraction for 
studying structures of crystals. To date only the powder 
method has been applied. Because available neutron 
beams are of low intensity, it has not been possible to 
construct spectrometers of high resolution. Typical line 
widths in powder patterns are of the order of one degree 
at small scattering angle and increase rapidly as the 
scattering angle increases. Thus only simple, highly 
symmetric crystals give powder patterns sufficiently 
resolvable to yield data useful for crystal structure 
determination. 

These limitations would largely disappear in a single- 
crystal method, which, as in the x-ray case, has in- 
herently greatly enhanced resolution. The practicability 
of single-crystal methods has, however, been questioned 
because of extinction. Bacon and Lowde! have made a 
theoretical examination of this question; they conclude 
that in crystals sufficiently large for use in neutron 
crystallography, i.e., large enough ‘to permit the ob- 
servation of many reflections with a single specimen, 
secondary extinction would be of overriding impor- 
tance, intensities being more strongly dependent on 
the mosaic spread of the specimen than on the structure 
factors. These authors concluded that, in general, crys- 
tal specimens would have to be thinner than about 0.1 
mm to avoid these difficulties. 

We have been led to question the generality of this 
conclusion by the following considerations. Many crys- 
tals do not show as high a degree of perfection or as 
large values of Q, the integrated reflection per unit 
volume, as MgO, the crystal Bacon and Lowde chose as 
an example for detailed calculation. For example, if 
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E sin 26/mF2 x 10°27 
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COUNTS PER GRAM. E/m, x 10°4 
Fic. 1. A plot of the ratio of observed single crystal intensities 


for NaCl to the calculated value of F*/sin2@ against observed 
intensity, expressed as counts per gram. 


* This work was performed for the AEC. 
1G. E. Bacon and R. D. Lowde, Acta Cryst. 1, 303 (1948). 


their “thin crystal’’ criterion is applied to the (200) 
reflection of NaCl, using a mosaic spread parameter of 
10’ and a wavelength of 1.16A, a limiting thickness of 
1 mm is computed; this thickness is adequate for obtain- 
ing extensive neutron data. Further, even if the strong- 
est crystal reflections were to be severely reduced by 
extinction, weaker reflections may well not be so affected 
and therefore give useful data. Finally, if a few strong 
reflections are subject to appreciable extinction, it 
should be possible, as in the x-ray case, to make empiri- 
cal corrections by the method of Darwin.’ 

We report here preliminary results of a series of em- 
pirical tests on the feasibility of utilizing single crystal 
neutron diffraction data. We find that intensities from 
NaCl, KCl, KBr, KHF, and NH,Cl single crystals 
yield correct structure factors without extinction correc- 
tions to an accuracy ample for structural purposes. 
However, intensities from the strong reflections of CaF», 
CaCOs, and LiF yield structure factors which are sub- 
stantially low and appear to be significantly affected 
by extinction. 

The spectrometer used is similar to one described by 
Wollan and Shull.* Each single crystal specimen was 
mounted on a fine glass fiber set on a goniometer head 
in the usual fashion, and was bathed in neutron radia- 
tion monochromated by reflection from a (111) face of 
a single crystal of copper. The wavelength was 1.16A. 
Integrated reflections were measured by recording total 
neutrons counted as the crystal was rotated, usually at 
8° per hour, through the reflecting position, while the 
counter was rotated synchronously at twice this angular 
velocity. Background intensity measured with the crys- 
tal and counter set just off the reflecting position was 
subtracted from the count. 

In Fig. 1 are the results of measurements on 19 reflec- 
tions from NaCl. The abscissa is the observed intensity 
expressed as counts per gram of crystal and the ordinate 
is the ratio of this quantity to the calculated value of 
F*/sin20. These calculated values utilize the scattering 
amplitudes of Shull and Wollan‘ and incorporate sepa- 
rate factors for Na and Cl as evaluated from careful 


2R. W. James, The Optical Principles of the Diffraction of X-rays 
(G. Bell and Sons, Ltd., London, 1948), p. 292. 

3 E. O. Wollan and C. G. Shull, Phys. Rev. 73, 830 (1948). 

4C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951) 
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TABLE I. Single crystal neutron reflections from NaCl. 


USE OF SINGLE-CRYSTAL NEUTRON DIFFRACTION DATA 








Observed reflection, counts per 





Structure factor X 1012 gram X 10+ 

Indexes Observed* Calculated Specimen 1 Specimen 2 Specimen 3 
111 2.45 2.50 30.2 31.8 28.9 
200 4.89 5.12 105.2 100.3 78.3 
220 4.80 4.91 73.2 81.0 see 
311 2.35 2.30 15.3 tee 
222 4.80 4.72 61.3 see 
400 4.48 4.56 47.5 47.4 
331 2.12 2.14 9.9 10.2 
422 4.18 4.22 35.6 34.1 tee 
333 2.02 1.98 8.04 7.8 7.22 
511 2.10 1.98 8.65 7.6 tee 
440 (3.90) 3.90 28.8 28.7 26.0 
600 3.70 3.75 24.9 25.4 17.5 
442 3.84 3.75 26.8 tee see 
533 1.85 1.69 6.07 5.0 
622 3.51 3.48 21.9 see 
444 3.44 3.33 21.1 tee 
711 1.59 1.56 4.52 4.3 
551 1.60 1.56 4.56 tee 
553 1.55 1.44 4.44 tee ee 
Weight of specimen, mg 10.5 15.8 72.9 








«From reflections from specimen 1. No corrections for absorption were 
made. These data were normalized to make (440) agree with calculation. 


x-ray measurements by Waller and James.’ In the 
absence of extinction, there should be no trend in the 
ratio with the intensity of the reflection. A mild devia- 
tion of the strongest reflections from a horizontal line 
suggests that these reflections may be subject to a small 
extinction effect which is, however, not over 15 percent 
of the observed intensity. The dotted line indicates the 
ordinate value chosen to establish the incident beam 
intensity and subsequently used to convert observed 
values for this and other crystals to absolute structure 
factors. Table I compares observed and calculated 
structure factors for this sodium chloride crystal, and 
4iso compares observed integrated reflections for three 
specimens on a counts-per-gram basis. The strong 
reflections of the larger specimens show deviations which 
are very likely due to extinction, but even here the 
effects are not so severe as to make the data useless for 
structure determination. 

Table II compares a few structure factors measured 
from single crystal reflections from a number of sub- 
stances with those measured from the usual powder 
intensities. Calculated structure factors without tem- 
perature corrections are also listed. Approximate cor- 
rections for absorption in the single crystals were esti- 
mated, treating each specimen as that cylinder parallel 
to the rotation axis which most nearly approximated its 
actual form. The corresponding correction was applied 
to the NaCl data used as standard. The usual absorption 
corrections were applied to the powder data. Good 
agreement is obtained for KCl, KBr, KHF»2, and NH,Cl, 
while LiF, CaCOs, and CaF: show deviations probably 
assignable to extinction in the single crystal. These last 
three materials are known to crystallize with a high 
degree of perfection. 


*T. Waller and R. W. James, Proc. Roy. Soc. (London) A117, 
214 (1927). 
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Also listed in Table II are calculated limiting thick- 
nesses for a number of the reflections according ~ 
Bacon and Lowde’s thin crystal criterion. The formu a 
was applied for the case of symmetrical transmission 
and the cosine of the angle of the incident beam with 
respect to the normal to the surface was taken as unity. 
We have assigned the mosaic spread parameter for all 
specimens the low value of 5’ in the absence of more 
detailed knowledge. These calculated thicknesses should 
be roughly applicable to specimens differing from 
parallel plates if compared to the maximum dimension 
in the section parallel to the incident and scattered 
beams. The values of this dimension for our specimens, 
also listed in the table, are in general larger than the 
thin crystal limit even in those cases which gave little 
or no extinction. However, considering that the mosaic 
spreads may be larger by a factor of two or three than 
that assumed, this does not invalidate the theoretical 
criterion of Bacon and Lowde. It is nevertheless ap- 
parent that the limiting thickness of 0.1 mm postulated 
by Bacon and Lowde does not have any general sig- 
nificance, and that in many cases it is possible to use 
crystals with thicknesses in the millimeter range for 
structural work. 

In addition to the foregoing data, a large number of 
intensities have been measured from a single crystal of 
KHF; in order to establish the hydrogen atom param- 
eter and the temperature factors. The excellent agree- 
ment between experimental and calculated structure 
factors for the complete list of reflections examined, 
with no extinction corrections, is additional strong evi- 


TABLE II. Comparison of structure factors from single crystal 
and powder measurements. 








Structure factor X 1012 
bs. Thin 





Obs. from crystal Thick- 
from single limit,> ness,° 
Substance Indexes powder crystal Calc. mm mm 
KBr (111) 1.29 1.27 1.28 
(200) 4.04 4.09 4.08 1.6 1.9 
KCl (111) 2.40 2.37 2.56 


(200) 5.04 4.71 5.36 0.7 1.8 
KHF; (121) 3.09 3.08 3.064 2.3 2.8 


NH,Cl (110) 1.34 1.27 eee 0.8 2.0 
LiF (111) 2.80 1.63 2.92 0.2 1.8 
(200) 1.51 1.04 1.48 
(400) 1.49 1.19 1.48 
CaF, (111) 1.74 1.57 1.95 
(200) 2.45 2.13 2.44 0.4 1.7 
(220) 6.17 3.17 6.36 
CaCO; (211)° 3.29 2.39 3.46 0.5 1.6 








® No temperature correction included except as noted. 

> According to the “thin crystal” criterion of Bacon and Lowde. : 

¢ Approximately the largest dimension of the specimen in the section 
normal to the rotation axis. 

4 Includes temperature factors. aad 

e Cleavage plane. Indexes and structure factor based on primitive rhombo- 
hedral unit. 
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dence that extinction is not a serious problem in many 
crystal specimens of moderate size. A complete descrip- 
tion of this work will appear separately. 

We may conclude that single crystal neutron reflec- 
tions should be useful for structure determinations in 
many cases. Inherent advantages of the method include 
greatly increased resolution and greatly reduced sample 
size. A corollary to the latter feature is that incoherent 


JOHN R. PLATT 


scattering is greatly reduced relative to the intensity 
of Bragg reflections; this will be of great importance in 
crystals containing hydrogen and will make unnecessary 
the preparation of deuterated specimens, usually re- 
quired in the powder method. It is clear that many 
relatively complex crystals, including those containing 
several hydrogen atoms, are now open to attack by 
neutron diffraction. 
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Experimental Determination of Even-Odd Character of Excited Electronic States 
of Molecules with a Center of Symmetry 


Joun R. PLATT 
Physics Department, University of Chicago, Chicago, Illinois 
(Received September 24, 1951) 


Even-even transition intensities increase with monosubstitution but decrease with opposed disubstitution. 
Even-odd transition intensities which increase with monosubstitution must increase further with opposed 


disubstitution. 


Determination of parity in this way may settle disputed assignments. Thus the 1Ai1,—'£2, w-transition of 
benzene is probably at 1700 A. The first singlet absorption of naphthalene is 'A,,—1B,, or 'Ay,—'Ba, and 
cannot be !A;,—1A1, even though the cancellation of transition matrix elements (from configuration inter- 
action, in the one-electron approximation) gives it an intensity and vibrational structure similar to those in 
a forbidden transition. The visible bands of porphine are even-odd (d2,—>e, !A,—10,"). 

Intensities in the 2100 A transition of pheny] derivatives are being remeasured to settle its assignment in 


benzene, since existing data give conflicting results. 


N molecules with a center of symmetry, transitions 
from an even ground state to an even excited state 
are forbidden, but may become allowed if substitution 
perturbs the symmetry. The intensity of the observed 
- absorption then increases, especially in the 0—O vibra- 
tional band. However, disubstitution by the same sub- 
stituents at exactly opposite positions restores the sym- 
metry and reduces the intensity again to nearly its 
original value, if the vibrational interaction which makes 
the absorption visible is not too greatly altered by the 
substitution. The “spectroscopic moments’ of equal 
substituents at opposed positions therefore exactly 
cancel for an even-even transition. 

Similarly, by first-order perturbation theory, the 
spectroscopic moments of equal substituents at opposed 
positions must add for an even-odd transition, giving 
approximately four times the intensity change produced 
by one substituent alone.’ 

These differences make possible the unambiguous de- 
termination of the parity of every spectroscopically 
observed excited state of a centrally symmetric mole- 
cule. In many cases, this information alone will settle 
disputes over assignment of the states to theoretically 
predicted wave functions.” 

Thus, the 2100A transition of benzene which was long 


1J. R. Platt, J. Chem. Phys. 19, 263 (1951). 
2 J.R. Platt, J. Chem. Phys. 19, 101 (1951), especially pp. 115-6. 





assigned as 14;,—'B,,° has recently been proposed to 
be 'A;,—!£2,.4 This proposal has been made in the im- 
plicit faith that certain approximate energy level calcu- 
lations including configuration interaction must give the 
correct sequence of excited states, even though the abso- 
lute values of energies given by calculations of this kind 
are frequently in error by 2 ev and more, and the differ- 
ences between the different approximations used by 
different computers are often much greater than this.’ 

Unfortunately the available data in the literature on 
intensities of the corresponding transitions in mono- 
and di-substituted benzenes with moderately strong 
substituents such as OH, NH, and COOH are scanty 
and conflicting. They are also partially invalidated by 
use of polar solvents at unspecified pH values. We are 
now engaged at this laboratory in remeasuring some of 
these intensities in nonpolar solvents in order to settle 
the assignment of this transition. 

Pending the outcome of these measurements, it seems 
more likely that the forbidden 14;,—'E2, phenyl 
m-electron transition is the relatively weak peak near 
1700-1730A which is not clearly seen in benzene itself 
but appears in toluene and in o- and m-xylene, becoming 
weak again with opposed disubstitution in p-xylene.’ 

8C. C. J. Roothaan and R. S. Mulliken, J. Chem. Phys. 16, 
118 (1948). 

4D. P. Craig, Proc. Roy. Soc. (London) 200, 401 (1950); Parr, 


Craig, and Ross, J. Chem. Phys. 18, 1561 (1950). 
5 J. R. Platt and H. B. Klevens, Chem. Revs. 41, 301 (1947). 
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Such intensity behavior indicates that the observed 
peak is probably even-even, supporting this assignment, 
which was proposed for it earlier® because it lay on a 
smooth sequence with the other even-even e—g 1A —!C, 
transitions® in naphthalene and anthracene which 
showed the same kind of increase of intensity with loss 
of central symmetry. 

The intensity of this 1730A peak (f about 0.3 in the 
xylenes) seems too great for a Rydberg transition (f 
about 0.03 in ethylene),’ especially an even-even one, 
but is reasonable for an even-even z-electron transition.® 
And its position is within 2000 cm™ of the position 
predicted for 14,,—1K», by either the free-electron or 
the LCAO-overlap method (with Bspece= 20,000 cm-; 
and assuming the singlet-triplet separation is 4000- 
10,000 cm). This is significant because these methods 
are successful to this accuracy in predicting some 50 
excited states of other ring systems.® ® 9 

Similarly, the lowest singlet transition in naphthalene 
is certainly even-odd as shown by its increases of in- 
tensity in 1,5- and 2,6-dichloronaphthalenes.! This con- 
firms its assignment as 1A;,—'B,,!° or 1A—'Z,° (or 
possibly 14;,—1Be,,)'° and makes impossible its assign- 
ment as 'A4;,—1'Aj4,,!! in spite of its low intensity and 
apparently forbidden type of vibrational structure.” 
This shows clearly that the ‘‘accidental’”’ cancellation of 
transition matrix elements in a formally-allowed one- 
electron transition (such as this one is if it is even-odd), 
because of the effect of configuration interaction’? in 
producing a high “effective angular momentum”’ in the 
excited state,* can make such an allowed transition 
mimic the appearance of a forbidden one, not only in 


6J. R. Platt, J. Chem. Phys. 17, 484 (1949), especially p. 491. 
7 Platt, Klevens, and Price, J. Chem. Phys. 17, 466 (1949). 
8H. B. Klevens and J. R. Platt, J. Chem. Phys. 17, 470 (1949). 
9J. R. Platt, J. Chem. Phys. 18, 1169 (1950). 
10 J. Jacobs, Proc. Phys. Soc. (London) 62, 710 (1949). 
11D). P. Craig, Disc. Faraday Soc. 9, 5 (1951). 

on H. Sponer and G. P. Nordheim, Disc. Faraday Soc. 9, 19 
951). 
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its low intensity but also in its vibrational structure. 
Therefore, in a complex molecule neither the intensity 
nor structure can be relied on for proof that an observed 
transition would not be formally allowed in the one- 
electron approximation. Since the theoretically pre- 
dicted energies or sequence of energies is evidently 
also no more than a rough guide in assignments, the 
perturbation method or comparison method emerges as 
an especially useful guide to classification of electronic 
states, at least when the observed changes can be inter- 
preted, as in these cases. 

The visible bands of porphine are believed to repre- 
sent another case of a formally-allowed one-electron 
transition which is relatively weak and presumably 
“accidentally” forbidden by the same mechanism!*—% 
and which has a weak 0—0 band (especially in the salts 
or hydrochlorides,'® where the D4, symmetry is strictly 
obtained) but which is nevertheless certainly even-odd, 
as shown by di- and poly-substitution effects on in- 
tensities in the porphyrins.’” If we treat the removal of 
a double bond from the porphine ring as a perturbation, 
the addition of the resultant spectroscopic moments for 
bacteriochlorophyll, with two opposite double bonds 
removed, accounts for the fact that its first red band is 
about four times as intense as the first band in the 
chlorins which have only one double bond removed. 
This demonstrates the even-odd character of the transi- 
tion and shows the approximate validity, even with 
these drastic changes, of the first-order perturbation 
theory. 


13 W. T. Simpson, J. Chem. Phys. 17, 1218 (1949). 

14H. Kuhn, Chimia 4, 203 (1950). 

46 Longuet-Higgins, Rector, and Platt, J. Chem. Phys. 18, 1174 
(1950). 

16 J. G. Erdman and A. H. Corwin, J. Am. Chem. Soc. 68, 1885 
(1946). 

17 J. R. Platt, “Electronic structure and excitation of polyenes 
and porphyins,” Chapter 4 in Radiation Biology (edited by Sterling 
Hendricks) (McGraw-Hill Book Company, Inc., New York, to be 
published), vol. ITI. 
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The viscosity of neopentane has been measured between —15°C and 30°C. These results are consistent 
with published work covering the temperature range 30°C to 150°C. The viscosity data for neopentane have 


been compared with similar data for the other pentanes. This comparison has provided an example of the 
importance of molecular shape for viscosity behavior. The possible significance of molecular shape for the 
interpretation of viscosity curves of binary mixtures is noted. Finally, it has been suggested that further 


work on liquids composed of spherical molecules might be worthwhile. 





HE viscosity of neopentane has been measured 
between 30°C and — 15°C in a viscometer of the 
Ostwald type modified to permit “sealing off’? and 
designed so that the driving head remained independent 
of temperature. N.B.S. standard samples of hexane and 
neopentane were used for calibration of the instrument 
and the measurements, respectively. The viscometer 
was filled by evacuating it completely and then distilling 
into it 5 cc of air free liquid. The temperature was con- 
trolled to within 0.05°C during a measurement. A 
“sealed off” dilatometer of standard design with a small 
dead space of known volume was used for the density 
determinations of neopentane. 

The only other viscosity data for neopentane were 
obtained between 30°C and 150°C under moderately 
high pressure.' Linear extrapolation of these latter data 
on a pressure versus viscosity plot gave n (coefficient of 
absolute viscosity) at one atmosphere pressure for each 
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Fic. 1. Viscosity of pentanes: A. cyclopentane; B. pentane; 
C. isopentane; and D. neopentane. © our data. @ data from refer- 
ence 1. Broken portions of lines represent extrapolation. The 
boiling points of the respective pentanes in °C are included at the 
left of the figure. 

* Present address: E. I. du Pont de Nemours and Company, 
Wilmington, Delaware. 

1W. R. van Wijk and W. A. Seeder, Physica 7, 45 (1940). 
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temperature. The extrapolated values and the present 
results are plotted in Fig. 1. The latter results are also 
given in Table I. Viscosity data? for u-pentane, iso- 
pentane, and cyclopentane are included for comparison. 

There seems to be no theory of viscosity sufficiently 
developed to help with an interpretation of the data in 
Fig. 1 but some qualitative remarks can be made. The 
graph for neopentane is a good straight line from 
—15°C (M.P. —16.6°C) to 149°C (T.~3/2T pA 
=150°C). It is unusual that the functional form 
n= A exp(B/T) is correct over most of the accessible 
liquid range. Because neopentane is a spherical nonpolar 
molecule, any deviations from this functional form 
shown by other liquids might be attributable to asym- 
metry of either molecular shape or electrical field of 
force. 

A comparison of the data in Fig. 1 for the pentanes 
reveals some interesting trends. At high temperature 7 
increases with the 7s (boiling point) of the corre- 
sponding substance. The 7g are approximately a 
measure of the overall intermolecular forces of attrac- 
tion.f At high temperatures thermal agitation has 
become severe enough to remove any trace of ordered 
arrangement in the liquid and the basic correspondence 
between 7 and 7 is revealed. At the low temperature 
end of the plot the correspondence between and T z has 
disappeared because the value of dlogn/d(1/T) in- 
creases up the series pentane, isopentane, and neo- 
pentane. This is just the order of approach to spherical 
molecular shape. Ewell and Eyring’ noted that the 
symmetrical molecules CCly, cyclohexane, and benzene 
fell into a special category. This trend toward large 
values of dlogn/d(1/T) is not restricted to spherical 
molectilar shape. There seems to be a regular increase in 
d logn/d(1/T) within a group of isomers as the molecular 
shape approaches the sphere. For example, the order of 
increasing slope (d logn/d(1/T)) within each group of 
isomers is butane, isobutane; hexane, 2,3-dimethy! 
hexane; heptane, 2,2,3-trimethylbutane; -butyl bro- 
mide, t-butyl bromide; 7-buty] chloride, ¢-buty] chloride 


2 J. M. Geist and M. R. Cannon, Ind. Eng. Chem. Anal. Ed. 18, 
611 (1946). 

t+ A study of molecular models of the pentanes suggests that the 
differences among the 7’, are probably determined largely by the 
possible area of contact between adjacent molecules in each cas 

?R. H. Ewell and H. Eyring, J. Chem. Phys. 5, 726 (1937). 
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and #-butanol, isobutyl alcohol, ¢-butyl alcohol. Within 
each group of isomers 9 and 7’, are related at the high 
temperature end of the plot, as found for the pentanes. 

The value of dV/dT (V=molar volume) increases in 
the same order as d logn/d(1/T) for the series pentane, 
isopentane, and neopentane. Because the value of 
dV/dT is largely a reflection of changes in the free 
volume V;=V—V, (V, molar volume of unexpanded 
solid phase) the above correspondence supports the 
familiar concept that 7 is closely dependent on V;. It 
seems then that the absolute value of viscosity at high 
temperature is determined primarily by intermolecular 



































































































ent forces of attraction but that the differences between 
also values of d logn/d(1/t) among isomers are attributable 
iso- to a free volume factor dependent on molecular shape. 
s0n. An explanation for this shape effect must be found be- 
ntly fore viscosity data can be properly interpreted. 
a in The concept that neopentane molecules can pack 
The three dimensionally whereas m-pentane molecules may 
rom pack two dimensionally like a bundle of logs may lead to 
r 9A asymmetrical and possibly smaller thermal expansion 
form for the latter. One might suspect that the greater 
sible flexibility of -pentane (adaptation of shape to flow 
polar situation) is important but the behavior of cyclopentane 
form (see later) does not support this possibility. On the other 
sym- hand it is conceivable that liquid neopentane is. not 
ld of quite a model liquid (cell or cage model) if there is any 
element of semi long range cooperative packing of 
tanes § Molecules. However, the argument for cooperative 
ure — &flects is rather weak.} 
oa t Neopentane, like other substances composed of spherical 
ely a molecules, is characterized by a solid phase with an abnormally 
ttrac- high melting point which is attributed to the fact that the mole- 
has cules rotate in the solid phase. Such solids are unusually soft and 
a can be extruded extremely easily. The neopentane solid phase then 
rdered is one in which the molecules have considerable freedom to rotate 
idence and to change position yet long-range order is maintained. It is 
normally considered that on melting a substance loses all vestiges 
rature of long-range order. However the existence of the “liquid crystal- 
T » has line” phase indicates that semi long-range order is not incompatible 
T) in- with a liquid phase. A gradual decrease in possible semi long-range 
order in neopentane with increasing temperature might then be the 
d ner reason for a high value of d logn/d(1/T). However, cooperative 
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TABLE I. Viscosity of neopentane. 








Temperature °C 30 25 20 15 10 5 0 -5 -10 —15 


Viscosity (cps) 0.216 0.231 0.247 0.264 0.281 0.303 0.328 0.356 0.393 0.431 











The behavior of cyclopentane is surprising because its 
value of d logn/d(1/T) is similar to that for n-pentane 
whereas cyclohexane and benzene, also disk-shaped 
molecules, behave more as though they had spherical 
molecular shape (d logn/d(1/T) large and abnormally 
high melting points which are unusually sensitive to 
pressure). The cyclopentane molecule is a flat disk 
which may be asymmetrical enough to prevent free 
rotation whereas cyclohexane with a puckered ring and 
benzene with z-electron orbitals | to the ring plane 
may have enough symmetry to explain their behavior as 
spheres. 

Any interpretation of viscosity curves of binary liquid 
mixtures of which one component is composed of 
spherical molecules must take account of this shape 
factor. For instance, addition of a little-ethanol to CCl, 
at 5°C lowers the viscosity whereas addition of a little 
CCl, to ethanol increases the viscosity. An S-shaped 
curve of this type suggests first that CCl, and C2.H;OH 
form a molecular compound and secondly that CCl, is 
associated.§ It seems more likely that the spherical 
shape of CCl, is the cause of this apparent association 
rather than that CCl, is an associated liquid. 

Further information about this shape factor might be 
obtained by a study of the liquids CCl, methyl chloro- 
form, 2,2-dichloropropane, tertiary butyl chloride along 
with neopentane. This set of model liquids could then 
serve as standards with which to compare the corre- 
sponding isomers. 





phenomena are normally characterized by their abrupt disappear- 
ance at one temperature even for the liquid crystalline phase. 

§ This apparent association might be attributable to a difference 
of internal pressure between the two liquids and the association of 
ethanol but for the fact that the S-shape is peculiar to the viscosity 
and molar volume binary curves and does not appear in the vapor 
pressure curve of this binary system. 
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Note on the Hydrogen-Deuterium Isotope Effect 
in Crystals 
CHRISTER E. NORDMAN AND WILLIAM N. LIPSCOMB 


School of Chemistry, University of Minnesota, Minneapolis, Minnesota 
(Received September 13, 1951) 


HE hydrogen-deuterium isotope effect in crystals has been 

the subject of considerable experimental investigation. It 

has been found that substitution of D for H in LiH produces a 

shortening of the unit cube edge,’ whereas in crystals with short 

hydrogen bonds a considerable expansion of the O-H—O dis- 

tance results.? In the case of long hydrogen bonds no appreciable 
effect has been observed. 

A consideration of the difference between the probability dis- 
tribution functions for H and D in these three cases suggests a 
simple explanation of the observed facts. 

In a 3-body system O—H—O the hydrogen may be considered 
approximately as moving in a one-dimensional potential field UV 
between the two end atoms. Assuming further that the latter are 
located at x=-td, it is seen that U is of the form, 


U(d, x) =V(d+x)+V(d—x), 


where V(r) is the O—H potential function. The equilibrium value 
of d is determined by the condition, 


f= Po d, m, T)LAV d-+2) /axJdx—fld)=0, 
where f(d) is the repulsive O—O interaction force, and 


P(x, d, m, T)=[1/Q(d, m, T) ]2n exp(—En/kT) -Yn?(x, d, m) 


is the probability distribution fuction for the H atom of mass m. 

At a given temperature, let (1) be satisfied by P(m) in Fig. 1, 
and let P(m’) be the distribution function for a particle of mass m’. 
Since the repulsive part of V is generally steeper than the attrac- 
tive part, it follows that d must be slightly increased in order for 
P(m’) to satisfy (1). This increase will produce an additional 
widening of P(m’) arising from the slight widening of U(d, x), 
it is however clear that an equilibrium value d’ corresponding to 


(1) 








Fic. 1. Potential V(d+<x) caused by end atom at x =—d (lower solid 
curve), probability distribution function P(m) for particle of mass m in 
potential U(d, x) =V(d+x)+V(d—«x) (upper solid curve), and same for 
particle of mass m’ (broken curve). 
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P(m’) exists, which is =d depending on whether P(m’) is broader 
or sharper than P(m), that is, depending on the mean amplitudes 
of m’ and m. Thus, in order to explain the observed isotope effects 
it is necessary to investigate the change in the probability distribu- 
tion function produced by isotopic substitution. 

In lithium hydride U(d, x) may be assumed to be closely para- 
bolic. Since for a harmonic oscillator‘ 


P(x, d, m, T) =(F/x)* exp(—F2’), 


where F=(422mv/h) tanh(hv/2kT), with v(d, m) closely propor- 
tional to m~}, it follows that an increase in m increases F in agree- 
ment with the observed decrease in Li—Li distance. 

In short, O—H—O bonds U(d, x) may be described as a steep- 
walled and more or less flat-bottomed well, with or without a small 
central maximum. As a preliminary approximation we have com- 
puted the mean amplitudes of H and D in the potential U=4/ 
(c—|x|)?. For a given c it can be shown that a value of A can be 
found at which the isotope effect reverses its sign, that is, for large 
A the function P(x, mp) is “sharper” than P(x, my), the reverse 
being true when A is small. Particularly, when A goes to zero U 
approaches a potential “box,” in which case it is easy to verify that 
the D-distribution is broader. On this basis we feel that the isotope 
effect in short hydrogen bonds can be explained in terms of the 
“box”’-like form of the potential function. 

In long hydrogen bonds the probability distribution function 
has two distinct peaks corresponding to the two minima in JU. 
One peak will nearly coincide with the minimum of V(d+2), 
the other will be approximately in the region of the minimum of 
V(d—x), where, however, the derivative of V(d+ x) almost van- 
ishes. It will be seen from (1) that the change in d produced by 
isotopic substitution will be small. 

1E, Zintl and A. Harder, Z. physik. Chem. 28B, 478 (1935). 


2 J. M. Robertson and A. R. Ubbelohde, Proc. Roy. Soc. (London) 170A, 
222 (1939); A. R. Ubbelohde, ibid. 173A, 417 (1939); A. R. Ubbelohde and 
I. Woodward, ibid. 179A, 399 (1942); D. H. W. Dickson and A. R. Ubbe- 
lohde, Acta Cryst. 3, 6 (1950). 

3 J. M. Robertson and A. R. Ubbelohde, Proc. Roy. Soc. (London); A. R. 
Ubbelohde, ibid.; H. D. Megaw, Nature 134, 900 (1934). 

4P. Debye, J. Chem. Phys. 9, 56 (1941). An error in this paper has been 
corrected by Y. Morino, ibid. 18, 395 (1950). 





Color Centers in Glass 
R. K. SHELINE,* D. E. SHARP, AND W. J. ARNER 
Libbey-Owens-Ford Glass Company, Research Division, Toledo, Ohio 
(Received September 5, 1951) 


NUMBER of investigators'~* have shown that glass on ex- 

posure to the radiations of radium discolors to violet, yellow, 
or brown. Most of the observers were familiar with the fact that 
the depth of color increases with the increase of intensity of radia- 
tion or with the increase of the time of exposure to the radiation. 
It was also well known that the glass could be restored to its orig- 
inal color by heating and that luminescence occurred during the 
heating. 

It is the intention of the authors to suggest that this discolor 
tion is the result of the formation of color centers similar to thos 
produced in the alkali halides when bombarded by x-rays 
cathode rays.* 

In 1922, 43 spent radiation emanation tubes having total weigh! 
of 1.7 grams were added to 1450 grams of a borosilicate glass havin! 
the following calculated composition. 


SiOz 68.9 
K,0 16.9 
Na2O 52 
CaO 1.9 
B.0; 7.0 
As203 0.1 


A quantitative spectrochemical analysis of this glass showed the 
presence of iron in quantities between 0.1 and 0.01 percent a” 
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Fic. 1. The visible and ultraviolet spectrum of a radium containing boro- 
silicate glass 0.221 inch thick: age in days shown on curve. 


showed that there was less than 0.005 percent manganese present. 
In addition, there was approximately 0.1 percent chloride present 
as impurities in the sodium and potassium carbonate. No spec- 
trometer was available to measure quantitatively the extent of the 
decolorization and the attendant absorption until May, 1944. 


| At this time the following procedures were followed. Pieces of glass 


which had been discolored by the radium radiations were heated 
up to 350° for two hours and then cooled. During this time there 
was a considerable luminescence of the glass and the glass was 
rendered transparent and colorless to visible observation. The 
transmission of this glass was then run using a Beckman spectro- 
photometer. This is shown in Fig. 1 and is the curve marked 0. 
The transmission of this glass was again determined in 20, 77, 
155, 567, and 1422 days as shown in Fig. 1. The transmission of 
apiece of glass, which was not decolorized by the heat treatment 
with a total life of 7995 days since fabrication, is shown in Fig. 1 
and is marked 7995. The absorption maximum in the region of 
5100 angstroms can be destroyed by heating for longer times at 
approximately 510°C. 

The absorption at 3800 angstroms is present in spite of all heat- 


| ing, and it appears that this absorption is not in any way related 


to color centers but is instead related to the ferrous-ferric oxide 
equilibrium in glass. When glasses containing iron are prepared 
under conditions producing excellent chemical reduction, this 
absorption appears only as a shoulder. When the reduction is less 
perfect, a deeper absorption is shown. 

In addition to this peak, three other peaks are present in Fig. 1— 
one at approximately 6175 angstroms, a second at approximately 
5100 angstroms, and the third at less than 4000 angstroms. A 
maximum of this last-named peak does not seem to be attained 
at the cutoff in the transmittance of glass. 

It is our belief that these three bands result from color centers 
which are produced by the alpha-, beta-, and gamma-rays from 
radium. These alpha-, beta-, and gamma-rays move through the 
glass network producing photoelectrons in the solid which move 
through the glass network at a high rate of speed producing 
secondary electrons and holes. It is the disposition of these second- 
ary electrons and holes which results in the color centers in glass. 
Since lattice defect type color centers have not been suggested as 
occurring in vitreous solids previously, it is perhaps advisable to 
discuss the reasons one might expect to observe them in glass. 

In vitreous quartz, oxygen tetrahedra serves to build a coherent 
but irregular network. The presence in glass of network modifiers 
(Na,0, K,0, and CaO) make the structure even more irregular by 
breaking the oxygen bridges between adjacent polyhedra.® The 
Presence of these irregularities, together with the open network 
nature of glass, builds into the glass the imperfections which are 
potential color centers. In view of the complexity of the composi- 
on of the glass used in this experiment, it is not possible to assign 
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particular bands to particular type color centers; however, it is 
possible to suggest which color centers are possibilities. These 
include the F center which is a negative ion vacancy in which 
an electron is trapped; the F’ center which is a negative ion 
vacancy which has trapped two electrons; the V center which is a 
hole trapped by a positive ion vacancy; the M center which is an 
F center combined with a pair of vacancies; and the R center which 
is probably two negative ion vacancies in which one or two elec- 
trons are trapped. It would appear both from the composition of 
the glass and from the position of the absorption bands that V 
centers should be considered most probable. From the experiment 
it is not possible to determine if the maximum at 5100 angstroms 
is a secondary color center, the result of heating some of the 
primary color centers, or if it is a primary color center itself which 
is not as easily destroyed by heat. However, since thermal energy 
destroys two of the color centers much easier than the one at 5100 
angstroms, it is probable that these color centers are of at least 
two fundamentally different types. 

The fact that the absorption bands reported in this com- 
munication are broader than the normal type F bands is probably 
explained by the chemical complexity of the glass. Thus Gnae- 
dinger’ showed that the width of F bands increased when mixed 
crystals were irradiated with x-rays. The luminescence which 
occurs when the discolored glass is heated probably results from 
the fact that the electrons from the color centers are ejected into 
the conduction band by the increased thermal] agitation of sur- 
rounding ions. This ionization is then followed by emission in the 
form of luminescence. 

In summary then, the fact that heating destroys the discolora- 
tion and with varying degrees of efficiency, the fact that lumines- 
cence can be explained in terms of color centers, and the fact that 
the structure of glass is consistent with the formation of color 
centers, lead us to postulate their existence in glass incorporated 
with radium. 

* Now at Florida State University, Tallahassee, Florida. 

1E. Rutherford, Radioactive Substances (Cambridge University Press, 
London, 1913), p. 307. 

2 Doetler, Le Radium 7, 58 (1910). 

3C. L. Ross, Phys. Rev. 26, 108 (1926). 

4C. W. Parmelee, J. Soc. Glass Technol. 13, 279 (1929). 

5M. Berthelot, Compt. rend. 145, 710 (1907). 

6 R. W. Pohl, Physik. Z. 39, 36 (1938). 

7F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

8N. F. Mott and R. W. Gurney, Electronic Processes on Ionic Crystals 
(Oxford University Press, New York, 1940). 


9 J. Biscoe and B. E. Warren, J. Am. Ceram. Soc. 21, 287 (1938). 
10 R,. Gnaedinger, Thesis, University of Chicago, June, 1951. 





Critical Phenomena in the Cyclohexane-Aniline 
System* 


RoBERT W. ROWDEN AND O. K. RICE 


Department of Chemistry, University of North Carolina, 
Chapel Hill, North Carolina 


(Received September 5, 1951) 


8 ge has recently been much interest in critical phe- 
nomena in binary liquid mixtures in particular with respect 
to two questions :'~6 (1) Does the coexistence curve have a finite 
horizontal portion at the critical mixing temperature? (2) In the 
region of homogeneous mixtures immediately beyond this tem- 
perature do the isotherms show a constant fugacity over a range 
of concentrations? The scanty experimental evidence has recently 
been reviewed by Rice,’ and more recently Zimm’ has concluded 
that for the perfluoromethylcyclohexane-carbon tetrachloride 
mixture the answer to both of these questions is “no,” the critical 
phenomena being of the classical type. To get further evidence on 
these questions a study has now been made of the cyclohexane- 
aniline system. The total vapor pressure was taken as a measure 
of the fugacity, and this system was chosen because one com- 
ponent, the cyclohexane, contributes practically all of the pres- 
sure.® 

The sample tube was made so that the mixture could be dis- 
tilled into it in vacuum, the mixture frozen out with liquid air and 
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pumped off, and the tube sealed while under vacuum. The sample 
tube was also provided with a break seal. Thus it was possible to 
fasten the sample tube to a differential manometer or to continue 
its purification in vacuum or in an atmosphere of its own vapor. 
To repurify, the mixture was distilled through the break seal into 
a chamber containing freshly ignited CaO, melted, and allowed to 
remain in contact with the CaO (to remove residual water) for 
several hours. Finally the mixture was distilled into another 
sample tube and sealed off in the manner already mentioned. 

The results of the study of the coexistence curve are shown in 
Fig. 1. The system was found to be extremely sensitive to im- 
purities. Although carefully purified materials were used, it was 
found necessary to make repeated purifications of each mixture 
to remove residual water. The change in transition temperature as 
the water was removed is shown. The three circles with tails 
indicate no change in transition temperature after repurification. 
It will be noted that two other mixtures changed less than 0.01° on 
repurification, and the excellent consistency of the experimental 
results is evidence that final purification was obtained in all cases. 
All eleven samples were placed in a thermostat and observed 
simultaneously. On cooling from above the critical temperature 
the transition was from clear to blue opalescence (with intensity 
increasing) to blue-white opalescence to distinct cloudiness to 
appearance of the meniscus. The two mixtures on the outside did 
not go through the blue-white opalescence stage. The transition 
temperature was taken as that temperature at which, on cooling, 
the opalescence changed to distinct cloudiness. The critical tem- 
perature, 7,,, was thus found to be 29.63°C. The meniscus was not 
visible until about 0.015° lower but appeared, as nearly as dis- 
cernible, simultaneously in the center portion of the six mixtures 
shown on the flat portion of the coexistence curve; all these thus 
appear to be critical mixtures. In the two samples to the right of 
the flat portion the meniscus appeared and disappeared at the top 
while in the three samples to the left of the flat portion, it appeared 
and disappeared at the bottom. There appeared to be no measur- 
able difference in the transition temperatures whether approached 
by cooling or by heating. In the neighborhood of 7, the mixtures 
were cooled at a rate less than 0.01° per hour. The maximum range 
of transition temperatures is believed to be less than 0.003° for 
the six critical mixtures, and it is therefore concluded that the 
coexistence curve does have a flat portion for the cyclohexane- 
aniline mixture. 

Four pairs, as indicated in Fig. 2, of the samples were attached 
to differential manometers (polyethylene glycol was the manom- 
etric fluid), break seals opened, and the pressure differences meas- 
ured as a function of temperature. Two of the pairs were outside the 
critical region and the other two inside. (The mixture at 0.419 
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mole fraction became a critical mixture on attaching to the 
manometer, because of the slight change in composition resulting 
from distillation of cyclohexane vapor into the dead space above 
the break seal.) In all cases there was a small amount of gas pres- 
ent (noncondensable with liquid air) which caused a constant 
pressure difference to be observed in the two-phase (liquid) region 
as the temperature was changed. This is believed to have been 
caused by the fact that it was impossible to outgas the apparatus 
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at elevated temperatures and in the sealing process some gas was 
given off the glass. This constant pressure difference (of the order 
of 0.1 to 0.2 mm Hg) was subtracted from the observed differences 
and the resultants divided by the difference in mole fraction of the 
two samples. The resulting slopes are plotted in Fig. 2. Except 
for the highest temperature all slopes are mean values of two or 
three readings. The slope is zero below Tm and appears to increase 
approximately linearly with temperature above 7. The agree- 
ment between pairs is within experimental error. Obviously the 
experimental error will increase with a decrease in difference in 
concentration such that the error would be greatest for those pairs 
inside the critical region. If a constant fugacity region exists above 
29.63°C, the experimental evidence indicates it would have to be 
below 29.80°C for the pair just inside the critical region and below 
29.90°C for the pair well inside the critical region. Probably little 
significance can be attached to the relative positions of the slopes 
to each other at a given temperature although there seems to bea 
slight indication that the pressure difference increases more out- 
side the critical region than inside. 

We wish to thank the American Petroleum Institute and the 
National Bureau of Standards for the cyclohexane, and Dr. A. T. 
Schramm of the National Aniline Division of Allied Chemicals 
and Dye Corporation for a special sample of aniline. 

* Work supported by the ONR.. 

1 J. E. Mayer and S. F. Harrison, J. Chem. Phys. 6, 87, 101 (1938). 

20. K. Rice, J. Chem. Phys. 15, 314 (1947). 

30. K. Rice, Chem. Revs. 44, 69 (1949). 

40. K. Rice, J. Phys. Coll. Chem. 54, 1293 (1950). 

5B. H. Zimm, J. Chem. Phys. 19, 1019 (1951). 

6 J. E. Mayer, J. Chem. Phys. 19, 1024 (1951). 


7B. H. Zimm, J. Phys. Coll. Chem. 54, 1306 (1950). 
8H. Schlegel, J. Chim. Phys. 32, 215 (1935). 
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A Note on the Scattering of Ions by Molecules 
VERNON MYERS 


Pennsylvania State College, State College, Pennsylvania 
(Received September 13, 1951) 


IMONS! and his co-workers have made some intensive in- 
vestigations of the scattering of ions in gases and find in some 
instances that the scattering is much larger than that expected for 
an attractive force caused by polarizability or a permanent mo- 
ment. This would be expected in the scattering of H*+ in H2, or H* 
in He since H;+ and HeH* are stable ions. In the scattering of 
protons by molecular hydrogen, for example, one of the electrons 
normally associated with Hz would spend part of its time in the 
field of the proton. 

Actual ion capture was not observed in these experiments, but 
it may be of interest to set an upper limit to the cross section for 
ion capture and subsequent photon emission. It follows from the 
method of detailed balancing? that 


ScapP1"= CdisP2”, (1) 


where @cap is the cross section for the capturing of the ion by the 
molecule, oais is the cross section for the breaking up of the 
molecule ion, ; is the momentum of the ion in the center-of-mass 
system, and p2 is the momentum of the photon. Statistical weight- 
ing factors have been neglected in Eq. (1). These factors are of the 
order of unity. In particular, for the H,—Ht* interaction, ocap is 
the cross section for the formation of H;*, and oais is the cross 
section for the photodisintegration of H;+ into Hz and Ht. For 
H,:—H* one finds 


Ocap/Odis= 1-10 E*/Fy, (2) 


where £2 is the photon energy in ev, and £; is the energy of H* in 
in ev relative to the laboratory coordinates. E2= 4£,+A, where A 
is the energy required for dissociation of H;* into H, and Ht. 
Ais estimated from Hirschfelder’s* calculations to be of the order 
of 3 volts. The lower limit on E; set by experiment is about 1 volt. 
The cross section for photodisintegration of H;* would be ex- 
pected to be less than the “area” of the molecule. Taking the upper 
limit on ais to be 1-10~'5 cm? and £; to be 1 volt, the result is 


Scap < 2-10 cm?. (3) 


This cross section is insignificant in comparison to the scattering 
cross section for the proton by H; (4-107 cm? at this energy). 


we Fontana, Muschlitz, and Jackson, J. Chem. Phys. 11, 307 
2H. A. Bethe, ees Nuclear Theory (John Wiley and Sons, Inc., 
New York, 1947), p 
$j. Hirschfelder, j. ,_ = Phys. 6, 795 (1938). 





A Second Water Structure for Inert Gas Hydrates 


W. F. CLAuUSSEN 
Illinois State Water Survey, Urbana, Illinois 
(Received September 5, 1951) 


STRUCTURE for the water molecules in inert gas hydrates 
was recently proposed by the author,! and this structure was 
subsequently verified by the x-ray technique by von Stackelberg 
and Miiller.? This x-ray investigation also yielded the result that 
there must exist two distinct hydrate structures corresponding to 
(1) hydrates of small molecules or gases such as Clz, CH;SH, H.S, 
Bry, SOz, etc., with a cubic cell constant of 12A, and (2) hydrates 
of large molecules, such as CHC1];, C2H;Cl, etc., with a cubic cell 
constant of 17A. The water structure of the latter type of hydrate 
agreed with that earlier proposed by the author. The author is now 
Ma position to propose a water structure for hydrates of the 
smaller molecules having the 12A cell. 
This second water structure for inert gas hydrates is a modified 
y centered cubic lattice, at each of the corners, and in the center 
of the cube there is a pentagonal dodecahedral array of 20 water 
molecules. The dodecahedra at the corners of the cube are joined 
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to adjacent corner dodecahedra by two additional water molecules 
to form hexagons of water molecules (see Fig. 1, which represents 
part of the unit cell). The body centered dodecahedron is attached 
to all of the 8 corner dodecahedra through single hydrogen bonds, 
and is also attached to 12 of the added “hexagon” water molecules. 
The resulting structure has another, new void, besides the pen- 
tagonal dodecahedron, namely, a tetrakaidecahedron (Fig. 2). 
This figure has 2 opposite hexagonal faces and 12 pentagonal faces. 
The volume of this figure must be slightly larger than that of the 
dodecahedron and quite a bit smaller than the hexakaidecahedron 
of the earlier described hydrate structure. We might term this 
void the medium sized void, while the other two may be termed 
large and small voids. The lattice constant of the unit cubic cell 
should be about 12A, in agreement with the x-ray data. 
Some data on the unit cubic cell are as follows: 
Total number of water molecules 
Number of small holes or voids (dodecahedra) 
(at 000, 4 4 4) 
Number of medium sized holes (14-hedra) 
(at 404,304,043 4,04 2,420, $20) 


Hypothetical hydrating a 


Filling all holes =5} HO 


46/8 
Filling only medium holes 46/6 =7} H:0 


In Table I are listed the hydrating numbers of various molecules 


TABLE I. 








Medium-sized molecules 
(filling only medium holes) 


Small molecules 
(filling all holes) 





N20 6 H:0 
H2Se 5.87 H20 








as assembled by Schroeder* and reclassified according to the 
described scheme. 

Hydrates of molecules labeled with an asterisk in Table I have 
been studied by one of Professor M. v. Stackelberg’s students, 
H. R. Miiller,t and have been found to fall in the 12A cell class. 
It is assumed that all of the hydrates in Table I have this same 
water structure. 

The author wishes to express appreciation to Dr. A. M. Buswell 
and Dr. W. H. Rodebush, whose interest in the structure of water 
substances provided the impetus for this investigation. The author 


Fic. 1. Body centered cubic pentege onal dodecahedral lattice, showing base 
and center of unit cell. Each ball represents one water molecule. 
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Fic. 2. Tetrakaidecahedron. 


gratefully acknowledges the help given by Professor M. v. Stackel- 
berg and Mr. H. R. Miiller by providing the original x-ray data 
and conclusions on some hydrates, which conclusions prompted 
the author into making a renewed search for the structure of the 
12A unit cell. 

This work was made possible by a grant from the ONR, on a 
project pertaining to the properties of watery substances. 

1 W. F. Claussen, J. Chem. Phys. 19, 259-260, 662 (1951). 

2M. v. Stackelberg and H. R. Miiller, J. Chem. Phys. 19, 1319 (1951). 


3W. Schroeder, Ahren’s Sammlung chemischer und chemischer-tech- 


nischer Vortrage, 1926-28, p. 76. : 
4H. R. Miiller, ‘‘ X-ray investigation of gas hydrates,”’ Thesis, Rhein- 
ischen Friedrich-Wilhelms-Universitat zu Bonn, July, 1951. 





Carrier-Free Radioisotopes from Cyclotron Targets. 
XIX. Preparation and Isolation of Pt!*!:1% 
from Osmium* 


JEANNE D. GILE, WARREN M. GARRISON, AND JOSEPH G. HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Divisions of Medical Physics, 
Experimental Medicine, and Radiology, University of California, 
Berkeley and San Francisco, California 


(Received September 7, 1951) 


ADIOACTIVE platinum produced by bombardment of 
osmium with 38-Mev alpha-particles has been isolated with- 
out addition of isotopic carrier. The following two radioisotopes of 
platinum are produced by (a, ”), (a, 2m), and (a, 3) reactions 
with alpha-particles of this energy: 3-day Pt" and 4.3-day 
Pt!%, The carrier-free radio-platinum was separated from the 
target element and from the possible radioisotopes of Ir (from 
a, pn reaction) and Re (from n, p reaction) by a solvent-extraction 
procedure based on the solubility of chloroplatinous acid in ethyl 
ether. 

A 2-mm layer of C.P. osmium} powder, supported on a grooved 
water-cooled aluminum target plate by a 0.25-mil tantalum foil, 
was bombarded for 40 wa-hr at an average beam intensity of 7 ua, 
in the 60-in. cyclotron at Crocker Laboratory. 

The bombarded osmium was dissolved in aqua regia, additional 
16 N HNO; was added, and the osmium was volatilized as the 
tetraoxide. After the osmium had been volatilized the HNO; was 
destroyed with excess of 12 N HCl. The acid solution containing 
the active Pt!!% was diluted with distilled water to make the 
solution 3 WV in HCl, 1 ml of 10 percent SnCl, was added, and the 
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chloroplatinous acid was extracted with ethyl ether which had 
previously been saturated with 3 N HCl. Under these conditions 
over 95 percent of the carrier-free radio-platinum is recovered in 
the organic phase. The ether layer was washed with 6 N HCl and 
the activity was quantitatively retained in the organic layer. 
Twenty mg of NaCl were added to the ether phase and the mix- 
ture was evaporated to dryness on a steam bath. The carrier-free 
Pt! 193 was redissolved quantitatively in 2 ml of distilled water at 
~H 6 to give an isotonic saline solution for biological experiments. 

The radio-platinum was identified by half-life determinations, 
absorption measurements, and chemical separation with carrier. 
The decay was followed for 40 days and showed the 3.0-day Pt!!! 
and the 4.3-day Pt!%.! Seven days after bombardment the activity 
showed predominately the 4.3-day period. Aluminum and lead 
absorption measurements two days after bombardment showed the 
0.5-Mev conversion electron and the 0.57-Mev gamma-ray pre- 
viously reported? for Pt!*'. An aliquot of the solution was added to 
a solution containing carrier amounts of Os, Ir, Re, and Pt. The 
radioactivity was quantitatively recovered in the Pt fraction 
following chemical separation.’ 

We wish to thank Professor G. T. Seaborg for helpful sugges- 
tions, the staff of the 60-in. cyclotron and Crocker Laboratory for 
bombardments, and Miss Margaret Gee for technical assistance in 
counting. 

* This document is based on work performed under Contract No. W-7405- 
eng-48-A for the AEC. 

+ The osmium was obtained from Johnson Mathey and Company. Pt was 
not detected by spectrographic analysis. 

1G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 (1948). 

2G. Wilkinson, Phys. Rev. 73, 252 (1948). 


3A. A. Noyes and W. C. Brag, A System of Quantitative Analysis for The 
Rare Elements (The Macmillan Company, New York, 1927). 





Carrier-Free Radioisotopes from Cyclotron Targets. 
XX. Preparation and Isolation of Ru%’:!° 
from Molybdenum* 


JEANNE D. GILE, WARREN M. GARRISON, AND JOSEPH G. HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Divisions of Medical Physics, 
Experimental Medicine, and Radiology, University of California, 
Berkeley and San Francisco, California 


(Received September 7, 1951) 


LPHA-PARTICLE bombardment of molybdenum produces 
the 2.8-day Ru’ and the 42-day Ru'® by the nuclear reac- 
tions, Mo(a, «n)Ru%’, and Mo!(a, 2) Ru, This paper reports a 
method of isolating this activity in the carrier-free state from the 
target element and from radioisotopes of Tc (from a, pxn reat: 
tions) which are produced concurrently by the 40-Mev alpha 
particles from the 60-in. cyclotron at the Crocker Laboratory. 
The target was a block of C.P. molybdenum metal, silver 
soldered to a water-cooled copper target plate. It was bombarded 
with 40-Mev alpha-particles for a total of 70 wa-hr at an average 
beam intensity of 8 ua. The bombarded surface was removed by 
milling off approximately 0.5 g of Mo. The Mo chips were fused 
with 5 g of KOH and 0.5 g of KNO; in a nickel crucible at 500°C 
for 15 minutes. The fused mass was dissolved in a minimum 
amount of hot water and centrifuged to remove insoluble material. 
The strongly basic solution was transferred to an all-glass dis 
tilling flask,? a stream of Cl, was bubbled through the solution, 
and the active ruthenium was distilled as the RuO, which wa 
collected in a trap containing 12 N HCl cooled with ice. Undet 
these conditions the technetium isotopes remain in the distilling 
flask with the target material. The acid distillate containing the 
radio-ruthenium was evaporated to a small volume, made basi 
with NaOH, and redistilled into a trap containing 12 N HCl 
The second distillation was done to insure complete separatio 
from the target material. The final HCI solution was evaporated 
to dryness on 20 mg of NaCl and the activity dissolved quantits- 
tively with the addition of 2 ml of distilled water. ; 
An aliquot of the preparation was added to a solution containing 
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carrier amounts of Mo and Ru. The activity was quantitatively 
recovered in the Ru fraction following chemical separation. The 
radiation characteristics were obtained by aluminum and lead 
absorption measurements and showed the 0.2-Mev conversion 
electron and the 0.23-Mev gamma-ray previously reported® for 
Ru®’. The activity showed the 2.8-day period for nearly 15 half- 
lives at which time it began to lengthen to a period of approxi- 
mately 40 days, presumably because of Ru’. 

We wish to thank Professor G. T. Seaborg for helpful sugges- 
tions, the staff of the 60-in. cyclotron for bombardments, and Miss 
Margaret Gee for technical assistance in counting. 

* This document is based on work performed under Contract No. W-7405- 
eng-48-A for the AEC. 

1 Nuclear Data (National Bureau of Standards, September 1, 1950). 


2L. A. Scherrer, J. Research Natl. Bur. Standards 21, 95 (1938). 
3D. T. Eggen and M. L. Pool, Phys. Rev. 74, 57 (1948). 





Carrier-Free Radioisotopes from Cyclotron Targets. 
XXI. Preparation and Isolation of T1?°.2-202 
from Mercury* 


JEANNE D. GILE, WARREN M. GARRISON, AND JOSEPH G. HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Divisions of Medical Physics, 
Experimental Medicine, and Radiology, University of California, 
Berkeley and San Francisco, California 


(Received September 7, 1951) 


HIS paper reports a procedure used in isolating radio-thal- 
lium in the carrier-free state from a mercury target which 
had been bombarded with 19-Mev deuterons in the 60-in. cyclo- 
tron at Crocker Laboratory. At this energy deuteron bom- 
bardment of mercury produces! T]? 2°! 202 by the nuclear reactions 
Hg!99(d, 2) T2, Hg?°(d, 2n) T?2, Hg?°(d, nm) T2, Hg?"(d, 2n) TI, 
Hg*"'(d, n) TP, and Hg?(d, 2m)TI?°. Other shorter-lived radio- 
isotopes of thallium, notably the 7-hr Tl’, were allowed to decay 
out prior to chemical separation. 

The target chamber? was made from a 100-ml Pyrex flask and 
had a concave glass window approximately 4 cm in diameter and 
0.15 mm in thickness with a total volume of 30 ml. The target 
flask was connected to a small reflux condenser and the flask was 
cooled by a stream of air during bombardment. The target was 
filled with liquid mercuryt and bombarded with 19-Mev deuterons 
for a total of 30 wa-hr at an average beam intensity of 3.5 ya. 
After removal of the mercury from the target, it was found that 
the radio-thallium had deposited quantitatively on the walls of 
the glass flask. The mercury was discarded and the flask was 
washed twice with 16 N HNO;. The HNO; solution which con- 
tained the radio-thallium, and traces of mercury which had ad- 
hered to the glass surface, was evaporated to 2 ml, treated with 
excess 12 N HCl to destroy the HNOs, and diluted to approxi- 
mately 3 N HCl. This solution was then extracted with ethyl 
ether which had previously been equilibrated with 3 N HCl. Over 
95 percent of the carrier-free radio-thallium was removed from the 
aqueous phase. The ether fraction was washed with water to re- 
moved HCl and the activity was quantitatively retained in the 
organic phase. Fifty mg of NaCl was added to the ether solution 
and the mixture evaporated to dryness on a steam bath. The 
carrier-free T]?0.201,202 redissolved quantitatively in 5 ml of dis- 
tilled water and was adjusted to pH 6 to give an isotonic saline 
solution for biological investigation. 

The radio-thallium was identified by half-life determinations, 
absorption measurements, and by a chemical separation procedure 
in which Au, Hg, and Tl were used as carriers. The decay curve 
was followed for 60 days and showed three periods: 27-hr TP, 
thr TH, and 11.8-day T2, Eleven days after bombardment 
the activity showed only the 11.8-day period. The aluminum ab- 
Sorption measurements four days after bombardment showed an 
tnd point of ~130 mg/cm? Lead absorption measurements 
showed the 0.4-Mev gamma-ray assigned to Tl?! Milligram 
amounts of Au, Hg, and Tl were added to an aliquot from the 
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preparation and 98 percent of the activity was recovered in the Tl 
fraction, using a standard chemical procedure for isolation of 
the Tl.‘ 

We wish to thank Professor G. T. Seaborg for helpful sugges- 
tions, Mr. B. Rossi and the staff of the 60-inch cyclotron at 
Crocker Laboratory for the bombardments, and Miss Margaret 
Gee for technical assistance in counting. 


* This document is based on work performed under Contract No. W-7405- 
end-48-A for the AEC. 

1G, T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 (1948). 

2? Garrison, Haymond, and Hamilton, “‘Carrier-free radioisotopes from 
cyclotron targets; preparation of F!8 from water” (unpublished data). 

The mercury was C.P., triple distilled, thallium-free. 

(1946) S. Krishnan and E. A. Nohum, Proc. Camb. Phil. Soc. 36, 490 

4A. A. Noyes and W. C. Brag, A System of Quantitative Analysis for The 
Rare Elements (The Macmillan Company, New York, 1927). 
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XXII. Preparation and Isolation of Pb*®* 
from Thallium* 


HERMAN R. HAYMOND, WARREN M. GARRISON, AND JOSEPH G. HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Divisions of Medical Physics, 
Experimental Medicine, and Radiology, University of California, 
Berkeley and San Francisco, California 


(Received September 7, 1951) 


HE 52-hr Pb, produced by the reaction Tl?°(d, 2m)Pb? 
has been isolated in the carrier-free state from a Tl target 
without the addition of stable lead carrier. 

The target consisted of a 2-mm layer of Tl,0; powder held on a 
grooved water-cooled copper plate by a 0.25-mil platinum foil 
and was bombarded with 19-Mev deuterons in the 60-in. cyclotron 
at the Crocker Laboratory. Lead was not detected by spectro- 
graphic analysis (less than 0.01 percent) in the T1,0; powder used 
for the target. The beam current was limited to 5 wa to avoid 
volatilization of the target powder from over-heating during 
bombardment. 

After bombardment, the Tl,O; powder was dissolved in 1 NV 
HNO;. The solution was saturated with SO. gas to reduce the 
thallic ion to the thallous state, following which the solution was 
heated to expel the excess SO». Ten mg of ferric ion were added and 
the solution was made basic by the addition of NH,OH. The 
precipitated Fe(OH);, which carried most of the Pb’, was re- 
moved by centrifugation, washed twice with dilute NH,OH and 
once with water, and dissolved in 1 N HNO. Five mg of inert 
thallic ion were added to the solution as holdback carrier and the 
whole process was repeated. The process was repreated again 
without the addition of inert thallium. The third Fe(OH), precipi- 
tate was dissolved in 6 N HCl and the iron removed by four ex- 
tractions with equal volumes of ethyl ether. After the addition of 
25 mg of NaCl the solution was heated to dryness and then dis- 
solved in water to give a solution of isotonic saline at pH 4 con- 
taining the carrier-free radio-lead, which was subsequently used 
for biological investigations. 

Identification of the isolated activity was confirmed with an 
aliquot of the preparation by a chemical separation using milligram 
quantities of thallium, lead, and mercury. The decay curve, over a 
period of four half-lives, and the absorption curves in aluminum 
and lead agreed with published data.‘~* The 68-min. Pb? which 
results from deuteron bombardment of thallium,*4 was allowed to 
decay out prior to this separation. 

We wish to thank Professor G. T. Seaborg for reviewing the 
manuscript, Mr. T. Putnam, Mr. B. Rossi, and the staff of the 
60-in. cyclotron for bombardments, and Miss Margaret Gee for 
technical assistance. 

* This document is based on work performed under Contract No. W-7405- 
eng-48-A for the AEC. 

1G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 (1948). 

PP sal Data (National Bureau of Standards Circular 499, September, 


3 Templeton, Howland, and Perlman, Phys. Rev. 72, 766 (1947). 
4K. Fajans and A. F. Voigt, Phys. Rev. 60, 619 (1941). 
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Carrier-Free Radioisotopes from Cyclotron Targets. 
XXIII. Preparation and Isolation of Rh!°:1 102,105 
From Ruthenium* 


JEANNE D. GILE, WARREN M. GARRISON, AND JOSEPH G. HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Divisions of Medical Physics, 
Experimental Medicine, and Radiology, University of California, 
Berkeley and San Francisco, California 


(Received September 7, 1951) 


ADIOACTIVE rhodium, produced by the bombardment of 
ruthenium with 19-Mev deuterons, has been isolated with- 
out added isotopic carrier. Several radioisotopes of rhodium! are 
produced by (d,m) and (d, 2m) reactions with deuterons of this 
energy : 19-hr Rh’, 4.3-day Rh™, 210-day Rh, and 37-hr Rh’, 
and short-lived Rh’ and Rh, The target was aged a few days 
to allow Rh! and Rh to decay out prior to chemical separation. 
Small amounts of technetium are also produced concurrently by 
(n, p) reaction. 

A 2-mm layer of C.P. ruthenium powder,f supported on a 
grooved water-cooled copper plate by a 0.25-mil platinum foil, 
was bombarded for 35 ya-hr at an average beam intensity of 5.5 ya. 
The ruthenium powder was fused with 10 g of Na2O2 in a nickel 
crucible at 300°C for 30 minutes. The small amount of Tc pro- 
duced is lost in this step. The fused mass was dissolved in aqua 
regia with heating and the insoluble material centrifuged out. 
The solution was made basic with KOH, heated to approximately 
100°C, and Cl: gas was bubbled through to volatilize the target 
ruthenium as RuQ,. The residue containing the radioactive rho- 
dium and nickel which was dissolved from the crucible during 
fusion was centrifuged out and found to carry 95 percent of the 
radio-rhodium. The precipitate of nickel hydroxide was washed 
with water and dissolved in a minimum volume of dilute HNOs. 
Five mg of Fet® were added to the acid solution and the Fe(OH); 
precipitated with NH,OH, which carried the active rhodium quan- 
titatively and left the nickel in solution as Ni(NH;).¢**+. The 
Fe(OH); was reprecipitated twice, carrying the activity completely 
each time. The iron was dissolved in 6 N HCl and extracted with 
ethyl ether. The aqueous phase containing HCl and the active 
rhodium was evaporated to dryness on 50 mg of NaCl and dis- 
solved quantitatively in 5 ml of distilled water. 

The decay curve was followed for 200 days and showed three 
periods  37-hr Rh’, 4,3-day Rh’, and 210-day Rh'", Twenty 
days after bombardment the decay curve showed the single period 
of 210-day Rh’, Mass absorption measurements in aluminum 
and lead two days after bombardment showed the 0.78-Mev beta- 
particles of Rh', and the 0.35-Mev and 0.33-Mev gamma-rays of 
Rh" and Rh", respectively. Milligram-amounts of Ru and Rh 
were added to an aliquot of the preparation. The rhodium fraction 
was separated chemically and contained 98 percent of the activity. 

We wish to thank Professor G. T. Seaborg for helpful sugges- 
tions, Mr. B. Rossi and the staff of the 60-in. cyclotron at Crocker 
Laboratory for bombardments, and Miss Margaret Gee for tech- 
nical assistance in counting. 

* This document is based on work performed under Contract No. W-7405- 
eng-48-A for the AEC. 

1G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 (1948). 

+ Spectrographic analysis of Ru powder showed less than 0.017 per- 


cent Rh. 
2 Sullivan, Sleight, and Gladrow, P.P.R., CC-1493 (1944). 





The Lower Excited States of Carbon Dioxide 


JosepH F. MULLIGAN* 
Physics Department, The Catholic University of America, Washington, D.C. 
(Received September 13, 1951) 


ALCULATIONS of LCAO (linear combination of atomic 
orbitals) molecular orbitals and ionization potentials, using 
Roothaan’s LCAO SCF (self-consistent field) method, have been 
recently reported for the electronic ground state of carbon 
dioxide.! These calculations have now been extended to the lower 
excited states of COz. 





THE EDITOR 


The method used was to assume that the lower excited MO’s 
were identical with the unfilled MO’s obtained from the ground- 
state calculations, and given in Table VI of reference 1. These 
orbitals satisfy the requirements of symmetry and orthogonality, 
and are the simplest that can be obtained without carrying out a 
separate variational calculation for each excited state. Roothaan? 
has given convenient formulas for calculating the energies of the 
excited states, consistent with this assumption. 

The lower excited states of CO2 correspond to the excitation of 
an electron from one of the degenerate 17, orbitals to the higher 
3e,, 3ou, and the degenerate 27, orbitals. The excited states 
resulting from these transitions and their calculated energies are 
given in Table I. In the case of I,, Iu, and 2,7, the calculated 


TABLE I. Results of LCAO SCF calculation of lower excited 
states of carbon dioxide. 











LCAO SCF 
energies 
Transition® Excited state> (ev) Mean 
(Iu) 16.3 
17g 304 16.3 
3ITu 16.3 
1ITg 14.6 
17g 309 14.6 
3ITy 14.6 
(Zut) 2.1 
1Ay 9.5 13.6 
1u~ 9.2 
1ay—27u 11.0 
32u7 9.2 
3Au ei} 8.4 
32ut 7.6 








® The molecular orbitals are numbered as in reference 1, following R. S. 
Mulliken, J. Chem. Phys. 3, 720 (1935). 

b Parentheses indicate states to which transitions are permitted from the 
1y,+ ground state. All energies are with respect to the ground state. 


singlet-triplet splitting was zero within the accuracy of the calcu- 
lations. In the case of 2,* the splitting was abnormally large. 
This too-large singlet-triplet splitting is consistent with previous 
calculations on similar transitions in molecules with conjugated 
double bonds.*4 In these cases it has been suggested that the 
“center of gravity” of the singlet-triplet system might be in agree- 
ment with experiments, even when the calculated singlet-triplet 
splitting is bad. For this reason mean values are given for the 
singlet-triplet systems. Six excited states arise from the 17,27, 
transition, and the method used here cannot be expected to repre- 
sent the splitting with great accuracy. For this reason the “center 
of gravity” of the whole 17,27, system may have more physical 
significance. 

The experimental data on the lower excited states of CO: are 
inconclusive. There is not one electronic level whose energy is 
known with certainty, since these states are all high in energy 
above the ground state and their band systems fall in the experi- 
mentally difficult vacuum-ultraviolet region. Thus gaseous CO: 
is transparent to wavelengths longer than 1712A (7.2 ev). The 
initial absorption appears to correspond to a forbidden transition, 
and has a maximum at about 1495A (8.3 ev).5 The results of the 
LCAO SCF calculation are in qualitative agreement with this, 
since they indicate no excited states less than 7.6 ev above the 
ground state, with the lowest states all corresponding to forbidden 
transitions. Mulliken® has pointed out that this initial absorption 
probably corresponds to excitation to the "II, state, and this 
assignment has received some confirmation from Price and Simp- 
son’s’ comparison of the spectra of COz, COS, and CS». If this is 
correct, the LCAO SCF value of 14.6 ev for this state is much 
too high. 

The center of gravity of the 11,27, system corresponds to 
about the same energy (11.3 ev) as the upper state in Rathenau’s® 
“strong” series. Of course, this series may correspond to the al- 
lowed transition to the II, state, which the calculations put at 
16.3 ev above the ground state. This is perhaps more probable, 
since previous LCAO SCF calculations have always given energ}¢ 
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which are too large for the lower excited states. Mulliken‘ has also 
pointed out that it is to be expected that Roothaan’s LCAO SCF 
method will give poor results for highly antibonding excited states, 
and all the lower excited states in CO: are highly antibonding. 

It is probat le that better agreement with experiment would be 
obtained if LCAO MO’s were used which minimized the energy of 
the desired excited state, rather than that of the ground state, 
and if exact values were available for the many integrals that had 
to be approximated in this calculation. Recent work also indicates 
that configuration interaction may have a considerable effect on 
the energies of these excited states.® 

The atomic orbitals used throughout these calculations were 
Slater orbitals with n*=2, and Z*=3.25 for carbon, Z*=4.55 for 
oxygen. Kohlrausch” recently has pointed out that better results 
are obtained for a number of atomic properties by the choice: 
n*=1.944, Z*=2.03 for carbon; n*=1.924, Z*=2.38 for oxygen. 
It is clear that if these should turn out to be the better values for 
molecular problems, the results of these calculations would be 
changed considerably. 

The author wishes to thank Dr. C. C. J. Roothaan for helpful 
correspondence during the course of this work. 

* Now at Woodstock College, Woodstock, Maryland. P 

1J. F. Mulligan, J. Chem. Phys. 19, 347 (1951). 

2C. C. J. Roothaan, Ph.D. thesis, University of Chicago, 1950. 

3R. G. Parr and R. S. Mulliken, J. Chem. Phys. 18, 1338 (1950). 

4R.S. Mulliken, J. Chim. Phys. 46, 497, 675 (1949). 

5 P. S. Wilkinson and H. L. Johnston, J. Chem. Phys. 18, 190 (1950). 

6 yee —_— J. Chem. Phys. 3, 720 (1935); Revs. Modern Phys. 14, 
204 (1942). 

( cons C. Price and D. M. Simpson, Proc. Roy. Soc. (London) A169, 501 
1938). 

8G. Rathenau, Z. Physik 87, 32 (1933). 

® Parr, Craig, and Ross, J. Chem. Phys. 18, 1561 (1950); Coulson, Craig, 
and Jacobs, Proc. Roy. Soc. (London) A206, 297 (1951). 


10K, W. F. Kohlrausch, Acta Phys. Austriaca 3, 452 (1949); see also O. 
Theimer, ibid. 4, 1 (1950). 





A Possible Relation between the Nuclear 
Relaxation Time, 7:, and 
Molecular Structure* 


C. S. CLay,t R. S. BRApForD,t AND ELLis StRICK§ 
Department of Physics, University of Wyoming, Laramie, Wyoming 
(Received September 7, 1951) 


T has been shown that transient solutions of the Bloch equa- 
tions' have two experimentally measurable parameters 71, T>. 
The reciprocal of T2 can be considered as an uncertainty in the 
Larmour precession frequency because of the spread in the effec- 
tive values of the static component of the internal magnetic fields 
plus the reciprocal of the finite state life time (73), ie., 1/T2 
=7(AH)+1/7;. If it is assumed that 7; is very large (our qualita- 
tive experimental observations support 7;>T72 for liquid hydro- 
carbons) and that random motions of the molecules average out 
static interactions among molecules, then JT; can be a measure of 
the spread of magnetic fields at the hydrogens of the molecule. 
This would indicate that T2, a measure of the half-width of the 
proton resonance line, is also a measure of the symmetry of the 
molecule with respect to the hydrogens, i.e., protons. A long T2 
would indicate a small spread of internal magnetic field, averaged 
for all hydrogens in the molecule and a large spread for short 7». 
Measurements of 72 for several related hydrocarbons (shown in 
Table I) were made using the steady-state transient technique.2* 
Discussion of results—(a) The different relaxation times for 
dimethyl propane (neopentane), m-pentane, and 2-methyl butane 
show that there is a strong dependence of T2 upon the particular 
molecular structure for the same number of hydrogens and carbons. 
(b) Another illustration of the isomeric effect is the variation of 
T; as the two methyl groups are moved in the dimethyl pentanes. 
Qualitatively one would expect that 3,3-dimethyl pentane would 
have more symmetry than 2,4-dimethy] pentane, or 2,2-dimethyl 
pentane. The large T2 for 3,3-dimethyl pentane as compared to 
the other dimethyl pentanes appears to support this, 
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TABLE I. 
Structural Tein milli- (AH) =1/T2 
Sample* formula seconds milligauss 
c 
2,2-dimethyl propane c -<d —C 30 +2 1.1 +07 
: 
4 
2,2-dimethyl butane c nt —c—c 18 +2 2.05 +0.2 
: 
c 
2,2-dimethyl pentane c at —c—c—c 341 11 «33 
¢ 
c 
2,3-dimethyl pentane c “a —c—c 5+1 7.42415 
é 
€ 
2,4-dimethyl pentane c “5 —c—c—c 6.341 5.9 +1 
: 
e 
3,3-dimethyl pentane c—c re —c—c 10+1 3.7 +0.4 
I . 
n-pentane c—c—c—c—c 20 +3 1.8 +0.3 
c 
2-methyl butane c—c—c—c 12+2 3.1 +0.5 








* All samples were prepared by the Bureau of Standards and have less 
than 1 percent impurity. 


(c) Dimethyl propane had the longest 7» of all liquid hydro- 
carbons measured. This hydrocarbon also possibly has the most 
symmetry of any investigated (i.e., it can be called tetramethy] 
methane). As successive CH: groups are added to the basic pro- 
pane, one would expect that the symmetry would reduce. From 
Table I, 2,2-dimethyl pentane, 2,2-dimethyl butane, and 2,2- 
dimethyl propane show, respectively, increasing T2’s and from 3- 
dimensional] chemical models increasing symmetry. 

The relaxation time, T2, appears to be strongly related to mole- 
cular structure of the simpler hydrocarbons. It is believed that T2 
can give information concerning the gross structure of hydrocar- 
bons, and these measurements appear to strengthen the 7>- 
symmetry arguments. A paper is in preparation for The Physical 
Review that describes the method of measurement and will report 
values of T2 for many more related liquid hydrocarbons. 

* Assisted in part by the AEC. 

Now at Carter Oil Research Laboratory, Tulsa, Oklahoma. 

Now at Institute for Industrial Research, Denver University, Denver, 
Colorado. 

§ Now at Shell Exploration and Research, Houston, Texas. 

1 Bioch, Phys. Rev. 70, 460-474 (1946). 


2 Bradford, Clay, and Strick, Phys. Rev. 84, 157 (1951). 
3 Strick, Bradford, Clay, and Craft, Phys. Rev. 84, 363 (1951). 





Erratum: Fast Electrode Reactions 
[J. Chem. Phys. 19, 1065 (1951)] 


J. G. BARREDO 
Jones Laboratory, University of Chicago, Chicago, Illinois 


Equations (3) and (4) should read 
I-71 =2K>(1—a@)(nF)!-#2—-4, [3] 
Za QvaK Mary —q)'/e](e-D lap lay (—a)/ap—a)/a_ [4] 


respectively. 











1430 


Conformal Solution Theory and Dipole Interaction 


J. A. BARKER 


Division of Indistrial Chemistry, Commonwealth Scientific and Industrial 
Research Organization, Melbourne, Australia 


(Received September 10, 1951) 


HE theory of conformal solutions! provides an ingenious 

method for differentiating the phase integral for a solution, 

and so permits the expression of the properties of the solution in 

terms of those of the pure (nonpolar) components. This note indi- 

cates that a similar method can be applied to solutions in which a 
weak dipole interaction occurs. 

A binary solution of NV, polar molecules and N, nonpolar mole- 
cules is considered. The polar molecules have a point dipole of 
strength yu located at the center, but are otherwise spherically 
symmetrical (pseudo-spherical molecules). 

The energy of the solution in a given configuration is supposed 
to be 

U=U'+UF, (1) 
where 


U'!=2 fret(grsRrs) (summed for all molecular pairs), 


T,8 
UF=> w(x, d) 
wr ReoF 

The dispersion and induction energies are included in U', u(p) 
is a universal function, f,, and gr; depend only on the chemical 
nature of the molecules r and s and are supposed to be close to 
unity. U* represents the energy of the dipole-dipole interaction, 
and the function (x, \) depends on the orientations of the mole- 
cules «x and A. 

The energy U® is regarded as a perturbation and the phase 
integral may be explained in the following way (classical statistics 
are assumed) : 


(summed for all pairs of polar molecules). 








1 
saw f exp(—U'/k7) exp(—U¥/AT) (ds) (a6) 
Q(T, V)=—2— 
J@) 
a _ (UU )wy (U)p7? 
-0(1 kT aa) 


The average values are defined as integrals over the unper- 
turbed configurations, (dx) and (d@) refer to integration over posi- 
tional coordinates of all molecules and orientational coordinates of 
polar molecules, respectively. Terms higher than that in (U”),/? 
are neglected. 

Integration over orientational coordinates gives the following 
results: 

(U PY ny =0 


gut f exp(—U'/kT)(ZRa*) (dx) 
fexp(- U'/kT) (dx) 


If the special form shown by Eq. (2) is assumed for u(p), then 
=R.~* is determined by Eq. (3). 


w= zeatel (CY 3G) | 2) 


(m, Em, po are constants), 


1 f/f , we ~) 
2 Ra t= — + £pp—— J 3 
Kr ss mfopEndN”) "af, *?¥ ag, ” 
In Eq. (3) the abbreviation d= o/gpp has been made. Using 
Eq. (3) it follows that 
2uAkT 





(U®)n?= 





0 0 
(U¥)?= a+ e5—-) loga'. 
pp 8p 


mf opEmd A" ”°aF 


If F is the Helmholtz free energy of the actual solution, F' 
that of a corresponding solution in which the dipole-dipole inter- 


LETTERS TO THE EDITOR 





action is reduced to zero, then 
F—F'=—kT log(Q/0') 


aes wee 
3mf ppEm\kTd* raf. Pp PB» ; 

Using the results of the conformal solution theory and trans- 
forming to constant pressure conditions, the Gibbs free energy of 
the solution is found to be given by Eq. (4), in which terms of 
order (f—1)*, (g—1)?, (f—1)(u?/kTd*)?, (g—1)(u?/kTd*)* have 
been neglected. 

G(T, p) =Got+RT (xp logxy+<x, logs) 
+ Eola fop—1)+2xprs(fos— 1) +42(fes—1) J 
+3(RT — pV 0) [x7?(gpp—1)+2xpxs(gps—1)+x27(gss—1)] 
$F (# VimBet RT pV)! 
3mToNkTa) pre Fe. 

In this expression, Go, Eo, Vo are the Gibbs free energy, energy, 
and volume, respectively, of a pure reference liquid in which the 
molecular interactions are given by Eq. (2). The energy Em has 
been related to the critical temperature To° of the reference liquid 
by the equation 

y¥Em=kT 0°. 

According to Lennard-Jones and Devonshire? y™1.3. The 
length d is the diameter of the polar molecules (more strictly the 
equilibrium separation of two molecules under the influence of 
dispersion and induction forces). The quantities f;s, g-s depend on 
the dipole moment and the polarizabilities as well as on the mag- 
nitude of the dispersion forces. 

Equation (4) can be used to determine the effect of the dipole 
interaction on the thermodynamic properties of both the pure 
polar liquid and the solution. The general requirement for validity 
is that (w?/kTd*) <1. 


1H. C. Longuet-Higgins, Proc. Roy. Soc. (London) A205, 247 (1951). 
2J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. (London) 
A163, 53 (1937). 





Solvent Effects for the Ultraviolet Spectra 
of Aromatic Hydrocarbons 
ROBERT SCHNURMANN AND WILLIAM FRANCIS MADDAMS 


Physics Department, Manchester Oil Refinery, Ltd., Manchester, England 
(Received September 9, 1951) 


TTENTION was drawn some time ago to a solvent effect on 

the band positions and absorption intensities of phenan- 
threne in various solvents.! Recently Coggeshall and Pozefsky* 
claimed a dependence of the frequency of naphthacene on the 
refractive index of the solvent where they considered solvents 
consisting of mixtures of a paraffinic material and of a number of 
atomatic hydrocarbons in order to vary the mp-values between 
1.39 and 1.62. 

From hitherto unpublished data on the solvent effect on an- 
thracene, naphthacene, chrysene, pyrene, triphenylene, 1,2 
benzanthracene, and 3,4-benzphenanthrene, it would appear that 
the magnitude of the wavelength shift was not a regular function 
of mp. In all cases but that of triphenylene the transition from 
isooctane to ethylalcohol as the solvent yielded a red-shift of the 
absorption bands. Triphenylene also showed a red-shift on passing 
from isooctane to chloroform as the solvent, whereas its band 
positions and intensities were similar in ethylalcohol and in iso- 
octane. This would suggest that the portion of Bayliss’ formula’ 
relating wavelength shift to refractive index was not in accordance 
with the experimental evidence. 

The employment of the refractive index values for the relevant 
wavelengths in place of the mp-values would increase this dis 
crepancy. 

The purity of the aromatic hydrocarbons might be considered 
to be important for the assessment of the solvent effect on the 
ultraviolet spectra. It is evident that Coggeshall and Pozefsky’s 
phenanthrene? contained some anthracene, and that this impunity 
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has given rise to an error in assignment of the electronic transitions. 
Therefore, unless attention is paid to the purity of the aromatic 
hydrocarbons, any attempts at discriminating between 'Z,- and 
1[,-transitions® for these spectra appear to be premature. 


1W. F. Maddams and R. Schnurmann, J. Chem. Phys. 17, 108 (1949). 

2N. D. Coggeshall and A. Pozefsky, J. Chem. Phys. 19, 980 (1951). 

3 This point seems to be worthy of note since the change in p-values 
between isooctane (7p°~1.392) and ethylalcohol (”p?°~1.362) involves 
a negative increment. 

4N. S. Bayliss, J. Chem. Phys. 18, 292 (1950). 

5J. R. Platt, J. Chem. Phys. 17, 484 (1949). 





A Note on the Paper ‘“‘On the Latent Heat of Fusion 
and the Hole Theory,” N. R. Mukherjee 


[J. Chem. Phys. 19, 502 (1951)] 
A. K. MUKHERJEE 
College of Engineering and Technology, Bengal, Calcutta, India 
(Received September 24, 1951) 


HE note by Mukherjee presents a theoretical attempt at the 

calculation of latent heats of fusion of substances at their 
respective melting points. But it appears that the attention of the 
author should be drawn to certain points which apparently go 
against presently accepted views. 

(1) Frenkel’s formula for the size of a hole has been used by the 
author in his calculations. But, as Frenkel! himself points out, to 
use this formula we must assume that the surface tension of a 
hole must, in general, be much smaller than its (liquid) normal 
value in a free surface. But the author in the present case appears 
to have overlooked these observations by Frenkel, and has as- 
sumed the surface tensions of a hole and of a free surface to be 
equal. 

(2) Eyring? has shown that in the calculations of viscous flow in 
liquids the volume of a hole comes out to be only a fraction of the 
volume of a molecule while the author assumes them to be equal. 

(3) To explain the serious discrepancies between the calculated 
and observed values of the latent heats of fusion the author claims 
that the substitution of the radius of a single atom for that of a 
molecule will bring about an agreement between these two values. 
But this is not evident from the data presented in Table II which 
render the acceptance of such an arbitrary assumption unnecessary. 

(4) The equation derived by the author is claimed to be ap- 
plicable to the case of monatomic liquids. But the observed and 
calculated values of the latent heats of fusion of mercury do not 
support this claim. 

(5) Casually also it may be said that in the sentence, “Again, 
the sum total of the attractive and repulsive forces, U, . . .” etc., 
in paragraph 6, the word “force” should be replaced by “energy,” 
so that (U—U*)/RT may become a dimensionless quantity. 

1J. Frenkel, Kinetic Theory of Liquids (Clarendon Press, Oxford, 1946), 
pp. 179-180. 


?Glasstone, Laidler, and Eyring, The Theory 0) Rate Processes (McGraw- 
Hill Book Company, Inc., New York, 1941), pp. 508-510. 





On the Principle of Thermal Interaction 


P. Mazur 
Faculté des Sciences de ' Université Libre de Bruxelles, Brussels, Belgium 
(Received September 24, 1951) 


[* a recent paper! H. Holtan introduces a new hypothesis “the 
principle of thermal interaction” in order to give a description 
of the interaction between different transport phenomena in non- 
isothermal systems by means of known thermodynamic functions 
only. Without going into the details of the rather intricate thermo- 
dynamic derivations, it seems interesting to examine more closely 
the basic ideas involved. 

We would like to point out first that the mutual phenomeno- 
logical coefficient Ri, is related directly, in the case of a binary 
mixture, to the so-called thermal diffusion coefficient.#4 It is 
obvious and well known from the theory of non-uniform gases® 
that this coefficient can only be evaluated by means of a kinetic 
tteatment based on a peculiar law of interaction. In this respect 
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there is no difference between Rj2 and the coefficients Ri; and Re», 
which are related to the ordinary diffusion coefficient and the 
coefficient of heat conductivity. 

For gaseous thermocells, the coefficients Riz is related to the 
Knudsen coefficient in the case of a narrow connecting tube be- 
tween the two parts of the cell. Again, however, a general evalua- 
tion of this coefficient can be given only on a kinetic basis, as all 
intermediate cases between the limiting Knudsen case and the 
normal case, where R12 reduces to zero, are possible. The value of 
R12 depends, as is well known, on the ratio of the tube width and 
the mean free path of the particles; therefore no general purely 
thermodynamic expression can be given for this coefficient.® 

Another illustration of the fact that mutual phenomenological 
coefficients cannot be expressed in terms of known thermodynamic 
functions only is given by Saxén’s relation between streaming 
potential and electroosmosis.’ Here Rj2 is a function of such quan- 
tities as the viscosity of the medium, the dielectric constant, and 
the ¢-potential of the electric double layer. 

As Holtan states, the result of his principle is that any particle 
will tend to move against the temperature gradient. For one- 
component continuous systems the macroscopic motion of the 
particles is described by an equation of motion containing the 
divergence of the pressure tensor. According to the theory of non- 
uniform gases, this pressure tensor does not depend explicitly 
upon the temperature gradient in the second approximation of 
Chapman-Enskog, that is, in the region of validity of the thermo- 
dynamics of irreversible processes when applied to continuous 
system.® Holtan’s hypothesis is in contradiction with this result 
of the kinetic theory of gases and cannot be accepted as a new 
general principle of irreversible thermodynamics. 

The aim of irreversible thermodynamics is not the evaluation of 
kinetic quantities, but the establishment of general relations be- 
tween different irreversible processes, e.g., transport phenomena. 
The importance of Onsager’s reciprocal relations is to be found in 
the reduction of the number of unknown kinetic coefficients. 
Further analysis of these coefficients requires a kinetic treatment, 
just as statistical mechanics is required in order to evaluate 
thermodynamic quantities in classical thermodynamics. 

1H. Holtan, Jr., J. Chem. Phys. 19, 520 (1951). 

2 See reference 1, Eq. (6). 

31. Prigogine, Thermodynamique des phénoménes irréversibles (Ed. 
Desoer, Liége, 1947). 

4S. R. de Groot, Thermodynamics of Irreversible Processes (North Holland 
Publishing Company, Amsterdam, Holland, 1951). 

5Chapman and Cowling, Mathematical Theory of Nonuniform Gases 
(Cambridge University Press, Cambridge, 1939). 

6S. Weber, Commun. Leiden Suppl. 716; Rapports et Communications 
sixiéme Congrés international du Froid, Buenos Aires; Commun. Leiden 
246 d; Rapports et Communications, Septiéme Congrés international du 
Froid, Ia Haye-Amstérdam, 1936. 

7P, Mazur and J. Th. G. Overbeek, Rec. trav. chim. 70, 84 (1951 


). 
8]. Prigogine, Acad. roy. Belg. Bull. classe sci. [5] 34, 789 (1948), 
Physica 15, 272 (1949). 





Infrared Spectra of CD.,CO and CHDCO* 


Wi1LurAM H. FLETCHER AND WILLIAM F. ARENDALE 
University of Tennessee, Knoxville, Tennessee 
(Received September 12, 1951) 


HE infrared spectrum of CH2CO has been observed and dis- 
cussed by several investigators recently.'-* There is com- 
plete agreement on the assignment of the parallel fundamentals, 
but it has not been possible to arrive at a satisfactory assignment 
of the perpendicular fundamentals. In order to find the correct 
assignment of these bands and to resolve some of the uncertainties 
in overtone assignments, the spectra of CD2,CO and CHDCO 
have been observed. A Perkin-Elmer Model 12-C spectrometer 
with potassium bromide, rocksalt, and calcium fluoride prisms 
was used. The positions of the parallel fundamentals and the two 
most prominent overtones are given in Table I. The corresponding 
bands for CH:CO which have been already reported are included 
for comparison. 
An interesting case of Fermi resonance is observed between the 
energy levels v4 and 2y9. The isotopic shift which affects », much 











TABLE I. Observed parallel bands of ketene. 











CD:CO CHDCO CH:CO 
v1 2267 cm7 3126 cm=! 3068 cm=! 
v2 2117 -~2150 2151 
v3 1229 1293 1388 
“4 862 1046 1120 

2v3 2457 2583 
2v9 927 1003 1062 








more than vy causes a reversal of the relative magnitudes of »4 
and 2y, in going from CH:CO to CD.CO. Fermi resonance is 
strongest between these two levels in CHDCO. It is probable that 
interaction between these levels exists also in CH2CO. Quite 
strong Fermi resonance occurs between »; and v2 in CD2CO, and 
the two are of much more nearly equal intensity than they are in 
CH:CO. 

The perpendicular bands of CD2CO are not nearly as prominent 
as in CH,CO. The antisymmetric CD stretching band is almost 
completely covered by the adjacent parallel bands »; and 273. 
The lower end of one band (probably vs) appears on the side of 
vs. Another perpendicular band lies between 750 cm™ and 650 cm™ 
and is not overlapped by any other fundamentals. Its form sug- 
gests that it is subject to rather strong perturbations. The two 
skeletal bending frequencies are below 550 cm™ in the KBr 
region. They are badly overlapped and strongly perturbed as they 
are in CH.CO. 

Not much can be said about the perpendicular bands of CHDCO, 
since all of these gas samples contained large amounts of CH2CO 
and CD.CO. 

A detailed investigation of the parallel and perpendicular bands 
of CH.CO and CD.CO is being made with the grating spectrom- 
eter in the University of Tennessee Physics Department.f Band 
analyses and more complete assignments will be reported as the 
work progresses. 

* This work is being supported by a Frederick Gardner Cottrell grant 
from the Research Corporation. 

1 Frederick Halverson and Van Zandt Williams, J. Chem. Phys. 15, 552 
WR. Harp and R. S. Rasmussen, J. Chem. Phys. 15, 778 (1947). 

3L..G. Drayton and H. W. Thompson, J. Chem. Soc., 1416 (1948). 


+ The completion of this spectrometer was made possible by a Frederick 
Gardner Cottrell grant from the Research Corporation. 
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Structure-Optical Studies. III. Smeared X-Ray 
Layer Lines from Periodide Crystals 
C. D. WEsT 


Polaroid Corporation, Cambridge; Massachusetts 
(Received September 14, 1951) 


HE periodides form an extensive class of crystalline solids, 
few of which have been measured crystallographically, and 
many of which have compositions not falling into any simple 
system. In an x-ray diffraction survey of selected crystalline 
periodides, chiefly with polar organic molecules, and characterized 
by strong positive dichroism, we find numerous examples of 
smeared layer lines superposed on typical spot-diffraction pat- 
terns. These effects are attributed to diffraction by mixed struc- 
tures containing three-dimensional gratings and line gratings. The 
period of the line gratings in all of these crystalline periodides is 
constant at 3.1A. This is just the same value as was reported for 
well-oriented addition compounds of iodine with polar linear high 
polymers, which likewise have strong positive dichroism.' The 
implication is that linear polyiodine has a stable existence in solid 
association with two different kinds of polar molecules, namely 
high polymers molecules and molecules of ordinary dimensions. 
Examples of positive-dichroic periodide crystals which show the 
smeared layer lines are cinchonidine herapathite, benzamide plus 
HI;, coumarin plus KI;, and piperin plus NH4,lI3. There also 
exist positive-dichroic periodide crystals which do not exhibit 
smeared layer lines. Examples are quinine herapathite, purpureo 
cobalt sulfate tri-iodide, and the ethyl oxalate alkali tri-iodides, 
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The foregoing paragraph is the abstract, slightly revised, of a 
talk presented with E. J. Weichel before the American Society for 
X-Ray and Electron Diffraction in June, 1947. The periodide 
crystals examined were all formed from solution and none was 
analyzed chemically. Of the four periodides named the smearing is 
most distinct in the case of the benzamide plus HI; crystal. A 
rotation picture of this crystal has distinct spots on the equator 
and first layer line, which is not smeared, and which shows a period 
of 3.75A; beyond this is a uniformly blackened continuous layer 
line of period 3.10A. Similar pictures made with the crystal sta- 
tionary show it to have a fibrous structure, and some intensity 
maxima appear on the continuous layer lines, 

1C. D. West, J. Chem. Phys. 15, 689(L) (1947); 17, 219(L) (1949). F. 
Cramer recently reported similar observations on the oriented addition 
compound of iodine with a-dextrin (Naturwiss. 38, 188 (1951)). Another 
recent example is the oriented addition compound of iodine with poly- 


vinylene, which provides the first dichroic polarizer for the near infrared: 
cf. Blake, Makas, and West, J. Opt. Soc. Am. 39, 1054(A) (1949). 





The Molecular and Crystal Structure of 
Nitric Oxide Dimer 
WILLIAM J. DuULMAGE,* Epwarp A. MEYERS, 


AND WILLIAM N. LipscomB 


School of Chemistry, University of Minnesota, 
Minneapolis, Minnesota 


(Received September 24, 1951) 


RYSTALLINE nitric oxide has been known for some time 
to be diamagnetic! and to have a residual entropy? of very 
nearly $R1n2 per mole of NO. These facts strongly suggest a 
dimer, N2O2. Some spectroscopic evidence has been advanced? 
regarding the existence of this dimer, and further conclusions re- 
lating to its structure have been presented. We have nearly 
completed an x-ray diffraction investigation of single crystals of 
nitric oxide, and have determined the structure of the dimer as 
described below. 

The crystals are monoclinic, with two molecules of N2Oz in a 
cell with a=6.64, b=3.93, c=6.52A, and 8=128.0°. The space 
group is P2;/a, which requires that the dimer must have a center 
of symmetry, at least statistically if not actually. The atoms are 
in general positions of this space group, and, with the origin chosen 
at a symmetry center, preliminary values of the parameters are 


x1=0.227 x2=0.159 
y1=0.117 yo= —0.100 
2,=0.194 22=0.242. 


These parameters were obtained from the resolved electron density 
projections along [100] and [001], and have been corrected for 
termination of the series. A complete least-squares treatment of 
the {hkO}, {Ok}, {Ol}, {hkh}, and {kkk} zones is now in progress. 

The molecule is approximately a rectangle with the dimensions, 


N<2.38A—0 
tT 
1.10A 
| 
O N. 


The residual entropy is accounted for by the two possible orien- 
tations 
N O O N 
and 
O N N O, 


in the crystal. The essentially identical electron densities of N 
and O, obtained in our electron density maps, tend to suppor 
this interpretation.’ The distance of the strong bond, 1.10A, is 
good agreement with the predicted value of 1.10A obtained with 
the use of double and triple bond distances® of 1.19A and 1.07A 
if one assumes 50 percent triple-bond character. Thus it is probable 
that the dimer has mainly the electronic structure represented by 
the resonance hybrid, 
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This interpretation suggests that the rather unusual long bond is 
partly ionic, but some degree of covalency could be achieved by 
the use of double bonds only for the short bonds, thus making 
available a vacant orbital on the nitrogen atom. It is interesting 
that the bond distance of 2.38A would suggest only three percent 
of a covalent single bond if one uses Pauling’s equation’ for 
bond order, 
d=d,—0.6 logn. 


However, dispersion, polarization, and other electrostatic forces 
would probably be of greater importance than the covalent forces 
in this dimerization. The presence of such weak bonds is at least 
consistent with the low value,’ 4000 cal/mole of N2Oz or less, of 
the heat of dissociation of the dimer. 

In view of these results and of the long N—N bond of 1.64A 
observed in N2O,, it would be reasonable to expect a long bond 
in N2O3, which is now under investigation. 

Support of this work by the Office of Naval Research is grate- 
fully acknowledged. 


* Present address, Electric Reduction Company of Canada, Ltd., Buck- 
ingham, P. Q., Canada. 

1E. Lips, Helv. Phys. Acta 8, 247 (1935). 

2H. L. Johnston and W. F. Giauque, J. Am. Chem. Soc. 51, 3194 (1929). 

8 Vodar, Jardillier, and Mayence, Compt. rend. 222, 1343 (1946). 

4Smith, Keller, and Johnston, J. Chem. Phys. 19, 189 (1951). 

5 A statistically arranged dimer with the short NO groups parallel within 
any given molecule would also satisfy the data, but would require nearly 
equivalent long bonds between NN and OO, would appear to give unfavor- 
able electronic distributions of charge, and may show a permanent dipole 
moment, though small, sufficient to order the solid. 

*W. Gordy, J. Chem. Phys. 15, 81 (1947). The resonance curve given 
by Pauling, Nature of the Chemical Bond (Cornell University Press, Ithaca, 
1940), second edition, p. 174, was modified to correspond to the double- 
bond distance of 1.35A. 

7L. Pauling, J. Am. Chem. Soc. 69, 542 (1947). 

8 A, Eucken and L. d’Or, Nachr. Ges. Wiss. Géttingen, Math.-physik. KI]. 
107 (1932). Also O. K. Rice, J. Chem. Phys. 4, 367 (1936). 

*J. S. Broadley and J. M. Robertson, Nature 164, 915 (1949). 





On the Three- and Four-Center Integrals in 
Molecular Quantum Mechanics 


KLaus RUDENBERG* 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received September 5, 1951) 


HE integrals which arise if one expands the electronic wave 
functions of molecules in terms of atomic orbitals have 
recently been studied by several authors, Coulson, Léwdin, 
Kotani, Kopineck, Roothaan, Riidenberg, and others. The object 
of the present note is to point out a relation between the three- 
and four-center electron repulsion integrals on the one hand and 
the two-center integrals on the other hand. Approximate relations 
of this type had been assumed intuitively by A. London and R. S. 
Mulliken; the derivation below is related to the formula of 
Mulliken. 
Let 
Mal; Ae °°° Xak °°° (1) 
be a complete set of orthogonalized real orbitals on center a— 
analogously 
Xal, Xb2, “"* Xbk ***s 
Xelg Xc®, °°° Xek °°", (2) 
Xdi, Xd2, °°* Xdk °**", 


on the centers 6, c, d, respectively. We consider the integral 
[xaaxos| xeyxae] 


=f aV sf dV2x00(1)xop(1)(1/r12) xey(2)xas(2). (3) 
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If 


Smn= f dV xmxn (4) 


denotes the overlap integral between the orbitals xm and xn, then 
we have the expansions 


Xaa(1)= 2 Soe, oexox(1), (5) 
k=1 

xoe(1) = 2 Sop, akxax(1), (6) 
k=1 


whence: 
Xaa(1)xee(1) =43 fa 


X {Saa vkxop(1) xox(1) +S, akxaa(1)xae(1)}. (7) 


Insertion of (7) and the analogous formula for the centers c, d in 
(3) yields 


+ 


[xaaxbp|XxeyxasJ=} 2 Z 
k= j=1 


X {Saa, biSey, ai xbexvp| xajxas L 
+Saa, bk Sab, ei XbkXb8 | XeyXej ] 
+ Sop, akSey, ajXaaXak| Xdjxa6] 
+S0, arSas, ci XaaXak|Xeyxej]}) (8) 
Equation (8) expresses the four-center integral in terms of two- 
center coulomb integrals and overlap integrals. 


The convergence in (7) will be good if the two centers a and b 
are not too far apart, since 





Sop, bk = 5px. (9) 
In this case the largest term in (7) is given by 
Xaa(1)x09(1) ~${Saa, baxba(l) xo—(1)+Sog, apxaa(1)xap(1)}. (10) 


If in addition one has a=8, i.e., if the orbitals on the atoms a 
and 6 are the same except for their respective center points, then 
Eq. (10) simplifies to 


Saa, ak = Sak, 


xaa(1)xba(1) ~$Saa, bal Xaa(1)xaa(1)+xba(1)xba(1)}, (11) 
or, omitting a and 8, 
xa(1)xo(1) ~$Sav{xa(l) xa(1)+x0(1)x0(1)}, (12) 


which, upon substitution in (3), yields the formula of Mulliken.? 
Analogous arguments hold, of course, for the centers ¢ and d. 

If the centers a and b are farther apart from each other, then 
another term of the expansion (7) may prove to be the most im- 
portant one upon substitution in (3). 

If the centers a and ¢ are close to each other, and if the same 
holds for the centers b and d, then it may be that a better con- 
vergence is obtained by taking 


xaa(1)xey(2)=4 2 
k=1 


»4 {Saa, ckxek(1) xey(2)+Sey, akXaa(1)xax(2) } (13) 
and the analogous formula for the pair 6, d. Thus the four-center 
integral is reduced to two-center exchange integrals and overlap 
integrals: 


ra 
4 


[xaexs| XcyXas]= 


x {Saa, ck5b8, ajLXekXaj | Xcey xs} 
+Saa, ckSas, bj LXckXxbB | XeyXmj_] 
+Sey, akSop, aj LXaaxdj|Xakxas] 





+ Sey, akS as, bj _Xaaxbp | XakXxbj 1} (14) 
The largest term of Eq. (13) in the case a=7y, namely, 
xXaa(1)xXea(2) aad $Saa, ca { Xea(1) xXca(2)+xaa(1)xae(2) } ’ (15) 


corresponds to Eq. (11) and, upon insertion in (3), yields a formula 
analogous to the one of Mulliken. 
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A correct information on the convergence can be obtained only 
by calculating concrete cases. It may be instructive to expand, 
by virtue of (7), two-center exchange integrals in terms of two- 
center coulomb integrals, overlap integrals, and one-center in- 
tegrals or, by virtue of (13), to expand two-center coulomb 
integrals in terms of two-center exchange integrals, overlap 
integrals, and one-center integrals. For, in these cases, the ap- 
proximate values obtained by the method described in this note 
could be compared with the exact values, which are independently 
accessible.’ 


* Work assisted by the ONR. 

1R. S. Mulliken, J. Chim. Phys. 46, 500 and 521 (1949). 

2 Mulliken reported good results with this approximation. 

3 See the recent work of C. C. J. Roothaan ana the present author. 





Errata: A Two-Path Method for Measuring Flame 
Temperatures and Concentrations in 
Low-Pressure Combustion Flames 
[J. Chem. Phys. 19, 272-280 (1951)] 

S. S. PENNER 
Jet Propulsion Laboratory, California Institute of Technology, 
Pasadena, California 

N Eq. (A1) the factor log2 should be replaced by 2.303 log2. 
Hence the Doppler half-width becomes ap~7X10™ cm™. 
Equation (A2) should read 
ae=(1/m)(3.8ekT)§N rpp*[(mi+mz)/mym2 }*4, (A2) 
and the quantity (m:-+mz2)/m appearing on page 280 should be 
replaced by (m:-+mz2)/mym2. Also ae~1X10 cm. The inte- 
grand in Eq. (A13) should be multiplied by the factor cosS. 
The quantity Nrwé/3yc should be multiplied by the factor 
w*/we=vo+1/we0.988 wherever it appears in Sec. IV. Also 
y=h/4n*Icw,. All other numerical values and equations remain 
unchanged. 





Pure Quadrupole Spectra: the Substituted 
Methanes* 


RAtpH LIVINGSTON 
Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received September 12, 1951) ‘ 


HE pure quadrupole spectra of Cl isotopes in a number of 
substituted methanes have been measured in the manner 
already described.! Two or more closely spaced lines, presumed to 
originate from different Cl symmetry groups in the crystal lattice, 
are frequently found. In such cases the average frequency is used 
to compute an average coupling, taken to be twice the frequency.” 
Only the magnitudes of the couplings are considered, the sign not 
being determined by this method. 

The observed frequencies at three temperatures and computed 
nuclear quadrupole couplings at 20°K for Cl** are given in Table I. 
The interaction of lattice vibrations with the spin system is ex- 
pected to cause an increase in frequency with a decrease in tem- 
perature.2 A small frequency increase is observed in all cases in 
cooling from 77°K to 20°K, while further cooling to 4°K, for the 
few cases studied, gives very little additional increase. A pre- 
liminary measurement on CHC1; at 4°K similarly gave about 0.01 
Mc increase over the 20°K value. Cooling to 4°K gives a notice- 
able increase in relaxation time as evidenced by a loss of sensi- 
tivity in the equipment. 

There are regularities in trend of the couplings in Table I. 
Progressively replacing the hydrogen atoms by Cl in CH;Cl gives 
rise to smooth coupling increases averaging about 4.5 Mc for each 
Cl added. Similarly the complete replacement of H by F in CH;Cl, 
CHCl, and CHCl; gives rise to an average coupling increase of 
2.9 Mc for each F added. These changes in coupling may be ex- 
plained in terms of two opposing effects in the molecular binding. 
When H is replaced by a halogen the C—Cl bond becomes less 
ionic in character because of a polarization by the electronegative 
halogen, causing a coupling increase.’ This effect should decrease 
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TABLE I. Observed frequencies and quadrupole couplings for C15. 











Observed frequency, Mc JeqO|av. Mc 
Compound 77°K 20°K 4°K 20°K 
CH;Cl 34.029 34.199 34.206 68.40 
CH2Cle 35.991 36.233 36.243 72.47 
CHCl: 38.254 38.486 76.98 
38.308 38.490 
CCl 40.468 41.139 81.85 
40.52 41.109 
40.54 41.045 
40.61 41.022 
40.64 40.972 
40.65 40.965 
40.72 40.918 
40.895 
40.888 
40.831 
40.826 
40.800 
40.794 
40.732 
CHF:Cl 35.249 70.50 
CF;Cl 38.089 38.790 77.58 
CHFCle: 36.479 36.752 73.53 
36.508 36.775 
-F2Cle 38.450 39.078 78.16 
CFCls 39.161 39.537 79.63 
39.517 39.867 
39.703 40.046 
CF2BrCl 38.342 38.675 77.35 
Cle 54.248 54.476> 108.95 








® Fourteen very weak closely spaced lines were observed. Approximate 
frequencies are given for seven of them. 

b The Cl frequency was measured at 20°K and that for Cl* computed 
from the quadrupole moment ratio. Both isotopes were measured at 77°K 
and the ratio agreed with the published value (see reference 1). 


in the order F, Cl, and Br corresponding to the Pauling electro- 
negativity values 4.0, 3.0, and 2.8, respectively. Comparison of 
the couplings for CF2BrCl, CF2Clz, and CF3Cl indicates that the 
substitution of Br for Cl is consistent with this concept. The sub- 
stitution of F for Cl, however, gives a decrease in coupling. This 
and the small increase when H is replaced by F (as compared with 
Cl) may be explained by contributions of the resonant structure 
X~-C=ClI*‘ which will decrease the coupling.’ This effect should be 
largest, for F. Pauling’ has applied this concept in discussing the 
bond lengths in the fluorochloromethanes and fluoromethanes. 
Admittedly the previous considerations need further refinement. 

Some of the couplings may be compared with values determined 
by other methods. The coupling value for Cl** in Cl, at 20°K 
should be somewhat better than that previously published.® It 
is 0.7 percent lower than the recently remeasured value for atomic 
chlorine.? The coupling for CF3;Cl is 0.6 percent lower than the 
microwave value of 78.05 Mc.’ On the other hand the value for 
CH;Cl is 9.0 percent lower than the microwave value of 75.13 Mc’ 
much like Dehmelt and Kriiger’s? values for Br in solid CH;Br 
which is 8.3 percent lower than the microwave value and I in 
CHsI which is 9.3 percent low.!° These differences seem to be 
indicative of a change in character of the carbon-halogen bond on 
going from the gaseous to the solid state. 

I have benefited from helpful discussions with H. A. Levy and 
the cooperation of R. Erickson on the liquid hydrogen aspects of 
the work. 

* This work was performed for the AEC. 

1R. Livingston, Phys. Rev. 82, 289 (1951). 

2H. G. Dehmelt and H. Kriiger, Z. Physik 129, 401 (1951). 

3C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 


. 4 The use of this resonant structure was first suggested to me by C. H. 
ownes. 
5L. Pauling, The Nature of the Chemical Bond (Cornell University Press: 
Ithaca, New York, 1944), second edition. 

6 R. Livingston, J. Chem. Phys. 19, 803 (1951). 

7V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951). 

8D. K. Coles and R. H. Hughes, Phys. Rev. 76, 858 (1949). 

9 Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948). 

10H, G. Dehmelt, Naturwiss. 37, 398 (1950). 











